HOPF BIFURCATION CONTROL WITH PD CONTROLLER

M. DARVISHI* AND HM. MOHAMMADINEJAD
DEPARTMENT OF MATHEMATICS, FACULTY OF MATHEMATICS AND
STATISTICS, UNIVERSITY OF BIRJAND, BIRJAND, IRAN
E-MAILS: *M.DARVISHI@QBIRJAND.AC.IR,
HMOHAMMADIN@BIRJAND.AC.IR

(Received: 11 January 2017, Accepted: 25 June 2017)

ABSTRACT. In this paper, we investigate the problem of bifurcation control for
a delayed logistic growth model. By choosing the timedelay as the bifurcation
parameter, we present a Proportional - Derivative (PD) Controller to control
Hopf bifurcation. We show that the onset of Hopf bifurcation can be delayed or
advanced via a PD Controller by setting proper controlling parameter. Under
consideration model as operator Equation, apply orthogonal decomposition,
compute the center manifold and normal form we determined the direction
and stability of bifurcating periodic solutions. Therefore the Hopf bifurcation
of the model became controllable to achieve desirable behaviour which are

applicable in certain circumstances.

AMS Classification: 34H20, 34D23.
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1. INTRODUCTION

The single-species logistic growth model governed by delay differential equations
plays an important role in population dynamics and ecology that has been investi-

gated in-depth involving the stability, persistent, oscillations and chaotic behaviour
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of solutions[6]-[8]. Gopalsamy and weng[2] considered the following system:

A B n(t—71)
" i) = ra(pl1 ~ "7

0(t) = —dv(t) + en(t)

—cu(t)]

where 1, ¢, d, e, k € (0,400) and 7 € [0,4+00). the initial conditions for the

system (1) take the n(s) = ¢(s) > 0,¢(0) > 0,¢ € C([-7,0], Ry), v(0) = vo. The

solutions of (1) are defined for all ¢ > 0 and also satisfy n(t) > 0,v(t) > 0 for t > 0.
ek

).

d+ kec’ d+ kec
Then by the linear chain trick technique, system (1) can be transformed into the

And the system (1) has unique positive equilibrium (n*,v*) = (

following equivalent system:

@ () = —dz(t) + €’I’L*Elkj(t) )
§(t) = —ere(t) = Soy(t = 7) — ere(t)y(t) — Syt~ )y(b)

The author obtained when the condition (H) % > % and d > (1 + v/2)r hold,
the positive equilibrium (n*,v*) of (1) is linearly asymptotically stable irrespective
of the size of the delay 7. Xie [3] interested in the effect of delay 7 on dynamics
of system (1) when the condition (H) is not satisfied. Taking the delay 7 as a
parameter, they showed that the stability and a Hopf bifurcation occurs when the
delay 7 passes through a critical value. We summarize these features of the solution
via the existence and stability of a positive equilibrium in following:

If %C < % then (n*,v*) is locally asymptotically stable for 0 < 7 < 79 and
unstable for 7 > 75 and system (1) undergoes Hopf bifurcation at (n*,v*) when

T ="Tpn, n=0,1,2,...

2. HOPF BIFURCATION IN CONTROLLED SYSTEM

In this section, we focus on designing a controller to control the Hopf bifurcation
in model based on the PD strategy[4], [5]. Apply the PD control to system (2), we
get
(3)

&(t) = —dx(t) + en*y(t) + kpx(t) + kax(t)
y(t) = —cra(t) —

Syt =) —era(ty(t) —

y(t = 7)y(t) + kpy(t) + kay(t)
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where 0 < k, <1 and 0 < kq < 1. whose characteristic linear equation(3) is

(4)

A — (a1 + by 4 bse )N+ arbse ™ + arby — aghy =0
k,—d en* —cr k —rn*
That a; = -2 = b = by = P dby3=——-.1If
T T kT Tk Tk O T R — k)
7> 0, we assume \ = iw is a purely imaginary root of (4), then we can obtained

5) —w? — bywsinwT + a1bzcoswT + a1by — agby+

i[— (a1 + ba)w — bgweoswT — arbzsinwt] =0

Separating the real and imaginary parts of (5)

(©) w? + asby — a1bs = —bswsinwT + a1bscoswT

—(a1 + bg)w = bswcoswT + a1bzsinwt

2

since sin®wt + cos®wt = 1 therefore

(7) w4 + [2@2b1 + (112 + b22 - b32}w2 + (a2b1 - (11[)2)2 — (a1b3)2 =0

So if the condition k,® — (rn* + d)k, + drn* + en*cr > 0 (M) holds, then the

equation (7) has a solution wy > 0, since equation of the (6)

(8)

1-— 2(1 — ky)® — en* —d)?), 2
Ty = —arcsm[wok( Fa) (wo™( 5 ka)” = en'er —; (ky — d) )]—Fﬂﬂl =0,1,2,..
Wo rn*(1 — kq)“wo? + (kp — d) rn* Wo

proposition: In the equation of (4), If the condition (M) holds, then
d\
Re(—)|aziw, # 0.
() rcien #

d\ . d\ a1bs\ — by \?
Proof. Wi te — i 4), — = )
roof. We compute I rom equation (4), B N T BT a1 b by —aibar

dA
The real part of (—)|ax=sw, obtained from

dr
(9)

[—260031)3 — CL1b3UJO(CL1 + bQ)]SiTL(UQTn + [—b3w02(a1 + bg) + 2&102&1[)3]6086007” — b32w02

A:
A

where
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A = [2wgsinwoT, — (a1 + be)coswor, — bz — albng]2

+ [2wocoswoTy + bawoTy, — (a1 + bg)smworn]2 So A # 0 completing the proof. [

Consequently, the equilibrium of (3) will occur Hopf bifurcation when 7 = 7,,.

3. DIRECTION AND STABILITY OF HOPF BIFURCATION PERIOD SOLUTION

In Section 2, we obtained conditions for the Hopf bifurcation to occur when
7 = 7, under the condition (M). In the section we study the direction of the Hopf
bifurcation and the stability of the bifurcating periodic solutions, using techniques
from normal form and center manifold theory for delay differential equations|1]. Let

x(t) = x(7t),y(t) := y(rt). Then system (3) can be written as

(10)

#(t) = T = da(t) + enty(0)

. T rn* rn*
y(t) = ———[—cra(t) + kpy(t) —
1—ky

1) — eraltyy(e) — ylt — 1)y(0)
Let u = 7 — 7, functional differential equation (10) in C = C([-1,0], R?) is

(11) £(t) = Ly(xe) + f(p, 20)

where x(t) = (x(t),y(t))" € R? and L, : C — R?, f : R x C — Rare given,

respectively:

Lu(¢) = 1—k
12) d cr kp $2(0)
(Tn +p) |0 0 $1(-1)
1k rn*
a 10 ’ ¢2(—1)
o (Tn + /~L) 0 _ _ rn’ _
(13)  flp,0) = 1k |0 ;@ = —crg1(0)¢2(0) % $2(—1)¢2(0)

By the Riesz representation theorem, there exists a function (6, u) of bounded
variation for 6 € [—1,0] such that L,(0) = fi)l dn(0, u)#(0), ¢ € C. In fact, we can

choose :
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_ (it p) |(ky—d) en” |00
n(0, 1) - Y " 5(6) Tk o _% 5(6 +1). That
0= 0 w67 0. For ¢ € C([—1,0], R?), define:
1 if6=0
do(0) : :
0 cl— _
Alp)p— 10 ifd e 1’0),R(u)¢= 0 iff e LO).Then
J2 1 dn(8,m)d(0) if6 =0 flm @) if6=0
system (11) is equivalent to
(14) Ty = A(p)ze + R(p)xe

where z:(0) = x(t +0), § € [~1,0]. For T € C([0,1],(R?)"), define A*(u)T' =
_dL®) if6 € (0,1] _
do and a bilinear inner product < T', ¢ >= T'7(0)$(0)—

J21dn(®. m)d(6) ifo =0
21 L TT (€~ 0)dn(9)p(€)dE Where n(0) = 1(6,0). As < T, A(0)¢ >=< AT, ¢ >,
obviously A(0) and A*(0) are adjoint operators and +iwg are eigenvalues of A(0) and
A*(0). We first need to compute the eigenvector of A(0) and A*(0) corresponding
to iwp and —iwg respectively. Suppose that ¢(8) = (1, ql)Tei“’Ue is the eigenvector
of A(0) and ¢*(s) = D(1,q*;)e~*"% is the eigenvector of A*(0) corresponding to

iwy, —iwg respectively. In order to assure < ¢*,q >= 1, we need to determine the

1
value of the D. From inner product we can obtain D = o—T
_ rn T,eo _
1 * I -
+ a4 k(]. — kd) 4191
To compute the coordinates describing center manifold Cy at © = 0. Define

z(t) =< ¢*, 2 >, W(t,0) = x4 — 2Rez(t)q(#). On the center manifold Cy we have
2

W(t,0) = Wgo(o)% + Wi1(0)2z + WOQ(Q)% + ..., For the solution z; of (14) since
2 52 2

=0, we have £(t) = iwgz + ¢*(0) (0, 2,2) = 920% —i—guzi—&—gm? +921%2..., to
calculate the coefficients, we have g9 = %q*kz(o)[—crql - %qfe_iwo],gn =
PO eyt ) - T @i + e g = 5O g
"L g2 ] and go) = %[—CT(WQO<1>(O)q1 + 2 D (0)gr +2W1, D (0) +
Wao®) (0))_%(1/‘/20(2)(0)q_1€i‘”0+2W11(2) (0)gre=0+2W11 @ (=1) g1+ Wao® (~ 1)1 )]
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i
that W11 = (Wll(l),Wl(f)), W20 = (Wgo(l),Wz(g)) Let A = %{911920 — 2|g11\2 -

i Re{A}
2= =
| |2 ReA(T,) _
9032 }+ g—;l We define ¢ 7 _ _Im{A} + poImA(rn) According to the case
wo
P2 = 2Re{A}

described above, We can summarize the results in the following theorem:

theorem : For the controlled system (10), the Hopf bifurcation determined by
the parameters ug, 75 and (3, the conclusions are summarized:(I) Parameter po
determines the direction of the Hopf bifurcation. if us > 0, the Hopf bifurcation
is supercritical, the bifurcating periodic solutions exist for 7 > 7,, if uo < 0 the
Hopf bifurcation is subcritical, the bifurcating periodic solutions exist for 7 < 7,.
(IT)Parameter By determines the stability of the bifurcating periodic solutions. If
B2 < 0, the bifurcating periodic solutions is stable, if 85 > 0 , the bifurcating
periodic solutions is unstable. (III) Parameter 75 determines the period of the
bifurcating periodic solution. If T, > 0, the period increases, If 75 < 0, the period
decreases.

In the (2) let r =1,k =1,c= =,d = e = 2. we have:

1
27

0.00004

0.00002

WMV e

- 0.00004

- 000006

D>

CCB>>

FIGURE 1. The numerical solution of uncontrol modle with corresponding

to ((A)): 7 = 1.74281 and ((B)): 7 = 1.5.

CONCLUSION

In this paper, the problem of Hopf bifurcation control for an logistic growth

model with time delay was studied. In order to control the Hopf bifurcation, a
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FIGURE 2. The numerical solution of control modle with corresponding to

kg =0.3,kp =0.1 ((A)): 7 =1.74281 and ((B)): 7 = 1.5.

PD controller is applied to the model. This PD controller can successfully delay or

advance the onset of an inherent bifurcation. The end theorem helped to improve

model.
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