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ABSTRACT. In this study, we introduce a new type of surface curves called D-
type curve. This curve is defined by the property that the unit Darboux vector
Wo of a surface curve 7(s) and unit surface normal 7 along the curve 7(s)
satisfy the condition <ﬁ, WO> = constant. We point out that a D-type curve
is a geodesic curve or an asymptotic curve in some special cases. Then, by
using the Frenet vectors and parametric representation of a surface pencil as a
linear combination of the Frenet vectors, we investigate necessary and sufficient
condition for a curve to be a D-type curve on a surface pencil. Moreover,
we introduce some corollaries by considering the D-type curve as a helix, a
Salkowski curve or a planar curve. Finally, we give some examples for the

obtained results.

AMS Classification: 53A04, 53A05, 65D17, 68U07.
Keywords: Surface pencil, D-type curve, Parametric representation,

Marching-scale function, Surface curve, Frenet frame.

* CORRESPONDING AUTHOR
JOURNAL OF MAHANI MATHEMATICAL RESEARCH CENTER
VOL. 6, NUMBERS 1-2 (2017) 57-72.
DOI: 10.22103/JMMRC.2017.10079.10588

©MAHANI MATHEMATICAL RESEARCH CENTER
57



58 ONUR KAYA, MEHMET ONDER

1. INTRODUCTION

A curve lying on a surface is called a surface curve and a surface can be thought
as a family of surface curves. Then, a surface can be constructed by a curve. Of
course, that curve may be the set of points of intersection of some different sur-
faces, i.e., different surfaces can be constructed by the same curve. Especially, some
special surface curves lying on a surface are useful tools of differential geometry
and computer aided design to study the local geometry of and construction of the
surfaces. The most famous surface curves are geodesics, lines of curvature and
asymptotic curves and they are used widely in surface design. So, there exist a
number of papers which deal with these curves. A geodesic on a surface is the
shortest distance between two points of surface on which the curve passing through
and a geodesic curve is characterized by vanishing geodesic curvature. Geodesics
have many applications in computer vision and image processing, such as in object
segmentation [12, 21, 27] and multi-scale image analysis [20, 25]. The concept of
geodesic also finds its place in various industrial applications, such as tent manufac-
turing, cutting and painting path, fiberglass tape windings in pipe manufacturing
and textile manufacturing [4, 11, 15, 16, 17, 18, 19, 22].

The other famous special curves on a surface are line of curvature and asymptotic
curve. A line of curvature is defined by the property that at all points of the curve
the velocity vectors coincide with principal directions of the surface along the curve.
So, a line of curvature is a useful tool in surface analysis for exhibiting variations
of the principal direction and can be used for the analysis of surfaces, Geomet-
ric Design, Shape Recognition, polygonization of surfaces and Surface Rendering
[13, 14, 26]. Moreover, a surface curve is called asymptotic curve if its velocity
always points in an asymptotic direction, that is, the direction in which the nor-
mal curvature is zero and these curves are used in astronomy, astro-physics and
architectural CAD [1, 8, 23].

The surface curves given above are also used to construct a surface pencil. Wang
and et al have given a method to construct a surface pencil by using common spatial
geodesics [9]. Later, Kasap and et al have generalized this method [6]. Then, Li
and et al have considered Wang’s method for a surface pencil with a common line of
curvature [2] and the same method has been considered for a common asymptotic

curve by Bayram and et al [5].
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Moreover, some different special curves can be defined on a surface and a surface
pencil can be constructed by these special surface curves. The goal of this paper
is to show that a parametric representation of a surface pencil with a common
new special surface curve can be given. For this purpose, we define a new surface
curve called D-type curve and we introduce the necessary and sufficient condition
for a given curve to be a D-type curve on a parametric surface. We also give a
generalization of the marching-scale functions and obtain a sufficient condition for
them to satisfy the parametric requirement. Moreover, the obtained results are

applied to some special curves such as helix, Salkowski curve and planar curve.

2. PRELIMINARIES AND D-TYPE CURVES

A unit speed curve 7(s) with arc-length parameter s is said to be regular if its
first derivative with respect to s is non-zero, i.e., ¥ = dr/ds # 0. From now on, all
the curves are assumed to be regular in this paper. If the second derivative is zero,
then the curve is called a straight line which means that we assume d?7/ds? # 0
for all s € [0,L]. Such curves are called Frenet curves. Then, on every point of
a Frenet curve 7(s), there is a frame {T', N, B} which is called the Frenet frame
of curve where T = #, N = 7'/ and B = T x N are the unit tangent, the

principal normal and the binormal vectors of the curve, respectively. The Frenet

0
r

formulae of 7(s) with respect to s is given by

T 0 & 0 T
(1) N |=|-x 0 7 ||N]|,
B 0 -7 0 B

where k = k(s) and 7 = 7(s) are the curvature and the torsion functions of the

curve and they are given by x = ‘ 7

[3]. The vector Wy defined by

and 7 = det(7,7,7")/ ||7||”, respectively

> T - K _
Wo = T+ B
0 \/52—1—72 \/K2+72

is called unit Darboux vector of the curve [3].
A unit speed curve @(s) : I — E® with unit tangent T(s) = o/(s) is called a
general helix if there is a constant unit vector u, so that <1: , 17> = cos # is constant

along the curve, where § # /2. It is well-known that the curve & is a general helix



60 ONUR KAYA, MEHMET ONDER

if and only if T (s) = constant [3]. A curve & with x(s) # 0 is called a slant helix if

the principal normal lines of & make a constant angle with a fixed direction [24].

Definition 1. ([7, 10]) A Frenet curve d(s) : I — E® with constant curvature k
and non-constant torsion T is called a Salkowski curve. Moreover, a Frenet curve
a(s) : I — E? with non-constant curvature x and constant torsion T is called an

anti-Salkowski curve.

The principal normal vectors of a Salkowski curve make a constant angle with
a fixed direction [10]. By considering the definition of slant helix, it means that a
Salkowski curve is also a slant helix.

A surface is called to be regular if it has a tangent plane at each point. It means
that the unit normal vector of a regular surface P : (s,t) — P(s,t) at each point is
different from zero and defined by the formula

9b  oF

2 s, t) = 2 0L
( ) n(s7 ) ‘3713 % 371—3
Os ot

Definition 2. Let P be a regular surface in E3 with surface normal 7i(s,t) and
7(s) be a unit speed isoparametric curve on P with Frenet frame {T,N,g , unit
Darboux vector WO and let the unit surface normal along the curve 7(s) be fi. If the

unit Darboux vector of the curve ¥(s) and 7 satisfy the condition
(3) <ﬁ, WQ> = constant,
then, the curve 7(s) is called a D-type curve on P.

Since W, lies on the rectifying plane of 7(s), from Definition 2 we have that
if <7'i, V_V0> = 0, then, the surface normal 77 and principal normal N are linearly

dependent. It means that #(s) is a geodesic on P. Analogue to that, if <ﬁ, WO> =1,

then sinf = @ So, the surface normal 77 is orthogonal to the principal normal
N, i.e., the curve 7(s) is an asymptotic curve on P if and only if <ﬁ, W0> =1and
7 =0, the curve is a planar curve. These special cases give that the D-type curves
are more general than geodesics and asymptotic curves. Then, the applications of

D-type curves contain the applications of geodesics and asymptotic planar curves.
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3. PARAMETRIC REPRESENTATION OF A SURFACE PENCIL WITH A COMMON

D-TYPE CURVE

Let 7(s) be a Frenet curve where s is the arc-length parameter. In order to
construct a surface pencil where 7(s) is the common D-type curve, we give the

following parameterization of the surface P(s,t) : [0, L] x [0,T] — E? as follows
(4) P(s,t) = 7(s) +u(s, t)T(s) + v(s,t)N(s) + w(s, 1) B(s),

where 0 < s < L, 0 <t <T; u(s,t), v(s,t) and w(s,t) are smooth functions and
their values indicate, respectively, the extension-like, flexion-like, and retortion-like
effects, by the point unit through the time ¢, starting from #(s) [9]. In this study,
we aim to introduce necessary and sufficient condition for the given curve 7(s) to
be a D-type curve on the surface P(s,t) where P(s,t)is assumed as given in the
form (4).

The unit surface normal along the curve 7(s) satisfies that @ = cos ON + sin 0B
where the vectors N , B are principal normal and binormal vectors of 7(s), respec-
tively. Now, we investigate the necessary and sufficient condition for an isopara-
metric curve 7(s) to be a common D-type curve on a surface pencil P'(s7 t). Since
the curve 7(s) is an isoparametric curve on ﬁ(s, t), there is a parameter ¢y € [0, T

such that

(5) D(s,tg) =7(s), 0<ty<T, 0<s<L.

In this paper, we assume that to = 0. Then we get u(s,to) = v(s,tg) = w(s,ty) = 0.
Next, from Definition 2, the curve 7(s) is a D-type curve if the surface normal
along curve and unit Darboux vector of curve satisfy the condition given by (3).
Therefore, we compute the surface normal by using (2). In order to do that, using

the Frenet formula we obtain the following derivations

6Pd(§ t) KZ(S)'U( ) au(s,t):| T(S)
t

+ [R()us, 1) = r(s)uw(s,t) + 252] N(s)
+|7(s)v(s, t) + awéz’t)}g(s)

and
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Considering ¢t = tg, we have u(s,to) = v(s,t0) = w(s,tg) = 0. By the definition
of partial derivative, we obtain

du(s,tg)  Ov(s,tg)  Ow(s,to)

Os Os Os =0

which leads us to following equations

OP(s, =
{ Pl — (),

dP(s, du(s,to) 7 dv(s,to) p? duw(s;to) B
(uto) — Qulsto) Ti(5) 4 Qulsito) N(5)  20to) (),

Therefore, we have

- X &7

(6) i(s,tg) = M = o1(s,t0)T(s) + wa(s,to) N (s) + 903(8,150)§(s)7
9s 7 ot

where

(7) p1(s,t0) = 0,

0 pals,t0) = { [aq’(;f‘))r + [‘(’wgfo)r}_m Oulsto)

Since 7i(s,t9), 0 < s < L, is unit, we also have
(10) ©1(8,t0) =0, @a(s,to) =cosb, @3(s,t9) =sinb.
Then, we give the following theorem:

Theorem 3.1. A given curve 7(s) is a D-type curve on the surface ﬁ(s,t) if and
only if

u(s,to) = v(s,tg) = w(s,tp) =0,

01(8,%0) =0, a(s,tg) =+4/1— w,

@3(s,to) = C@~
satisfy where 0 < tg < T, 0<s <L, cis a real constant, k, T are the curvature

and the torsion functions of the curve 7(s), respectively.
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Proof. Let #(s) be a D-type curve on surface pencil P(s,t). From Definition 2, we

have

(11) <ﬁ, W0> =

where ¢ is a real constant. Since the surface normal is orthogonal to tangent of
curve at the same points, from (11) we obtain

L o= K2+ 72
(. 5) = YT

K

Therefore, we can write

VK2 + 72
- )

<<P2(87to)l\7(s) + @3(s7t0)§(3), §> =c

Then we get
. VK2 + 72
<)03(S7t0) =sinf = C———,
K
and from (10), we obtain
(k%2 +12)

@2(S7t()) = :|: ]. — 3

K
On the other hand, from (4), we get u(s,t9) = v(s,to) = w(s,tp) = 0 and that
finishes the proof of the necessary condition.

Conversely, let

u(s,to) = v(s,tg) = w(s,tp) =0,

901(85750):07 §02(8at0):i\/1_W7

_ T
@3(s,to) = c¥.

satisfy. Then, the equation (4) holds and for the surface normal along curve, we

have
2(:2 + 72) o S22
(s, to) = £4/1 - ST G VEET 5
K K
and it follows that
<ﬁ(5, to), WO> = ¢ = constant
Thus, the curve 7(s) is a D-type curve on surface pencil ﬁ(s, t). O

From Theorem 3.1, we have the following corollaries:
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Corollary 3.2. Let the curve #(s) be a D-type curve on the surface P(s,t). Then,
7(s) is a Salkowski curve (or a slant heliz) with constant curvature kK = a € R and

non-constant torsion 7(s) on P(s,t) if and only if

u(s,to) = v(s,tg) = w(s,ty) =0,

QO]_(S,to):O, ()02(57t0) :j:\/ 1_Wa
)—c

¥3 (S, to a’+72 .

a

hold, where 0 <ty <T, 0<s <L and c is a real constant.

Corollary 3.3. Let the curve (s) be a D-type curve on P(s,t). Then, #(s) is an
anti-Salkowski curve with non-constant curvature k(s) and constant torsion T =b €
R on P(s,t) if and only if

u(s,to) =v(s,tg) = w(s,tg) =0,

v1(s,t0) =0, wa(s,tg) =£4/1— w,

w3(s,tg) = c@.

hold, where 0 <ty <T, 0<s<L and c is a real constant.

Corollary 3.4. Let the curve 7(s) be a D-type curve on P(s,t). Then, 7(s) is a
general helix on ﬁ(s,t) if and only if

u(s,to) = v(s,tg) = w(s,ty) =0,
©1(8,t0) =0, a(s,tg) = £/1—c2(1+d?),
w3(s,t0) = v 1+ d>2.

hold, where 0 <ty <T, 0<s< L, cand %(s) = d are real constant.

Corollary 3.5. Let the curve 7(s) be a D-type curve on P(s,t). Then, #(s) is an

isogeodesic curve on ﬁ(s,t) if and only if

u(s,to) =v(s,tg) = w(s,tg) =0,
e1(s,t0) =0, pa(s,tg) = %1,
@3(8,1*,0) =0.

hold, where 0 <ty <T, 0<s<L.
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Corollary 3.6. Let the curve 7(s) be a D-type curve on P(s,t). Then, 7(s) is both

isoparametric and asymptotic planar curve on ﬁ(s,t) if and only if

u(s,to) = v(s,tg) = w(s,ty) =0,
p1(s,t0) =0,  @a(s,to) =0
w3(s,tg) = 1.
hold, where 0 < to < T, 0< s < L, and k,T are the curvature and the torsion

functions of 7(s), respectively.

Corollary 3.7. Let the curve 7(s) be a D-type curve on P(s,t). Then, 7(s) is a

planar curve on P(s,t) if and only if

u(s,to) = v(s,to) = w(s,t9) =0,
e1(s,t0) =0,  pa(s,to) = V1 -,
w3(s,t0) = c.

where 0 <ty <T, 0<s<L and c is a real constant.
Now, in order to achieve simpler calculation and analysis, we consider the case

that the marching-scale functions wu(s,t), v(s,t) and w(s,t) can be thought as the

product of two single valued C'-functions. Then we can write,

u(s, t) = UI(s)U (1),
(12) v(s, t) = m(s)V(t), 0<s<L, 0<t<T.
w(s,t) =n(s)W(t),

where [(s), m(s), n(s) are not identically zero. Then, Theorem 3.1 gives following

corollary:

Corollary 3.8. The curve 7(s) is a D-type curve on the surface pencil ﬁ(s,t) if
and only if

Ul(to) = V(to) = W(to) =0,
(13) m(s)V'(to) = XA

—n(s)W'(to) = +4/1 — 62(/{:;7—2).

hold, where ¢ is a real constant, 0 < to < T and K, T are the curvature and the

torsion functions of the curve 7(s), respectively.
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As a result of the Corollary 3.8, the conditions obtained in Corollaries 3.2-3.7
can be given in the simpler form as given in (13).

So far, we have dealt with unit speed curves. Of course, if the curve is non-unit

speed, then the method can be given by a similar way. For this case, we can give
Theorem 3.1 as follows:

—

Theorem 3.9. A given non-unit speed curve 7(q) is a D-type curve on the surface
P(q,t) if and only if

u(q,to) = v(g,to) = w(g,to) =0,

2 (102412
901(%“/0) =0, 302(%750) ==+ Hflv” 1- %a
[RZ 2
@3((17150) = va/H R:_T .

hold, where 0 <ty < T, 0<q < L, c is a real constant, k, T are the curvature
and the torsion functions of the curve 7(q), respectively.

The corollaries given above for unit speed D-type curves can also be given for
non-unit speed D-type curves as a result of the Theorem 3.1.

4. EXAMPLES

In this section, we give some examples in order to verify the method. For simpler

calculations, we use conditions (13) and corresponding conditions for non-unit speed
curves.

Example 4.1. Let 7(s) be a circle which is a planar curve given by the parameter-
1zation

7(s) = (cos s,sin s,0) .

After a simple computation, one can find that the curvature and the torsion are

k=1, 7 =0, respectively and Frenet vectors are obtained as follows

T(s) = (—sins, cos s, 0),
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O

(@z=1ly=12=1 (b)) x=1/5,y=1/3,z=1

FIGURE 1. The surface Py (s, t)

Now, let us choose I(s) = m(s) = n(s) = 1 and ¢ = \/3/2. Then the conditions (13)

become

Ut)=t,
V() =4,
W(t)=4%

Thus, the plot of a member of the surface pencil

Pi(s,t) = 7(s) + u(s, )T (s) + v(s, t)N(s) + w(s, t)B(s), —2r < s < 2m, 0<t <5,

is given by Figure 1(a). On the other hand, it is possible to control the shape of the

surface pencil by adding some control coefficients to the functions u, v, w, such as

u(t) = «t,
u(t) = y%it,
w(t) = z%,

where x, y, z are real constants. So, by taking x = 1/5, y =1/3, z =1, the shape

of the surface pencil between the same intervals is given by Figure 1(b).

Example 4.2. Let 7(s) be a cylindrical heliz given by the parameterization

7(s) = (COSS sin ——
V2 V2

)
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(@z=1ly=12=1 (b)) x=1,y=15,2=5

FIGURE 2. The surface Py(s,t)

By a simple calculation it is easy to find k =7 =1/2 and

7 — : s 1
T(s)_( 73 Sin \/5’\/§C087§7ﬁ)7
N(s) = —cos\/i57 sm\%,()),
é(s): \%sin%,—\%cos\%,\%)
Taking l(s) = m(s) =n(s) =1, ¢=1/2 and
U(t) =t,
_ V2
V(t) = 2t
W (t) = 2t

gives us the shape of the surface pencil

Pa(s,t) = 7(s) + ul(s, )T(s) + v(s, t)N(s) + w(s, t)B(s), —2n < s < 2w, 0<t<1/4

as in Figure 2(a). Considering the control coefficients x = 1, y = 15, z = 5, we
obtain the shape as in Figure 2(b) for the same intervals of s and t.

Example 4.3. Let 7(q) be the eight curve given by the parameterization

7(q) = (sing, singcosgq, 0)

Notice that the curve 7(q) is not a unit speed curve. Then, we use Theorem 3.1

for the computation. After computing the Frenet elements, we choose l1(q)

:17
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~z
\

(@z=1ly=12=1 (b) x=10,y=1/5,2=1

FIGURE 3. The surface Ps(s, )

m(q) =1, n(q) =1 and c = V/3/2. Thus, we get

U(t) =1,

_ V3 t
V(t) ) \/4 cost g—3 cos2 q+1’
W(t) =3 !

Therefore, the shape of the surface
Ps(q,t) = 7(q) + u(g, )T (q) +v(a, )N(q) + w(q,)B(¢),0 < g < 2w, 0<t <1

is given as in Figure 3(a). By taking the control coefficients x = 10, y =1/5, z =
1, Figure 3(a) becomes Figure 3(b).

Example 4.4. Let the curve 7(q) be a Salkowski curve given by the parameterization

7(q) = 5 Msin 1_;,_@ +Msin 1_\/% —lsin
D=\ V26 \ 1041 8v26 13 )1 —104 + 826 1 1)

13
5 26— /36 V26 _ /36426 _ /36 1
V26 (104+s\/25 cos ((1 + 13 ) q) “lo418vae °OS ((1 5 ) q) 1 cos q) ,
25 . (/26

Since the curve 7(q) is not a unit speed curve, we use Theorem 3.1 for the compu-

tation. After computing the Frenet elements, we choose l(¢) = 1, m(q) = 1,n(q) =1
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R <

(@z=1ly=12=1 (b) x=-1/10,y = —-1/10, z = -1

FIGURE 4. The surface Py(s, )

and ¢ = /3/2. Thus, we get

Uty =t, V({t)= (r T

10 cos

26

1— 3tan2( 26 )

Therefore, the shape of the surface

Py(q,t) = 7(q) + u(q, )T(q) + v(¢, )N (q) + w(q,t)B(q),0 < g < 2m, 0<t <1

is given as in Figure 4(a). By taking the control coefficients v = —1/10, y =
—1/10, z =1, we obtain Figure 4(b) for the same interval of ¢ and —4 <t < 4.

5. CONCLUSIONS

A new type of surface curves is defined by the property that the unit Darboux
vector Wy of the curve and unit surface normal 7@ along the curve satisfies the
condition <ﬁ, WO> = constant. Such curves are called D-type curves and it is
pointed out that a D-type curve can be a geodesic or an asymptotic curve in some
special cases. It means that D-type curves is a larger class of surface curves and
they are used as a geometric tool to introduce a surface pencil with common D-type
curve. The necessary and sufficient condition for a curve to be a common D-type

curve on a surface pencil is obtained. Then, the obtained results are considered for
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some special cases such as the common D-type curve is a helix, Salkowski curve
or a planar curve. By using different types of marching-scale functions, a surface
pencil with a common D-type curve is given parametrically.

Of course, the local differential geometry and other applications of D-type curves
to CAD are open problems. For instance, under the same condition, the curve can
be thought non-isoparametric on the parametric surface. Moreover, it possible to

consider D-type curves to construct surfaces given by implicit form F(z,y, z) = 0.
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