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ABSTRACT. In this paper, a three dimensional mathematical model for HTLV-1
infection with intracellular delay and immune activation delay is investigated.
By applying the frequency domain approach, we show that time delays can
destabilize the HAM /TSP equilibrium, leading to Hopf bifurcations and sta-
ble or unstable periodic oscillations. At the end, numerical simulations are

illustrated.
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1. INTRODUCTION

In the last decades, mathematical modelling of infectious diseases has attracted
much attentions. Mathematical modelling is a useful tool for better understanding
disease dynamics, making prediction of disease outbreak and finding therapeutic
strategies against infections. Furthermore, mathematical modelling with delay dif-
ferential equations (DDEs) is widely used for analysis and predictions of various
areas of the life sciences. Time delays in these models take into account a depen-
dence of the present state of the modelled system on its past history [16].

HTLV-1 is an abbreviation for human T-cell lymphotropic virus type 1, also called
adult T-cell lymphoma virus type 1. The etiologic agent for the HTLV-1 associated
myelopathy (HAM), a chronic inflammatory disease of the central nervous system,
also called tropical spastic paraparesis (TSP). HTLV-1 infection can also lead to
adult T cell leukemia (ATL) [10]. HTLV-1 belongs to the retroviruses family. It
mainly infects the CD41 T cells, B-lymphocytes, monocytes and fibroblasts results
in persistent human infection [9]. In the most of virus infections like HIV-1, HTLV-
I and HBV, cytotoxic T lymphocytes (CTLs), CD8*, are the main host immune
factor involved the defence against virus infections [1]. The host immune system,
especially the cellular response, against HTLV-I exerts critical control over virus
replication and the proliferation of infected cells [3]. Understanding the pathogen-
esis of the HTLV-1 within the host has important implications for the development
of therapeutic measures [4].

Several papers are considered the following three dimensional model (1.1) for HTLV-

1, we cite as example [6, 10, 14]

&= A—fry — wmw
(1.1) g =oBry —yyz — 2y

2=vf(zy) — psz
In this model, there are three main types of cells which are critical to the modelling
effort: The uninfected CD4™ target cells x, infected CD4™ target cells y, and HTLV-
1 specific CD8' CTLs z, with turnover rates of w1, pe and us3 respectively. Healthy
CD4™ T cells are produced at a constant rate A\. The infection of healthy CD4%

T cells is through direct cell to cell contact with a proviral CD4"T T cell. 3 > 0
represents the ability of a proviral cell to transmit HTLV-1 to a susceptible cell.
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o € [0,1] represents the probability of a transmission of HTLV-1 resulting in a new
proviral cell. ~ is the rate of CTL-initiated lysis. The term vf(z,y) represents
the production of CTLs in response to HTLV-1, where f(z,y) is the CTL response
function. Lang et al in [10] considered a sigmoidal response function in the form of
flzy) = oy

Moreover, in HTLV-1, the period of contacting the HTLV-1 with a target cell until
producing new viruses from infected cell needs a period of time. In more realistic
HTLV-1 infection models time delay have been considered [2, 5, 8, 15, 17, 18, 19]. In
this regard, we considered the time delay 7, as the intracellular delay. In addition,
the activation rate of immune cells at time ¢ is assumed to depend on the virus load
and the number of immune cells at time ¢ — 75. Here 75 is the time lag accounting
for the time needed for the immune system to trigger a sequence of events such as
antigenic activation, selection, and proliferation of the immune cells to produce new
immune cells.

So, the desired systems is

() = A= Bz(t)y(t) — p1z(t)
(1.2) y(t) = ofx(t — 1)yt — 1) — vy(t)z(t) — pay(t)

2(4_ry
Z(t) = Vﬁy(t — 7o) — p32(t)

2. HOPF BIFURCATION AND ITS STABILITY

We denote by X = C([—p,0],R), the Banach space of continuous function
mapping the interval [—p,0] into Ri equipped with the sup-norm, where p =
max{T,T2}. By the standard theory of functional differential equation [7] we know

that for any ¢ € X there exists a unique solution,

of the delayed system (1.2), which satisfies Yy = ¢, where ¢ = (¢1,¢2, ¢3) € R3
with ¢;(0) > 0,60 € [—p,0],7 = 1,2,3. The initial conditions are given by,

(2.1) y(0) = #2(0)
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Lemma 1. Under initial conditions in (2.1), all solutions of system (1.2) are pos-

itive and ultimately bounded in R x C' x C'.

With a same arguments given in [12, 11], it is easy to show the validity of
Lemma 1. By Lemma 1, the dynamics of system (1.2) can be analysed in the
following bounded feasible region

A A VA
F'={(z,y,2) ERy xCT" xCT:|z| < =, le+y|| <=, 2| < —=
{( ) Ry IIMII IIﬂI\ugﬂ}
where i = min{p1, po}.

2.1. Equilibria of system (1.2). For calculation of the equilibrium points the

three different cases will be considered

Case 1. The equilibria for z =0 are

A po AoB — papio
2.2 Py=(+—,0,0), P =(—=,—_"=
( ) 0 (/«Ll ) 1 (0_6 6/142 )

Py is called the free disease equilibrium and Py is called the carrier equilibrium.
Furthermore, if z #£ 0

N\ —
(2.3) )\—Bxy—ulxzoéy:#
and

_ M2 t2
(2.4) ofry —YYz — poy =0= 1= """

of
(2.4) and (2.3), imply
Ao — _

(2.5) _Aof — e — vz

Bz + Bz
By substituting (2.5) in the third equation of (1.2), we obtain

(2.6)
VAGBZ® — vpn paz” — vpn vz — Buapsz® — Bypszt — papsfa’z — psfya®z® =0

z #0, thus (2.6) can be rewritten as follows:

(2.7)
9(2) = Bypsz® + (vpry + Buops)z® — v(AoB — pape)z + psfra’z + popsBa® =0
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Note that z > a from biological point of view imply y > 0 because, the infection
affected on the body. Hence, in (2.5):

(2.8) AofB — prpe — vz > 0= Ao — pipe > p1yz = % >z > 0.
Let

-

consequently

(2.10) 0<z< %(RO ~1)

The acceptable roots of g(z) is the interval

(2.11) I= [0, %(Ro - 1)) , Ro>1

Therefore

(2.12) Ao B — pipe >0

There is at least one root of g(z) in interval (2.11) ([10]). We indicate the corre-

sponding equilibrium with.:
(2.13) Pr = (z",y",2")
where z* satisfies in g(z) and * and y* are as (2.4) and (2.5) respectively.

Remark 1. We have shown if Ry > 1, the equilibrium P* exists which is corre-
sponds to the HAM/TSP state. Therefore, the patient has a high risk of developing
HTLV-1. In order to preventing the spread of the disease, drug control is an es-
sential tool for the interaction of HTLV-1 infection and the HTLV-1 specific CTL
response. Therefore, that is necessary to estimate the values of 71 and o to de-
termine the effective time of the drug therapy. In the following, we apply graphical
Hopf bifurcation theory to obtain the region of stability with respect to two parame-
ters 71 and To. Hopf bifurcation determines the appearance of multiple limit cycles
under system parameter variation. Therefore, the birth and the amplitudes of mul-
tiple limit cycles can be controlled by monitoring the corresponding degenerate Hopf
bifurcations with respect to parameters. This task would be accomplished in the

frequency domain setting.
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2.2. Existence of Hopf bifurcation at the equilibrium point P*. We should
mention that, from now on the parameter for the Hopf bifurcation is the time delay
parameters 7 and 7o and the rest of the parameters of the system (1.2) are fix.

The system (1.2) can be rewritten in a vector form as:

X

(2.14) dde _ AX(t) + H(X)
where X = (x,y,2)7 and

-1 0 0
(2.15) A= 0 - 0

0 0 —H3
Also
A — By

(2.16) H(X) = [ ofa(t —m)y(t — 1) —vyz

2(t—
vy(t — ) iy

choosing a "state feedback control” (u = g(y(t — m1),y(t — 72);71;72)) and

% =AX + Bu
(2.17) Y =-CX
u=gY({t—7),Y({t—12);11;72))
where B = C = I343 is a unit matrix and Y = (y1, y2,y3),
u =g(Y(t—m11),Y({t—12);71;72))
A= B(=y () (—y2(t))
= | oB(—=y1(t — 7)) (—y2(t — 71)) — v(—y2()) (—ys(t))

2(t—T
v(—ya(t - Tz))ﬁTﬂ.z

(2.18)

Next, taking Laplace transform on (2.15), the standard transfer matrix of the linear
part of the system is:

1

0

s+
(2.19) G(siym) =ClsI=A7'B=| 0 - 0
0 0 -

S+us
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Then the Jacobian of (2.18), is given by

(2.20)
f)
J P aiiq/_ g
—Bya(t) —Byi(t) 0
ofy2(t —mi)e™ ™ ofyi(t —T1)e T — yys(t) —Yya(t)
2(t— —sT 2 —73)a® —sT
0 Vygjﬁ(_ﬁ)j_)ﬁ € 2 VY2 (t - 7—2) (ygzi(_tﬁ)j_)az)g € 2
Let
P =y +~z"
_ dXof—u1 P
(2.21) M = doBomP

.
z
N = =5V

Then J in (2.20), at equilibrium point P* will be obtained as follows

-M _g 0
(222) J(Tl, T2) = oMe 571 L2 + 72*(67571 . 1) 77%
also
__M ___ P 0
s+p o'((erp,l) )
Me— 571 /‘2“”72* e ST1_1 M
(223)  G(sim;m)J(1,m) = | o st+2 Bt
N>Ma —ST¢
0 Nz*e 72 e rru
s+u3 s+us

Set h(\,s;71;72) = det]\ — G(s;71;72)J (11, 72)] and let A = A(iw; 715 72) be the
eigenvalue of G (iw;7;72)J (1, 72) which is A(iwo; 71,5 72,) = —1 + 0i. Considering

s = iw and A(iwo; T1,; T2,) = —1 + 0d, in h(\, s;71; 72) gives

s34+ Ays? + Ags + Az + e *(1T72)(Bys + By)+

2.24
( ) e=572(C18% + Cys + C3) + €™ (D1s?> + Das + D3) = 0
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where
Ay =2"y+ M — po
Ao =2po M + pzM — papiz + payz™ + payz™ — pops — Myz*
Az = 2p2pu3M — papops + papsyz”™ — psMyz”
_ 2
B = esran
_ 2_ %2, 2472
By = NlMNg(j*Qlaéi)za M?N
_ _—MNad?
(2.25) C1 = grtiesy
C, — —2uoMNa?—pi MNa?>+M?>Na?>—MNz*3~
2 — B(z*2+a?)
O~ = —2u1pa MNa?—pi MN z*3y+2u0a®> M2 N+M2Nz*3y
3= Az2+a?)
Dy = —z%y
Dy = —py 2"y — pgz*y — paM
D3 = —pyp3z™y — psp M

Now, we study the following three cases:

Case (1) . If m = 7 = 0, then the characteristic equation (2.24) becomes
(2.26) s34+ Ays? + Ags + A3 =0

(HO) . By Routh Hurwitz criterion if A;, As, A5 > 0 and A; Ay > As, then P* is
locally asymptotically stable.
Case (2) . If ; =0 and 72 > 0 then for the characteristic equation (2.24) one can

have
(2.27) s3 + A152 + Ays+ Az +e 7 (0182 + (CQ + Bl)S + (03 + B2)) =0

If iw(w > 0) is a root of Eq. (2.27), then
(2.28)
—iw? 4+ Ayw? 4 iAsw + Az + e 72 (Crw? +i(Co + By)w + (C3 + By)) = 0.

Separating the real and imaginary parts, we obtain

(2.20) A1w? + Az = —(C1w? 4+ C3 + Ba)cos(wtz) — (Ca + By)wsin(wts)

—w3 + Agw = —(Cq + By)wcos(wa) + (C1w? + C3 + Ba)sin(wts)



(2.30)
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Adding up the squares of the corresponding sides of the above equations in
(2.29) leads to

WO+ (A3 =245 — CHw* + (24145 — 201 Fy — E? + A2)w? + (A2 - F3) =0

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

where
E,=Cy+ By
Ey,=Cs+ By
Let
z = w?

r = (A2 — 24, — C?)
ry = (241 A3 — 201Fy — F} + A3)
r3 = (A3 - E3)
Then equation (2.30) can be rewritten as
hz)=22 +r22+rz+1r3=0
For finding the different cases that will occur for roots, r1, ro and r3 we do
as, [13].

Claim 1. Ifr3 < 0, then equation (2.34) has at least one positive root

Proof. : h(0) = r3 < 0 and lim,_,, h(z) = oo, hence there exist a Zy €
(0,00) so that h(zg) =0 O

Claim 2. Ifrs > 0, then the necessary condition for (2.34) to have positive

roots is A = r% —3r >0

Proof. :

dh(z)

=322+ 2r1z + 1o
dz

From

322 +2riz+1r2=0
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the roots of equation (2.36) are:

—ry £ /1% — 3y
3

(2.37) 21,2 =

If A = r#—3ry < 0 then (2.36) does not have real roots. So the function h(z)
is monotone increasing in z. It follows from h(0) = r3 > 0 that equation
(2.34) has no positive real roots. Clearly if A > 0, then z; = # is the

local minimum of h(z). Then we can state that: O

Claim 3. If rs > 0 then equation (2.34) has positive Toots if and only if
z1 >0 and h(z;) <0

Proof. : The sufficiency is obvious. We only need to prove the necessity.
Otherwise, we assume that either z; < 0or z; > 0 and h(z1) > 0. If z; <0,
since h(z) is increasing for z > z; and h(0) = r3 > 0, it follows that h(z)

has no positive real zeros. g

Let us to have the following condition:

(H1) : Suppose that equation (2.34) has positive roots. Without loss of
generality, we assume that it has three positive roots, denoted by z1,

z9 and z3. Then equation (2.30) has three positive roots, say

w1 = /21
(2.38) wa = /22
w3 = /23

From (2.29) and (2.31), one can obtain:

(2.39)
(A1w? + A3)(C1w? + Eo) = —(Ciw? + E3)?cos(wre) — (Chw? + Eo) Eywsin(wts)
—(W? 4 Asw)Eyw = —Fiw?cos(wm) + (Crw? + Ea) Eywsin(wTs)

Adding up the two terms of (2.39), implies that

)

(2.40) cos(wry) = 6—1
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where
(2 41) (S = (AlCl — El)w4 + (A1E2 + A3Cl — AgEl)w2 + A3E2
0 = *(012(.04 + (201E2 + E%)wQ + E%)
thus
(2.42)
) _ 1 (A101 - El)w,‘i + (A1E2 + Agcl - A2E1)wi + A3E2

Ty = w—k[arccos( ) + 2jm].

—(C%w,‘i + (QClEQ + E%)w,% + E22)
k=1,2,3;7=0,1,2,..

Then +iwy, is a pair of purely imaginary roots of equation (2.30) with 7 =
) k=1,2,3,j=0,1,2,.... Let
(2.43) Ty, = 72(12) = min {7'2(1)} , W= W,

k=1,2,3;j>0

Lemma 2. Suppose that z = wi where k = 1,2,3 and % £ 0, then
the following condition hold:

dsg(72)
dT2

(2.44) R[ ] 40

Proof. Differentiating of (2.27) with respect to 7o and considering the rela-
tions (2.31) leads to

(2.45)
(352 — 2415+ Ag + (—2C15 + E1)e ™ — 75(—C18% + E1s + Eq)e 5™)ds
= 8(70182 + Eis+ Eg)eisﬁrz)d’rg
S0
(2.46)
ds . ; (382 —2A1s+ Ay)e’™ —2C1s + E; T My My, T

dry - —C182+ E1s+ Ey)s (—~C1s2 + Eys+ Ey)s s NN s
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Put s = iw, and 7 = TQkJ,, k=1,2,3,7=0,1,2,..., then each terms in
(2.46), will be as follows:

(2.47)

[Ml]r=rf = (—3w} — 2iAwy, + AQ)(COSWkTij + isinwkTgkj) =

(73w,% + Az)coswkTij + QAlsinwkTQIfj + i[fQAlwkcoswkaj + (73w,% + AQ)Sinwkng],

[M2]T:T«§ = E1 — 2i01wk,
J

[Nl] ko= (Clwi + 1w + Eg)iwk = 7E1w,% + i(Clw,% + Eg)wk.

7—2:7—2j

Suppose that

(2.48) M* = (=Eyw} +i(Ey + Crwp)wi)? = Eiw} + (By + C1w})?w?
Therefore
ds . _ (352 —2A15 + Ag)e’™ —2C1s+ E;
2.4 —) =
( 9) 8?[(dTg) ] { (—0182+E15+E2)8 R (—0152 +E13—|—E2)5

2
b {3wd + 2241 + O + (A3 + 241 4g + A3 + B} + 201 )}

o 2k dh(zk)
 M* dz 70
So, %[mgigz‘)] # 0 since by (H1), M* # 0. O

Now, by condition (H0) and (H1) we state the following theorem

Theorem 1. Suppose that (HO) and (H1) satisfy, then the following results
hold:

(i) For Fq.(1.2), P* is asymptotically stable when 15 € [0,72,)

(ii) FEq.(1.2), undergoes Hopf bifurcation at P* when To = 1o, (see (2.43)).

Case (3) . If 11 > 0, 7o > 0, we consider the characteristic equation (2.24) with 7o
in its stable interval [0,72,). Choosing 71 as a parameter, without loss of
generality we study (1.2) under (H1). Let iw(w > 0) be a root of Eq.(2.24),
similarly, we can get

(2.50)

WO+ (Ff — 2F, — DY)w* + (2F F3 — 2D, Fs — F} + F3)w® + (Fy — F2) =0



(2.51)

(2.52)

(2.54)

(H3)
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where

F, = A1 + Cleiiwm

Fy=As + Cge_in2

F3 = A3+ Cge_iwﬁ

Fy =Dy + Bleiiw‘r2

Fs=D3+ B267iw‘r2

Assume that Eq.(2.50) has three positive solutions. Then, for every fixed
w(i = 1,2,3), there exists a sequence T{ >0, (i=123,7=12.3,..)
such that the characteristic equation (2.24) holds. Let

T1, :Tl(f:) = min {Tl(f)}, W= w;,
1=1,23;5=20

When 71 = 71,, then the characteristic equation (2.24) has a pair of purely

imaginary roots +iwgy. Next, we assume that the condition

dSi(Tl)

%[ dT1

1#0

holds. Moreover, when 7y = 0, 72 € [0, 79, ), one can easily see that Eq.(2.24)

can be rewritten as
—iw® + Flw? + iFw + Fy

We consider the following condition
By Routh Hurwitz criterion if Fy, Fy, F3 > 0 and F}Fy > F3, then P* is
locally asymptotically stable.

Now we can state the following theorem

Theorem 2. Let (H1),(H2) and (H3) hold, 7o € [0,72,). Then the positive
equilibrium P* of system (1.2) is asymptotically stable for 7 € [0,11,), and
is unstable for 7 € (11,,00); system (1.2) undergoes Hopf bifurcation at the
positive equilibrium P* for Ty = m,. Here, the critical delay 11, s clearly a

function of .
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3. NUMERICAL SIMULATION

In this section, we present some numerical simulations regarding our theoretical

analysis. Parameters values are chosen as follows:

TABLE 1. List of parameters values.

Parameter | value | reference | unit
A 10 [20] day 'mm—3
B 1 [10] day'mm~—3
1 1 [10] day~"
H2 1 [10] day~*
43 0.5 [10] day !
1.99 | [10] day~!
0.45 | [10] day~!
v 3.85 | [10] day~!
o 1 [10] day~1
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F1GURE 1. An unstable periodic orbits for 71 = 1.453542882 and
To = 0.4232519849 with the initial values (2,0.5,0.5).

4. DISCUSSION

In this study, we have considered a three dimensional model with intracellular
delay and immune activation delay, model (1.2). In the first stage of infection, the
viruses enter into a target cell and integrate its viral DNA into the host genome. The
second stage is the period from the integration of viral DNA to the transcriptase of
viral RNA and translation of viral proteins. The last stage is the period between the
transcription of viral RNA and the release and maturation of virus. To evaluate
these events in the infection process, we incorporated the time delay 7 in the
model. Moreover, a time lag is needed for the production of immune cells which
was considered with time delay 75 for the model (1.2). We used the graphical Hopf
bifurcation with time delay 7 and 75 as the parameters, in order to obtain periodic
solutions for system (1.2). From the numerical simulations, one can see, as the delay
parameters 7, or Ty varies, transient or sustained oscillations may be appeared. This
shows the sensitivity of the model dynamics to the time delays. A drug therapy

is needed when the corresponding viral load and the number of immune cells are
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cells

Irnmune
o - N oW s om

Unifected cells
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Time

e

Eil 100 150 200 260 300
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F1GURE 2. A stable periodic orbits when 7 = 1.0453542882 and
T2 = 0.4232519849 with the initial values (2,0.5,0.5).

in the basin of P*. For this purpose, can be estimated the values of 7, and 7 to

determine the effective time of the drug therapy. During the treatment, the virus

load and the immune cells should be maintained in a stable state.
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