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ABSTRACT. In this paper at first, a history of mathematical models is given.
Next, some basic information about random variables, stochastic processes
and Markov chains is introduced. As follows, the entropy for a discrete time
Markov process is mentioned. After that, the entropy for SIS stochastic models
is computed, and it is proved that an epidemic will be disappeared after a long
time.
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1. INTRODUCTION

The first mathematical epidemic model was introduced by Bernouli in 1760. The
basic continuous epidemic model was studied by Kermak and Mckendrick in 1927
[2, 8]. In next years many deterministic models for different infectious diseases were
established [2, 8]. The aim was to investigate the dynamical behavior of the model
and determine how many infected will get if the epidemic takes off [2].

However, deterministic models are not applicable for studying a community with a
small number of susceptible or infected individuals. In this case, it is better to use
stochastic epidemic models [5, 6, 3].

In this paper, we consider SIS stochastic epidemic model. In this model, susceptible
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individuals (S) can get infected (I) and after a while, an infected individual recovers
and becomes susceptible immediately. We assume that the birth, death, immigra-
tion or emigration rate during the study period are equal, i.e. the population is
closed. Moreover, we consider there is no vertical transmission of the disease, that
is the disease is not passed from the mother to her offspring.

One of the most important characterizations that one can attach to a random vari-
able and a stochastic process is its entropy. The entropy was appeared in physics
in 1865. It was extended in information theory as the measure of the uncertainty
in a random variable.

In recent years, the entropy has been developed for random transformations [4, 7].
The entropy of stochastic epidemic models was introduced in [1]. In this paper, we
compute the entropy of SIS DTMC model which is mentioned in [5].

In the next section, random processes and homogeneous Markov chains are reviewed.
And some of their properties is investigated. In section 3, the entropy of a discrete
random variable and its meaning in the discrete time stochastic processes has been
investigated. In section 4, SIS stochastic model is introduced and the entropy of
the model is computed. In the last section, by using numerical simulation provided
in an example, it is shown that entropy changes with 3 change.

2. BASIC NOTIONS

Let (€2, 53,u) be a probability space and (S, A) be a measurable space which
is called the state space. An S—valued random variable is a measurable function
from Q to S. An S—valued stochastic process is a collection of S—valued random
variables on 2, indexed by a totally ordered set 7. ¢t € T shows time. That is
a stochastic process X is a collection {X; : ¢ € T}, where X; is an S— valued
random variable on 2.

A stochastic process called continuous time if T = R or T = [0, 00), and discrete
time if T'=7Z or T = N. It is called a one-sided stochastic process if T'= N [4].

In this paper, since the population is constant, the stochastic process is discrete
time and finite state, where S = {0,1,2,..., N} and N is the population size. The
joint probability of the discrete random variables Xg, X1, ..., X,, is defined as fol-
lows:

p{w € Q: Xo(w) = zgy .oy Xp(w) = x,}) = Prob{Xg = 20, X1 = 21,..., X, =
Tn} = P(xo, 21, ..., Tp).

Definition 2.1. A stochastic process X = {Xp, tnen, is called a Markov process or
Markov chain if Prob{X, = x, | Xpn—1 = Tn-1,...,Xo = zo} = Prob{X,, = x, |
Xn-1=2ap-1}, n > 1, where xg,x1,....,x, € S ={0,1,2,..., N}.

The probability mass function associated with the random variable X, which is
denoted by {p;(n)}Y,, where

pi(n) = Prob{X, =i}.

Definition 2.2. The one-step transition probability or only the transition probabil-
ity is noted as pji(n), is defined as pj;(n) = Prob{X,41 =j | X, = i}.
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If the transition probabilities p;;(n) in a Markov chain do not depend on time
n, then the Markov process X is called time homogeneous or homogeneous.
Let X = {X,, }nen, be a homogeneous Markov chain, the matrix P = (pj;) is called
the transition matrix of X.

Definition 2.3. Let X = {X,}nen, be a homogeneous Markov chain, the n-step
transition probability which is denoted by p§?), s defined by

(2.1) p\) = Prob{X, = j | Xo = i}.
The n-step transition matriz is denoted as P(™ = (pg?)), PO =1, and PM =P

Based on the the Chapman-Kolmogorov equation [4], P = p(n=s) p(s) " Since
P = P then P(") = P" for all n € N.
Let p(n) denotes the vector of probability mass function associated with X,,, that
is p(n) = (po(n),....,pn(N))T, and ZZV:() p;(n) = 1, then the vector of probability
associated with X, ;1 can be founded by multiplying the transition matrix P by
p(n), that is
(2.2) p(n+1) = Pp(n).

In general, p(n) = P™p(0), so we have p(X,, = i) =p;(n) = ZJ Opg;b)p] (0).

3. THE ENTROPY OF A DISCRETE RANDOM VARIABLE

Definition 3.1. Let X be a random variable with probability space (2, 3, 1) and
finite state S. The entropy ofX is defined by

(3.1) g p(x)logp(x
€S
where p(z) = p({w € O : X (w) = x}).

Let X,Y be two random variables on a probability space (2,3, 1) and state
space S. The joint entropy of X and Y is defined as

(3:2) HX,Y) == pla,y)logp(z,y),

zeS1 yeS2

where p(x,y) = Prob(X = z,Y = y).
The conditional entropy of Y given X is defined as follows,

(3.3) HY|X)= Z Z (x,y)logp(y | x).
reS1 yeES2
Where p(y | ) = B2 T's clear that H(X,Y) = H(X)+ H(Y | X) [4, 7].
The (joint) entropy of the random variable vector X3 = {Xo, ..., X,,_1} is defined
by

H(XO;le"'vanl) = - Z p(anxlv"'7xn71)logp(m03xla"'axn71>a

LO, L1,y Tn—1ES
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where

p(l‘o,ﬂ?l, ...,.13n_1) = pI‘Ob(XQ = Zo, ~-~7Xn—1 = l‘n_l).

Theorem 3.2. Let the random variables Xy, ..., X,—1 be given, then
i)p(Xoy ooy Xpo1) = g (X5 | Xyt ooy Xo)-

i)H(X0, ooy Xn_1) = Sor g H(Xi | Xi_1, ..., Xo), where

p(XO | X*l) = p(X()) and H(XO | X,l) = H(Xo)

ii1) If the stochastic process is a homogeneous Markov process, then
H(X;|Xi-1, ..., Xo) = H(X;[X;-1).

iv) If the stochastic process is a homogeneous process, then
H(Xo,X1,....Xn) = HXo) + H(X1|X0) + ... + H(X,|X0n-1).

Proof. See [4, 1]. O
3.1. The entropy of a discrete time stochastic process.

Definition 3.3. The entropy of a stochastic process X = {X,,}22 on a probability
space (2, B, ) with finite state S is defined by

1
(3.4) hX) = limnHOOEH(XO7 ey Xn—1),
provided that the limit exists [4].

The term h(Xo, ..., Xpn_1) = %H(Xo, .oty Xpn—1) is called the entropy of order n
of X. h(XJ™1) = h(Xo,..., Xn_1) is the average uncertainty about n consecutive
outcomes of the random experiment modeled by X. On the other hand, if X =
{X,}22, is a discrete- time stochastic process, then after n-time intervals A¢ there
are n random variables as outcomes. h(XJ ') measures the average uncertainty
and determines how close this model is to reality. The more h(X{ ') is smaller,
the more our model (X = {X,,}22 ) is closer to the real.

As follows we introduce SIS DTMC (discrete time Markov chain) epidemic model
and compute its entropy.

4. SIS DTMC, EPIDEMIC MODEL

Let S(t) and I(t) be discrete random variables for the number of susceptible and
infected individuals at time ¢, respectively. Let ¢t € {0, At,2A¢t,...} and N be the
population size which is constant. S(t),I(t) € {0,1,..., N} and S(t) + I(t) = N ,s0
S(t) = N—1I(t) [5, 2]. The stochastic process {I(t)}2, has an associated probability
function

(4.1) pi(t) = prob{I(t) = i},

fori =0,1,...,N and t = 0, At, 2At, ..., that S pi(t) = 1.
Let p(t) = (po(t),...,pn(t))T denotes the probability vector associated with I(t).
For t = nAt, I(t) and p;(nAt) are denoted by I,, and p;(n), respectively.

Lemma 4.1. The sequence I = {I,}5%, is a Markov chain.
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Proof. We know that I, is the random variable of infected individuals at time
t = nAt. Since the number of infected people at time ¢ = (n + 1)At only dependes
on the number of infected people at time ¢t = nAt. So it is clear that Prob(l,41 |
I, Ih1,....,I0) = Prob(I,11 | I,) so I = {I,}32, is a Markov chain. |

The probability of a transition from state I, = i to state I,,41 = j, i — 7, at
time At, is denoted as

pji(n, At) = Prob{I,+1 = j | I, = i}.

The transition probability does not depend on n, so the process is time homoge-
neous. The time step At is chosen sufficiently small such that the number of infected
individuals changes by at most one during the interval At, on the other hand either
there is at most a new infection, a birth, a death, or a recovery during the time
interval At.

The probability of a new infection, i — i+1, is Si(N —i)At, where  is the infection
transition rate and the probability of a death or a recovery, i — i — 1, is (b+y)iAt,
where b and -y are death and recovery rates, respectively. Moreover, At is chosen
sufficiently small such that Si(N —i)At+ (b+)iAt < 1 for all 0 < ¢ < N. Finally,
the probability of no change in states is 1 — [Bi(N — i) At + (b+ v)iAt]. So we have

Bi(N —i)At j=1i+1
b+ ~y)iAt ) =1—1
pji(At) = ( 7>. . ) j .
1—[Bi(N —)At+ (b+7v)iAt]  j=1
0 otherwise.

We set b(i) = Bi(N — i) and d(i) = (b+ )i. It is clear that
(4.2) pi(n+1) = pi—1b(i — 1)At + piy1(n)d(i + 1) At + pi(n)[1 — b(3) — d(i)]At.

Denote the transition matrix as P(At). It is a (N + 1) x (N 4 1) matrix which is
given by

1 dat o ... 0 0

0 A d@2)At 0 0

0 b(At Ay 0 . . . 0

0 0  b2At . . . 0 0

P(At) = . S

0 0 d(N — 1)At 0

0 0 An_, d(N)At
0 0 b(N —1)At (1 —d(N))At

where A; =1 — [b(4) + d(i)]At for i =1,...,N — 1.
According to the 4.2, it is obvious that

p(n+1) = P(At)p(n) = P(At)"p(0),

and pg?) = ((P(At))™);. From now on, we will be using P instead of P(At). We
consider that there is ig infected at the initial time (¢t = 0), so p(0) = (0,..., ~ 1 ,0,...

ith
ig" place
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and p(n) = P"p(0), then

i) = (0™)igs 0™y s oo (P )i )P(0)” = (P™)isy = P

4.1. The entropy of SIS epidemic model. The entropy of a stochastic process
X = {X,}52, on a probability space (€2, 8, u) is defined by the following formula

1

(4.3) hX) = lim,—oo—H(Xo, ..., Xn—1),
n

provided that the limit exists [4].

Definition 4.2. If X = {X,}32, is a homogeneous Markov chain, the matric
H(P) is defined by

(4.4) H(P) = (=pijlogpij)(N+1)x (N+1)

and 0log0 := 0.

Remark 4.3. Let X = {X,,}°2 ,be a homogeneous Markov chain, then
H(Xp|Xno1) = =X o SN Prob(X, 1 = j, X, = i)logProb(X, = i|X,_1 =
) == Sy Prob(X,—1 = j)Prob(X, = i|X,_1 = j)logpi; =

- Zf\;o Z;’V:O Prob(X,,—1 = j)pjilogpji-

Theorem 4.4. Let I = {I,}32, be the stochastic process of the SIS epidemic

model with constant population and Iy = k, then h(ly,...,I,) is the summation of

0+I+P+..+P" ! )

kth column entries of matriz H, = H(p)( N}

Proof. Using part (iv) in theorem 4.2,
h(Iy, ..., I,) = %HH(IO’ oIy = H(Io)+H(I1II(;)i...wLH(In\In—l)_ Since Iy = k, clearly

1
H(Iy) =0, s0 h(y, .., I,) = Zllo)tedt Hnllncs)

Also by the above remark, H(I,|l,—1) = 32; >, Prob(l,—1 = j)pijlogp%j. By the
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(n—1)

assumption Iy = k, we have Prob(l,,—1 = j) = D SO

)

Prob(lyp =j)+ ...+ Prob(l,,_1 =7 1
h(Io, ..., I,) = E E (o = j) (In-1 ‘7>pijlog—__
i

n+1 Dij
0 -1
NN p§k)+...+p§-z ) 1
=2 D g piley—
j=0 i=0 Pij

N N (0 (n—1)

P+ o+
= H(p))i;
jEZO ;ZO | (H(p))i;

N N e
:ZZ Lix+ Pjp+ ...+ (P 1)Jk(H(p))
s £ n+1 Y

H(p))ir + (H(p)P)ix + .. + (H(p) P ix
n+1

Il
-

_ ZN:(H(p) +H(p)P +...+ Hp)P" '
’IL+]. ik
So h(Ip, ..., I,) is the summation of k" column entries of the matrix

H(p)+ H(p)P + ...+ H(p)P"* _ )0+I+P+...+P"—1
nt1 o n+1 '

O

The matrix H, = H(p)(%) is called the entropy matrix of I.
In the SIS DTMC epidemic model, the state i = 0 is recurrent and the states
i =1,2,...,N are transient. We know for any state j and any transient state ,

limp oo PJ; = 0 [1]. Therefore,
1 1 1 1
0 0 O 0
0 0 0 0
limy,— oo P =
o0 o0 . . .0

In the next theorem, we prove that an epidemic with constant population which is
modelled by SIS, will disappear after a long time.

Theorem 4.5. h(I) = 0.

Proof. By the pervious assumptions, since the limit of P™ as n — oo exists, then
according to Cesaro’s mean theorem, if lim, ,oa, = a and b, = E’;Ljolak, then
limy_ssoby, = a. Therefore, we have

lim oo H (P) (St P20y = Jim,, o H (P)P™
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1 1 1 1
0 0 0 0
0 0 O 0
= H(P)
oo o0 . . .0
—poologpoo S —poologpoo
—p1ologpio S —p1ologpio
_p(N+1)()lng(N+1)O I _p(N+1)0l09p(N+1)0

We know that pgg = 1 and 0 is a recurrent state, so lz'mn_moH(P)(%)

0. ThUS, h([) = llmn_)ooh(lo, Il, 7In) =0.

O

We can say as time increases, this model becomes closer to the real. This model
predicts that after a long time, the disease will disappear, so this prediction is true,
because h(I) = 0.

In the next section, we compute h(I) which shows the uncertainty about n con-
secutive outcomes of a random experiment.

5. NUMERICAL SIMULATION

The entropy is used to compute the uncertainty in dynamical systems. In this
paper, SIS DTMC epidemic model is introduced. As follows, in the next example
the entropy at different time steps n for different values of 5 is computed. Figure 1
shows how the entropy of the model is changed with respect to the time.

Example 5.1. Consider the population size N = 10, At = 0.01, b = 0.25, v = 0.25,
I1(0) = 2 and s(0) = 8. The resulted table for different values of 5 is

n\p | 0.01 0.02 0.03 0.04
5 0.0296 | 0.0380 | 0.0475 | 0.058
10 | 0.0167 | 0.0226 | 0.0299 | 0.0391
15 | 0.0118 | 0.0155 | 0.0210 | 0.0286
20 | 0.0085| 0.0117 | 0.0160 | 0.0228
20 | 0.0068 | 0.0155 | 0.0150 | 0.0208
30 | 0.0057 | 0.0094 | 0.0110 | 0.0249
40 | 0.0043 ) 0.0059 | 0.008 | 0.0111
50 | 0.0034 | 0.0047 | 0.0064 | 0.0088
60 | 0.0028 | 0.0039 | 0.0054 | 0.0074
100 | 0.0017| 0.0023 | 0.0032 | 0.0044
200 | 0.0008 | 0.0012 | 0.0016 | 0.0022

Fig.1 indicates that by increasing 8, the entropy generally will increase as well.
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Entropy with different transition rates

Entropy

0 50 100 150 200 250

Time

FIGURE 1. blue: § = 0.01, orange: S = 0.02, violet: 8 = 0.03 and
yellow: 5 = 0.04.

By theorem 4.5, the entropy is zero after a long time. As one can consider,

the entropy has alow amount for all values of time. Figurel also shows that by
increasing [, the entropy will increase. Thus, the smaller £ is the more accurate
the prediction will be.
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