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ABSTRACT. In this work, first the differential equation characterizing position
vector of spacelike curve is obtained in Lorentzian plane L2. Then the spe-
cial curves mentioned above are studied in Lorentzian plane L2. Finally some
characterizations of these special curves are given in L2.
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1. Introduction

The theory of degenerate submanifolds is recently treated by the researchers
and so some of classical differential geometry topics are extended to Lorentzian
manifolds. For instance in [13], author deeply studies theory of the curves and

surfaces and also presents mathematical principles about theory of Relativitiy. Also,
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T. Tkawa presents some characterizations of the theory of curves in an indefinite-
Riemannian manifold [7].

There are lots of interesting and important problems in the theory of curves at
differential geometry. One of the interesting problems is the problem of character-
ization of a regular curve in the theory of curves in the Euclidean and Minkowski
spaces, see, [3, 6].

Special curves are obtained under some definitions such as Smarandache curves,
spherical indicatrices, and curves of constant breadth, and etc.: Smarandache curves
are regular curves whose position vectors are obtained by the Frenet frame vectors
on another regular curve. These curves were firstly introduced by Turgut and
Yilmaz in [14]. Then many researches occured about the different characterizations
of Smarandache curves in Euclidean and Minkowsi spaces, see [1, 4]. Spherical
indicatrix is the locus of a point whose position vector is equal to the unit tangent
T, the principal normal vector N, and the principal binormal vector B at any
point of a given curve in the space. Spherical indicatrices have been studied in
many works as special curves [15, 16]. As you know, spherical indicatrix turns into
circular indicatrix in the plane. Curves of constant breadth were firstly introduced
by Euler as another special curve [5]. Then in chronological order, it was studied
in [2, 10, 12, 17].

Our motivation was to see the corresponding results of the special curves men-
tioned above in Lorentzian plane 2. As much as we look at the classical differential
geometry literature of the works in Lorentzian plane L2, the works were rare, see,
[7, 9, 11, 18]. First, we obtain the differential equation characterizing position vec-
tor of spacelike curve in Lorentzian plane L2. Then we study the special curves in

L2. We give some characterizations of these special spacelike curves in L2.

2. Preliminaries

Let L2 be the Lorentzian plane with metric
(1) 9= dl’% - dm%a

where 1 and x5 are rectangular coordinate system. A vector r of L2 is said to be
spacelike if g(r,r) > 0, or r = 0, timelike if g(r,r) < 0 and null if g(r,r) = 0 for
r#0 8]
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A curve x is a smooth mapping
z: I =12

from an open interval I onto 2. Let s be an arbitrary parameter of z, then we
denote the orthogonal coordinate representation of x as x=(z1(s),z2(s)) and also
the vector
dx dx

©) oGy
is called the tangent vector field of the curve z = z(s). If tangent vector field of
x(s) is a spacelike, timelike or null then, the curve z(s) is called spacelike, timelike
or null, respectively [7].

In the rest of the paper, we will consider spacelike curves. While the tangent

vector field T is spacelike, N is timelike. We can have the arclength parameter s

B 0 =~
-k 0
where £ = k(s) is the curvature of the unit speed curve x = x(s) [11]. The vector

field N is called the normal vector field of the curve x(s). Note that since (T', N) = 0,

T is a timelike vector, and also N spacelike vector. Given ¢(s) is the slope angle of

and have the Frenet formula

T

(3) N

’

N

)

the curve, then as in [8], we have

(4) % = k(s).

3. POSITION VECTOR OF A CURVE IN L2

Let a = a(s) be an unit speed spacelike curve on the plane L?. Then we can

write position vector of «a(s) with respect to Frenet frame as
(5) X =X(s) =MT + 22N,

where A\; and Ay are arbitrary functions of the arc length parameter s. Differen-
tiating (5) and using Frenet equations we have a system of ordinary differential

equations as follows:

d\1
L Ak—1=0
ds 2R ’
(6)
dA
2 —+ )\1/43 = 0

ds
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Using (6); in (6)2 we obtain

d 1 d\ B

(7)

So, according to A1, the equation (7) is the differential equation of second order
which is a characterization for the curve z = x(s).

Using change of variable
(8) 0= [ rkds

in (7), we arrive at

a2\ dp

9 N dp
©) e TN g

where k=

=

By the method of variation of parameters and differential solution of (9) we have
(10) M= e [A— [ ked0] + e | B+ [} keCas],

where A, B€ R. Rewriting the change of variable (9) into (10), we get

(11) Ay = elo rds {A — needﬁ} + e Jo wds {B + [y ne*(’dﬁ] :
- L : d; i
Denoting differentiation of the equation (11) as o £(s), and using (6), then
s
we have
1
(12) Ay = - [£(s) —1].

According to the above expression we can give the following theorem:
Theorem 3.1. Let a = «(s) be an arbitrary unit speed spacelike curve in
Lorentzian plane L2, then position vector of the curve a = a(s) with respect to the

Frenet frame can be composed by
0 0 6 —0 0 _g
X=X(s)= (e {A—fo Ke d@}—&—e {B"'fo Ke d@])T

+(2 [(s) - 1)V,

K
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Theorem 3.2. Let a = «(s) be an arbitrary unit speed spacelike curve in
Lorentzian plane L2. Position vector and curvature of the curve satisfy the differ-
ential equations of third order as follow

d [1d% n da 0
— |- k— = 0.
ds | k ds? ds

Proof. Let @ = a(s) be an arbitrary unit speed spacelike curve in Lorentzian

plane 2. Then Frenet derivative formula holds (3); in (3)2, we easily have

d [1dT
1 — == T =0.
(13) ds |:I<; ds} T
Let da _ T = &. So, expression of (13) can be written as follows:
s

12
d{da} dazo.

14 Bl e
(14) ds | k ds? ﬁds

Hence, the proof is complete.

Let us solve the equation (13) with respect to T. Here we know ,

T = (t1,t2) = (du, a2).
Using the change of variable (8) in (14) according to the parameter of T', we get

d?t, d?ty
(15) W+9:O, Wﬂ%:o,

solving the equations in (15), we obtain

t1 = 1 cosf + Py sin b,
(16)
to = 13 cos + 1y sinb,

where ¢; € R for 1 <i < 4.

4. SPECIAL CURVES IN L2

In this section we will study some special spacelike curves such as Smarandache

curves, circular indicatrices, and curves of constant breadth in Lorentzian plane L2.
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4.1. Smarandache curves. A regular curve in Lorentzian plane .2 whose posi-
tion vector is composed by Frenet frame vectors on another regular curve, is called
a Smarandache curve. We will study T'N —Smarandache curve as the only Smaran-
dache curve of Lorentzian plane L2.

Definition 4.1 (TN—Smarandache curves). Let o = a(s) be a unit speed
spacelike curve in L2 and {T'%, N®} be its moving Frenet frame. The curve o = a(s)

is said to be TN —Smarandache curve whose form is

(17) Bs*) = =

N LAREE

We can investigate Frenet invariants of T'N—Smarandache curves according to

a = «(s). Differentiating (17) with respect to s gives us

. df ds* 1
1 = ——=——(K*N“ 7).
(18) p ds* ds V2 (e e )
Rearranging of this expression, we get
ds* 1
(19) T2 = — (KON 4 5OT) |

as T 2
By (18), we have

ds*
20 = K%,
(20) il
Hence using (19) and (20), we find the tangent vector of the curve g as follows:
(21) Ty = Q

V2
Differentiating (21) with respect to s, we have
dlgds* (KT +K*N®)
ds* ds V2
Substituting (20) in (22), we obtain
r = (T* 4+ N¢«
py o —T N
V2
The curvature and principal normal vector field of the curve 8 are, respectively,

7 — ()

(22)

23 HT Y P i 0
(23) 3 Kg 5 0,
and

—(T* + N«
(24) Ng = ( ) — 00.

TP = (Vo)
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Thus the expressions in (23) and (24) simply mean that the Smarandache curve

of a spacelike plane curve is a straight line.

4.2. Circular indicatrices. Circular indicatrix is the locus of a point whose po-
sition vector is equal to the unit tangent T or the principal normal vector N at
any point of a given curve in the plane. We will characterize tangent and normal
circular indicatrices of spacelike curves in Lorentzian plane L2.

Tangent circular indicatrices of spacelike curves in L?

Let ¢ = £(s) be a spacelike curve in Lorentzian plane 2. If we translate of the
first vector field of the Frenet frame to the center of the unit Lorentzian circle S,
then we have the tangent circular indicatrix § = §(ss) in Lorentzian plane L2

Here we shall denote differentiation according to s by a dash and differentiation
according to ss by a dot. By the Frenet frame, we obtain the tangent vector of
d=4(ss) as
5 = B dss _ g dss

25 = — = = kN
(25) dss ds g Y
where

dss
(26) Ts = N, and o = K(s).

From (25), we have
Ts =Kk N — k2T,

and also we arrive at

(27) rs = [T = VI + 411
Thus we have the principal normal of the curve § = §(ss) as

—k2T 4+ k'N
‘/IQQ +K,4 ’

Principal normal circular indicatrices of spacelike curves in L2

(28) Ns =

Let ¢ = £(s) be a spacelike curve in Lorentzian plane 2. If we translate of the
second vector field of Frenet frame to the center of the unit circle S!, then we have
the principal normal circular indicatrix ¢ = ¢(s,) in Lorentzian plane L2

We shall follow similar procedure of the tangent circular indicatrix, to determine

relations among Fenet apparatus of circular indicatrices of with Frenet apparatus
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of curve € = e(s). The differentiation of the principal normal circular indicatrix is

as follows
_dodsy _
Cdsy ds ’
where
d8¢
(29) Ty = —T, and o = K($).
Differentiating (29), we obtain
’ . dS
(30) T, = T¢d—j = —kN,
or in another words,
(31) T, = —N.

Using (30) and (31) we have the first curvature and the principal normal vector

of the principal normal circular indicatrix ¢ = ¢(sy4) as
Kg = HT¢H =1,and Ny = —N.

4.3. Curves of constant breadth. Let ¢ = (s) and p* = ¢*(s) be simple closed
spacelike curves in Lorentzian plane 2. These curves will be denoted by C' and C*.
Any point p of the curve lying in the normal plane meets the curve at a single point
q except p. We call the point ¢ as the opposite point of p. We consider curves
in the class I' as in Fujivara (1914) having parallel tangents 7' and T* in opposite
directions at the opposite points ¢ and ¢* of the curve.

A simple closed curve of constant breadth having parallel tangents in opposite
directions at opposite points can be represented with respect to the Frenet frame

by the following
(32) ¢* =@ +mT +mN,

where ¢ and ¢* are opposite points and m;(s),1 < ¢ < 2 are arbitrary functions of
s.
The vector
d=¢" =y
is called ”the distance vector” between the opposite points of C' and C*.
Differentiating (32) and considering the Frenet derivative formulae (3), we have
do* ds* dmq

dm2
=T =T+ —T N+ —=N — T.
ds ds + ds ikl A ds mar
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Since

de de”

— =T and =T

ds e T ’
and using Frenet derivative formulas, we get

ds* dm; dmsy

33 T* =1+—- T —)N.
(33) ds (1+ ds mak)T + (ma + ds )

From the definition of curve of constant breadth, there is the relation
(34) T = -T,

between the tangent vectors of the curves, and also using (34) in (33), we obtain

ds* d d
;s = M2k — am 1, and mm—l——mz =0.

35
(35) ds ds

Let 6 be the angle between the tangent vector T' at a point «(s) of an oval and

a fixed direction, then we have

ds ds* . 1

il e

(36) H
K
Using (36) in (35), the equation (35) becomes as

and

dm1 * _
m2—W—P+P = f(0),
(37)
dﬂlg _
a9 ~ "

Eliminating m; in (37), we obtain the linear differential equation of the second

order as

d2
(38) d$2 +ma = f(0).

By general solution of the equation (38) we find

ms = siné (fo" f(t)etdt) +es—cosf (j(f f(t)e*tdt) ter

ma
do

Using m; = — in (37) we obtain the value of m; as

my = —cosf (foe f@) costdt+52> —sinf (foe f@) sintdt+€1> )
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Hence using (32) the position vector of the curve ¢* is given as follows

©* =@+ [—cosb <f00 f(t)costdt + 62) —sin@ <f00 f(t)sintdt + 51>]T

+[sin 0 (foe f(t)etdt) +e9 —cosf (foe f(t)e_tdt) +e1]N.

If the distance between opposite points of C' and C* is constant, then we can

write that

(39) |* — @ = m? —m3 = const.,

and differentiating (39), then we have

(40) - dm1 dmg

@ Mg 0

Taking the system (37) and (40) together into consideration, we obtain

(41) mi <d§;1 + m2> =0.
From here, we arrive at
(42) my =0 or % = —ma.
According to the expression (42), we will study cases below:
Case 1: If
my =0,

: then from (37) we find that

f(0) = const. and mg = const.

If
dm1
my #0 = const. and also 0 = —myg,
then we obtain
mo = 0.
If
my = kl, (kl S R),

then the equation (32) turns into

p* =9+ kT.
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Case 2: If
dm1

o

then from (37) we have

[

2

[9

[10
[11

[12

£(6) =0, and my = — [ mad .

If
dmq
do
then from (37) we obtain

= mo#0 = ko = const.,

f(@) =0, and m; =0
Hence the equation (32) becomes as follows:

©* =@+ kaN.
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