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ABSTRACT. In this paper, using the best proximity theorems for an extension
of Brosowski’s theorem. We obtain other results on farthest points. Finally, we
define the concept of e- farthest points. We shall prove interesting relationship
between the e-best approximation and the e-farthest points in normed linear
spaces (X, |.]|). If z € W is a e-farthest point from an z € X, then z is also a

e-best approximation in W.
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1. INTRODUCTION

Let A be a non-empty subset of a normed linear space (X, ||.||). For z € X, if
there exists a point xg € A such that d(z, A) = inf{||lx —y||: v € A} = ||z — x0]|-

The point xg is called a best approximation point of A from x. We denote the set
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of best approximation points (nearest point) Of z in A by P4 (z). We can find some
results about best approximation points in (see [11]).

Let A be non-empty subset of a normed linear space (X, ||.||). Consider a map
T: AUB — AUB such that T(A) C Band T(B) C A (T is cyclic map). Forz € X,
we say that the point x is a best proximity point of map T, if ||z — Tz|| = d(4, B),
and we denote the set of all best proximity points of T' by Pr(A, B). That is,

Pr(A,B)={z € AUB: ||z — Tz| = d(A, B)}.

Best proximity points also evolves as a generalization of the concept of fixed point
of mappings, because if AN B # ¢, every best proximity point is a fixed point of T’
(see [8]).

The problem of characterizing remotal points is an interesting problem, though
it is much more difficult than the proximinality one. Further, it has its applications
in approximation theory and geometry of Banach spaces.

Let A be non-empty bounded subset of normed linear space (X, ||.||). For z € X,
if there exists a point g € A such that 6(z, A) = sup{|jlz —y|| : v € A} = ||z —x0]].
The point zq is called a farthest point of A from x. We denote the set of farthest
points of z in A by F4(z). We can find some results about farthest points in (see
[1, 3-7, 9-13]).

Let X be a normed linear space, A, B be non-empty bounded subsets of X and
T:AUB — AU B is a cyclic map. The point z € AU B is called a remotal point
for T, if ||x — Tz|| = 6(A, B) = sup,cp 0(z, A).

The set of every remotal points for 7' denoted by Fr(A, B). (see [1])

Fr(A,B)={z € AUB: ||z —Tz|| = §(A, B)}.

Let A and B be nonempty subsets of a metric space X and T: AUB — AUB
a map such that T(A) C B, T(B) C A. Put

Pr(A,B)={zx € AUB: d(z,Tx) < d(A,B)+¢€ for some ¢ > 0}.

We say that the x € AU B is an approximate best proximity point for T if
P5(A,B) # 0. (see [12])

Let A and B be non-empty bounded subsets of a metric space X and T : AUB —
AU B be a cyclic map. The point x € AU B is an approximate remotal point for T,
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if d(x,Tz) > §(A, B) — ¢, for some € > 0. We will denote the set of all approximate
remotal pair (A, B) by (see [1])

Fi(A,B)={x€ AUB: d(z,Tx) > 6(A,B) — e for some € > 0}.

In the following we shall present a list of known lemmas which are needed in the

proof of the main results. The following Lemma is Brosowski’s Theorem.

Lemma 1.1. [2] Let X be a Banach space and T : X — X a non expansive mapping
with a fixed point T € X. Let C be a nonempty subset of X such that T(C) C C.
Also Po(Z) is a nonempty compact convex subset of C. Then T has a fized point
in Po(Z).

Lemma 1.2. [8] Let A and B be nonempty closed subsets of a complete metric space
X. Suppose that the mapping T : AU B — AU B satisfy T(A) C B, T(B) C A,

and
d(Tz,Ty) < ad(z,y) + Bld(z, Tz) + d(y, Ty)] + vd(4, B),
for all x,y € AU B, where a,v,8 >0, a+28+~v < 1. If A (or B) is boundedly

compact, then there ezists a x € AU B with d(z,Tx) = d(A, B).

Lemma 1.3. [1] Let A and B be nonempty bounded subsets of a complete metric
space X. Suppose that the mapping T : AU B — AU B satisfy T(A) C B,
T(B) C A, and

d(Tx,Ty) = ad(z,y) + pld(z, Tx) + d(y, Ty)] + vd(A, B),

forallz,y € AUB, where a,3>0,v>0, a+28<1,a+28+y>1.If A (or
B) is boundedly compact, then there exists x € AU B with d(z,Tx) = §(4, B).

Lemma 1.4. [12] Let A and B be nonempty closed subsets of a complete metric
space X. Suppose that the mapping T : AUB — AU B satisfy T(A) C B,
T(B)C A, and

d(Tz,Ty) < ad(z,y) + Bld(xz, Tz) + d(y, Ty)] + vd(A, B)

for all x,y € AU B, where a, 8,7 >0, a+28+~ < 1. Then T has an approximate

best proximity point.
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Lemma 1.5. [1] Let A and B be non-empty bounded subsets of a complete metric

space X. Suppose that the map T : AUB — AU B is a cyclic map and
d(Tz,Ty) =z ad(w,y) + Bld(x, Tx) + d(y, Ty)] + v0(A, B),

forallz,y € AUB, where a, 3>0,v>0, a+28<1anda+28+~v>1. Then

T has an approximate remotal point.

Lemma 1.6. [1] Let A and B be non-empty bounded subsets of a metric space X.
Suppose that the continuous cyclic mapping T : AUB — AU B satisfy T(A) C B,
T(B) C A, and

d(Tz,Ty) =z ad(z,y) + Bld(z, Tx) + d(y, Ty)] + v0(A, B),

forallx,y € AUB, where a, 3 >0, v>0, a+28<1and a+28+~y>1. For
xo s an arbitrary point in A, define xn11 = Txy, for each n > 1. If {xa,} has a

convergent subsequence in A, then there exists v € AU B with d(x,Tx) = 6(A, B).

2. Best proximity points and best approximation points

In this section, we expression conditions where union the set of best proximity
points for a map and the set of best approximation points of a set is non-empty.

Also we will extend Brosowski’s Theorem.

Theorem 2.1. Let (X, ||.||) be a Banach space and A and B be non-empty subsets
of X. Suppose that the continuous cyclic mapping T : AUB — AU B is satisfy

[Tz =Tyl < Blllz = Tzl + [ly — Tyll] +vd(A, B) (2.1)

for all x;y € AU B, where 0 < g < %, 268+ < 1. Let C be a subset of A such
that T(C) C C. Also, there ezists a xg € Pr(A,B)N A, Po(xg) and Pr(A, B) are
nonempty boundedly compact subset of C. Then Pr(A, B) Pc(Txg) # 0.

Proof. First, we show that T : (Po(Tzo) N Pr(A, B))U Pr(A,B) — (Poc(Txo) N
PT(A7 B)) U PT(A7 B)
case 1: Suppose y € Pr(A, B). Then Ty —T(Ty)|| < Bllly — Tyl + Ty — T?yll] +
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~vd(A, B). Therefore

d(A, B)

IN

Ty — T?y||
B+

-3¢
d(A, B).

IN

(4, B)

IN

Therefore d(A, B) = ||Ty — T?y||. implying that Ty € Pr(A, B).
case 2: If y € Po(Txo) N Pr(A, B), since Ty € C and ||[Ty — Tzo|| > d(Txo,C).
Therefore

d(Tzo,C) Ty — Txol|

<
< Blllwo = Txoll + [ly — Tyll] +~d(A, B)

Bld(A, B) + d(A, B)] + vd(A, B)
(28 +v)d(A, B)
d(A, B)

INIA

IN

CZ(TJJO7 C),

implying that Ty € Po(Txo).
We set A = Po(Tzo) N Pr(A, B) and B = Pr(A, B). From Lemma 1.2, there exits
a z € Po(Tzo) N Pr(A, B)|J Pr(A, B). Therefore z € Po(Txo)|J Pr(A, B)

The following Theorem is a extension of Brosowki’s Theorem.

Theorem 2.2. Let (X, ||.||) be a Banach space and T : X — X satisfy

[Tz = Ty|| < el =y + Blle — Tl

for all z,y € X, where o, 3 > 0, a+ 3 < 1. Let C be a subset of X such that
T(C) C C. Assume T has a fized point o € X for T and Pc(xg) is a nonempty
boundedly compact subset of C. Then T has a fized point in Po(zo).
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Proof. First, we show that T': Pc(xg) = Po(xo). Suppose y € Po(xp). Then

lzo =Tyl = [Txo =Tyl

IN

allzo — y|| + Bllwo — To|

IN

[zo =yl
d(.’E(),C).

IA

Therefore Ty € Po(xg). We set A = B = Po(xp), From Lemma 1.2, there exists
z € Po(x0) such that d(z,Tz) = d(A4, B) = 0. That is Tz = z.

3. Remotal Points and farthest points

In this section, we find conditions where union the set of remotal points and the

set of farthest points is non-empty.

Theorem 3.1. Let (X, ||.||) be a Banach space and A and B be non-empty bounded
subsets of X. Suppose that the continuous cyclic mapping T : AUB — AU B is
satisfy

Tz =Tyl > Blllz —Tz| + [ly — Tyll] + v6(A, B),

for all z,y € AUB, where 0 < 8 < %, v >0 and 28+~ > 1. Let C be a
bounded subset of A such that T(C) C C. Also, there exists a xo € Fr(A,B)N
A, Fr(A,B) and Fo(Txg) are nonempty boundedly compact subset of C. Then

Fr(A, B)J Fo(Txo) # 0.

Proof. First, we show that T : (Fo(Txo) N Fr(A,B))U Fr(A,B) = (Fc(Txo) N
Fr(A,B))U Fr(A, B).

case 1: Suppose y € Fr(A, B). Then |Ty —T(Ty)| > B[lly — Tyl + | Ty — T?y||] +
~v0(A, B) Therefore

5(A, B)

v

Ty — T?y||
B+

1—55
(A, B).

v

(4, B)

v

Therefore §(A, B) = | Ty — T?y||. implying that Ty € Fr(A, B).
case 2: If y € Fo(Txo) N Fr(A, B), then Ty € C and ||[Ty — Txo|| < 6(Tzo,C).
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Therefore Ty € Fo(Txo).

§(Txo,C) > || Ty— Txol|
= Blllzo — Txoll + lly — Tyll] + (A, B)
= PB[6(A,B) +06(A, B)]++6(A, B)
= (28+7))(A, B)
= 6(A,B)
> §(Txo,C),

therefore | Txg — Ty|| = 6(Txo,C). That is Ty € Fo(Txg). We set A = Fo(Tzo) N
Fr(A,B) and B = Pr(A,B). From Lemma 1.2, there exits z € (Fo(Txo) N
Fr(A,B))JPr(A, B). Therefore z € Fo(Txo)|J Pr(A4, B)

Theorem 3.2. Let (X, ||.||) be a Banach space and A and B be non-empty bounded
subsets of X. Suppose that the continuous cyclic mapping T : AUB — AU B is
satisfy

Tz =Tyl > Blllz —T=z| + ly — Tyll]] + v(A, B),

forallx,y € AUB, where 0 < 8 < %, v >0 and 284+ > 1. Let C be a bounded
subset of A such that T(C) C C. Also, there exists a vo9 € Fr(A,B) N A, define
Tpt1 = Txy, for eachn > 1. If {xa,} has a convergent subsequence in Fp(A, B)NA.
Then Fr(A, B)J Fo(Txo) # 0.

Proof. With apply lemma 1.6 is similar to theorem 3.1.

4. APPROXIMATE REMOTAL POINTS AND APPROXIMATE BEST PROXIMITY POINTS

In this section in first define e-set of farthest points. We expression conditions
where union the set of e-best proximity points for a map and the set of approximate
best proximity points of a set is non-empty. Also we find conditions where union

the set of approximate remotal points and the set of e-farthest points is non-empty
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Let (X, ].]]) be a normed linear space and C' be a non-empty bounded subset of

X. For e >0 and z € X, we set
Foo(z)={xo € C: ||z —z0|| > 0(z,C) — €}.

Also, we can find the definition of the set of e-best approximation in [11] as following

definition

Po(z)={x0 € C: ||z —z0|| <d(z,C)+ ¢}

Theorem 4.1. Let A and B be non-empty subsets of a Banach space X. Suppose
that the map T : AUB — AU B is a cyclic map and

Tz —Ty| < Blllz — Tx|| + [ly — Tyll] + ~vd(A, B),

for all z,y € AUB, where v > 0, 8 > 0, 26+~ < 1 and ¢ > 0. Sup-
pose xg € PS(A,B)N A, C is a non-empty bounded subset of A, Pc.(Txo) and
P&(A, B) are non-empty boundedly compact subset of X. Then the exists z €
Pi(A, B)U Pee(To).

Proof. We show that T : P$(A,B) U Po(Txo) N P5.(A,B) — P5(A,B) U
Pc.(Txzo) N P5(A, B).

Case 1. Suppose y € P5(A, B), then [Ty — T?y|| < B[|ly — Ty| + [Ty — T?yl]] +
~vd(A, B). Therefore

B+
m[d(A7B) + €]

d(A, B) + ¢,

Ty — T?y||

IN

IN

it follows that Ty € P5.(A, B).
Case 2. If y € Po (Txo) N P5(A, B), therefore

Ty — Txoll < Blllwo — Txoll + |ly — Tyll] + vd(A, B)

< Bld(A,B)+e+d(A,B)+ ¢ +~(d(A, B) +¢)

= (264+7)(d(A,B) +¢)

= d(A,B)+e

< d(Txo,C) +e,

implying that Ty € Pc (Tzo).

We set A = P (Txo)NP§(A, B) and B = Pr(A, B). From Lemma 1.2, there exits



SOME NEW RESULTS ON REMOTAL POINTS.... JMMRC VOL. 3, NUMBER 1 (2014) 45

z € Po(Tzo) N P5(A, B) U Pr(A, B). Therefore z € P (Txo) | P (A, B)

Theorem 4.2. Let A and B be non-empty bounded subsets of a Banach space X.
Suppose that the map T : AUB — AU B is a cyclic map and

Tz — Tyl > Blllz — Tx| + |y — Tyll] + ~vi(A, B),

for all x;y € AU B, where v > 0, 0 < 8 < % and 28 +~v > 1 and € >
0.Suppose xg € F5(A,B)N A, C is a non-empty bounded subset of A, Fc (Txo)
and F5.(A,B) are non-empty boundedly compact subset of C. Then the exists

z € F&(A,B)|J Fe,e(Txo).

Proof. First we show that T : Fe¢ (Txo) N P5(A, B)|JF5(A, B) = Fo (Txo) N
P5(A, B)U F5 (A, B)

case 1. Suppose y € Fi.(A, B), then Ty — T?y| > Blly — Tyl + |Ty — T?yll] +
v3(A, B). Therefore

Ty — T?y||

NIV
=

5

S

~ (=]

BN

=
|

LM

it follows that Ty € F5.(A, B).
case 2. Suppose y € Fo (T'zo) N F5(A, B), then

1Ty = Taol > Blllwo — Txoll + lly — Tyll] +v(A, B)

> Pl6(A,B) —e+0(A,B) — €] +7(6(A, B) —¢)
= (6(A,B) = €)(28+)

= 5(A,B)—e¢

> §(To,C) —e.

Therefore Ty € Feo (Txo). We set A = Fgo (Txo) N F5(A, B) and B = F%(A, B),
From Lemma 1.5, there exits z € Fg . (Txo) N F5(A, B)|JF5(A, B). Therefore
z € Fo o (Txo) U FL(A, B)

5. e-BEST APPROXIMATION POINTS AND e-FARTHEST POINTS

We have the following interesting relationship between the e-best approximation

and the e-farthest points in normed linear spaces (X, ||.||). If z € W is a e-farthest
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point from an z € X , then z is also a e-best approximation in W . Indeed, z is a
e-best approximation in W from any point which is on the line connecting x and z
lies on the opposite side of z to x. So, if there exists no e-best approximation in W,

then there exists no e-farthest point in W. This is shown by the following Theorem.

Definition 5.1. [11] Suppose X be a normed linear space, z,y € X and € > 0. We
denote z L.y, if and only if ||z| < ||z + ayl|| + € for every scalar a € C,
also suppose W is a subspace of X. We define

Wr={zeX: zlw for everywe W},
we say e-complemented orthogonal set to W.

If (X,]|.]l) is a normed linear space, x € X, r € R and € > 0. We put
Blx,r+el={z€X: ||lx —z|| <r+e},
and
Belz,r+e|={z€X: |lz—z|| >r+¢€}
We shall denote by [x,y] the line segment joining the points z and y i.e., [z,y] =
{zeX: [o—z|+llz—yll = le—yl}. Theset [z,y >={z€ X : [lx—y[+[ly—=z[l =
lz — z||} denotes a half ray starting from x and passing through y i.e., it is union

of the segments [z, z] where [z,y] C [z, z].

Theorem 5.2. Let W be a nonempty bounded closed subset of a externally normed
space (X, |.]]) and € > 0. If z € Fy,(x), then z € Py (') for every o’ € [z,z >

—x, 2].
Proof. Suppose z € Fyy (), then for every y € W

Iz — 2|

\%

o(x, W) —e¢
> Jz—yll-e
Suppose @’ € [x,z > —[z, 2] be arbitrary. For every y € W

o' =zl = lla" ==zl = [lo - 2]

A

<l =yl +lly =zl =l =yl + €

2" = yll + e

Therefore |2’ — z|| < d(2',W) + €. That is z € Py (2') .
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Theorem 5.3. If W is a bounded subset of a normed linear space (X, ||.|), go €
Fy (xo) for xzg € X and € > 0, then go € Fw,(x)), where zx € [go,To >.

Proof. Consider gg € Fyy,(xo), for every g € W

lzx = goll = llzx = 2oll + llzo — goll

V

> lox — ol + [|zo — gl|

Y

[zx — gl|-
Therefore go € Fw ().

Theorem 5.4. Suppose (X, |.||) is a normed linear space, W is a non-empty subset
of X, x € X and € > 0. If {r,} is a sequence and convergent to d(x,W) and
Ty, > d(x,W). Then

Py (x) = ﬂ Blz,r, + €N W.
n=1

and
Py.(x) = Blz,d(z,d(z, W) + ] N W.

Proof. Suppose z € Py (), then ||x—z| < d(z, W)+e. Therefore ||z—z|| < r,+e,
that is z € Blz,rp,+e]NW. If z € (2, Blz, 7, +€]NW, then ||z —z| < 7, +e¢, since
Ty, — d(z, W) as n — co. We have ||z — z|| < d(z, W) + e. Therefore z € Py (z).
Also, by definition it is clear that Py (x) = Blz,d(x,d(z, W) + €] N W.

Theorem 5.5. Suppose (X, |.||) is a normed linear space, W is a non-empty subset

of X, wo € W and ¢ > 0. There exits a sequence {rp}n>1 such that rp, > d(z, W)

and

PV}}E(wO) C ﬂ Blwo, mn, + €.

n=1
Proof. We know that z € Py (wp), then ||z — wo| < d(z, W) +e. We set 7, =
d(z, W) + % for every n > 1. Then z € Blwg, r, + €] for every n > 1.

Theorem 5.6. Suppose (X, ||.||) is a normed linear space, W is a non-empty
bounded subset of X, x € X and € > 0. Then

Fy . (z) = Bz, p(z, W) —e] N W.
Forz e X and wy € W, if wg € Fw (z), then

Fyy! (wo) € BClwo, pla, W) — €.
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Proof. It is clear by definition.

If W be a remotal set of normed linear space (X, |.||). We can define the map
Ywe: X =2, by vw.(z) = Fwe(x).

Let X and Y be metric spaces. A set valued map f : X — 2V is called u.s.c. if
and only if the set

{w € X| f(z) NN £ 0},
is closed for each subset N of Y .

Lemma 5.7. Let (X,|.]|) be a normed linear space, W is bounded subset of X and
e > 0. Then Yw, is u.s.c if and only if for each closed subset N of W, the subset

U {z € X|y € Ywe(x)},

yeN

is closed.
Proof. It is clear, by definition.

Theorem 5.8. If W is a subspace of the normed linear space (X,|.||), then ¥,
is w.s.c. if and only if for each closed subset N of W, N + w;V}E(O) is closed.

Proof. It is enough, we prove that

N+¢;V}E(0) = U {z € X|y € Ywe(x)}.
yeEN

ZGN—F%;V;(O) z=u+y, for someuEF‘;,}E(x), yeN
lz=yl Zplz =y, W) —¢, ye N

lz =yl > p(z,W) —¢, y € N, W is subspace
yEN, y e Fy.(2)

yeN, ze{reX: ye Fye(z)

z € U {r e X|y€vwelx)}.

yeN

R

Theorem 5.9. Let (X, ||.||) be a normed linear space, W is subspace of X, wyg € W
and € > 0. Then
X =W + Pyl (wo).
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Proof. If x € X, the set Py,(x) # 0, therefore there exists a y € W such that
y € Pw.(z). Then z—y+wg € PVT/}G(UJ()). We set u = x —y+wg, then £ = y—wq+u.
Therefore X = W + Fv?/,le (wo).

Theorem 5.10. Let (X, ||.||) be a normed linear space, W is a bounded subset of
X and € > 0. Then

X =W+ Fy,/\.(0).

Proof. If x € X, the set Fy(x) # 0, therefore there exists a y € W such that
y € Fiye(x). Thenu=x—y € FI;,}E(O). Therefore x = y+u, and X = W—i—F‘;,’le(O).

Theorem 5.11. If W is a linear subspace of a mormed linear space X. Then

PV;}G(O) = W2, therefore for wy € W, we have PI;,}G(OJ()) =wo+ W2t

Proof. It is clear that PV}}E (wo) = wo + Pﬁ,’le (0). We must prove PV}}C(O) =Wt

€

z€ Py (0) & |z <d(z,W)+e
& |z <lz+ayl| +eVye W

s reWh
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