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ABSTRACT. In this paper, we introduce generalized cyclic ¢-contraction maps
in metric spaces and give some results of best proximity points of such map-
pings in the setting of a uniformly convex Banach space. Moreover, we obtain
convergence and existence results of proximity points of the mappings on re-

flexive Banach spaces.
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1. INTRODUCTION

As a generalization of Banach contraction principle, Kirk and et al [7] proved the

following Theorem.

Theorem 1.1. Let A and B be non-empty closed subsets of a compelet metric space

X = (X,d). Suppose that T : AUB — AU B is a cyclic map (i.e. T(A) C B and

* CORRESPONDING AUTHOR
JOURNAL OF MAHANI MATHEMATICAL RESEARCH CENTER
VOL. 7, NUMBERS 1-2 (2018) 18-24.
DOI: 10.22103/JMMRC.2018.10747.1045
©MAHANI MATHEMATICAL RESEARCH CENTER
13



14 M. AHMADI. BASERI, H. MAZAHERI AND T. D. NARANG

T(B) C A) such that d(Txz,Ty) < kd(z,y) for some k € (0,1) and for allz € A
and y € B. Then T has a unique fixed point in AN B.

In 2011, Karapinar and Erhan [6], generalized Theorem]1.1 as follows.

Theorem 1.2. Let A and B be non-empty closed subsets of a compelet metric
space X. Suppose that T : AUB — AU B is a cyclic map such that d(Tx,Ty) <
k{d(z,y) + d(Txz,x) + d(Ty,y)} for some k € (0,%) and for all x € A and y € B.
Then T has a unique fixed point in AN B.

Let A and B be non-empty subsets of a metric space X and T: AUB - AUB
be a cyclic map. Then

(i) T is a cyclic contraction [4] if
d(Tz, Ty) < kd(z,y) + (1 — k)d(A, B)
for some k € (0,1) and for all z € A and y € B, where
d(A, B) = inf{d(z,y) : x € A,y € B}.
(ii) T is a generalized cyclic contraction [5] if
AT, Ty) < (k/3){d(z, ) +d(Tx,2) +d(Ty,y)} + (1 - K)d(4, B)

for some k € (0,1) and for all z € A and y € B,
(iii) T is a cyclic p—contraction [1] if ¢ : [0, +00) — [0, +00) is a strictly increasing
map and

d(Tz, Ty) < d(x,y) — @(d(z,y)) + ¢(d(A, B))
for all z € A and y € B.

Definition 1.1. [1] Let A and B be non-empty subsets of a normed space X,
T:AUB — AUB be a cyclic map. We say that T satisfies the proximal property
if for {xn}n>0 € AUB,

T, Sz € AUB, ||z, — Tr,| = d(A, B) = ||z — Tx| = d(A, B).
Definition 1.2. A Banach space X is said to be

(i) uniformly convex if there exists a stricly increasing function 6 : (0,2] — [0,1]

such that the following implication holds for all x1,x9,p € X, R > 0 andr € [0,2R] :

[ =pll < R, i =1,2 and a1 = z2f| > 7 = |[(z1 + 22)/2 = p| < (1 = 6(r/R))R
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(i) strictly convez if the following impilication holds for all x1,xz2,p € X and R > 0
lz: —p|| < R, i=1,2 and x1 # x2 = ||(z1 + 22)/2 — p|| < R.

The following Theorems extend Theorem 1.1 and Theorem 1.2 to include the

case AN B ={.

Theorem 1.3. [}] Let A and B be non-empty closed and convex subsets of a uni-
formly convexr Banach space X. LetT : AUB — AUB be a cyclic contraction map,
for zg € A, define x,11 = Tz, for each n > 0. Then there exists a unique x € A
such that xa, — x and ||z — Tx|| = d(A, B).

Theorem 1.4. [5] Let A and B be non-empty closed and convex subsets of a uni-
formly convexr Banach space X. Let T : AUB — AU B be a generalizied cyclic

contraction map. Then there exists a unique best proximity point © € A for T.

Best proximity point theory of cyclic contraction maps has been studied by many
authors see [2, 3, 8] and references therein. In 2009, Al-Thagafi and Shahzad [1],
introduced cyclic ¢p—contraction maps and proved Convergence and existence re-
sults of best proximity points for such maps. In 2012, Karapinar [5], obtaiend best
proximity points for cyclic maps. In 2010 Rezapour and et al [9], have elicited a
best proximity point theorem for cyclic ¢p—contractions on reflexive Banach spaces.
In this paper, we shall introduced the concept of generalized cyclic p—contraction
map, which contains the generalized cyclic contractions in [5]. Then, we give ex-
istence and convergence results of best proximity points for such maps in metric

spaces, uniformly convex Banach spaces and reflexive Banach spaces.

2. MAIN RESULTS

We introduce the following generalized cyclic p—contraction map in metric spaces.
Definition 2.1. Let A and B be non-empty subsets of a metric space X. The cyclic

mapping T : AU B — AU B is said to be a generalized cyclic o— contraction, if

¢ : [0, +00) = [0,400) is a strictly increasing map and
d(Tz,Ty) < (1/3){d(z,y) +d(Tz,z) +d(Ty,y)}
= ld(z,y) +d(Te,z) +d(Ty,y)) + ¢(3d(A, B)),

forallz € A andy € B.
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Example 2.1. A generalized cyclic contraction map is generalized cyclic p— con-
traction with ¢(t) = (1 — k)t/3 fort >0 and 0 < k < 1.

Example 2.2. Let X = R with the usual metric. For A = B = [0,1], define
T:AUB — AUB by T(z) = ﬁ Clearly T is a cyclic map. If p(t) = #Qgt
fort >0, then T is a generalized cyclic p— contraction map but is not generalized

cyclic contraction.

Example 2.3. Let X = R with the usual metric. For A =[0,1] and B = [-1,0],
defineT: AUB — AUB by

sarey LEA

T(x) =

3(1771690) T € B.

Clearly T is a cyclic map. If o(t) = % fort >0, then T is a generalized cyclic

p—-contraction map but is not generalized cyclic contraction.

Lemma 2.1. Let A and B be non-empty subsets of a metric space X and let
T : AUB — AUB be generalized cyclic p— contraction map. For xg € AUB, define
Tpt1 = Tz, for each n > 0. Then
(a) —p(d(z,y) + d(Tx,z) + d(Ty,y)) + v(3d(A, B)) <0 for all x € A and

y € B,
(b) d(Tz,Ty) < (1/3){d(z,y) + d(Tz,z) + d(Ty,y)}, for allz € A and y € B,

(c) d(xpni2, Tni1) < d(Tpt1, ) for alln > 0.
We prove the following results which will be needed in what follows.

Proposition 2.1. Let A and B be non-empty subsets of a metric space X and let
T:AUB — AU B be a generalized cyclic p—contraction map. For xg € AU B,

define xy,41 = Tzy, for each n > 0, then d(x,, py1) = d(A, B) as n — oo.

Proof. Let d,, = d(2p, Zny1). It follows from Lemma 2.1(c), that {d,} is decreas-
ing and bounded, so lim,,_, o, d,, = tg. Since T is a generalized cyclic ¢p— contraction

map, we obtain

1
dpi1 < 5{2dn +dng1} — ©(2dy + dny1) + p(3d(A, B)).
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Hence,

2 2
P(3d(A, B)) < @(2dy + dus1) < Tdn = Zdus1 +0(3d(A, B)).

Thus
p(3d(A, B)) < lim o(2dy + dni1) < 9(3d(A, B)),
n oo

which shows that

(1) lim @(2dn + dn—i—l) = 50(3d(A7 B))

n— oo

Since ¢ is strictly increasing and d,, > d,4+1 > to > d(A, B), we have

lim @(Zdn + dn+1) Z @(3t0) Z 410(3d(A7B))

n—roo

From (1), we get

lim @(2dn + dnt1) = 9(3t0) = @(3d(A, B)).

n—oo

As ¢ is strictly increasing, we have to = d(A, B). |

Theorem 2.1. Let A and B be non-empty subsets of a metric space X and let
T:AUB — AU B be a generalized cyclic o—contraction map. For xg € A, define
XTpy1 = Txy for eachn > 0. If {x9,} has a convergent subsequence in A, then there
exists © € A such that d(z,Tx) = d(A, B).

Proof. Let {xa,, } be a subsequence of {xa,} with z2,, — = € A. Since
d(A, B) < d(x, 2n,—1) < d(x,220,) + d(T2n,, T2n,—1),

for each k > 1, it follows from Proposition 2.1 that limy_,o d(22n, -1, ) — d(4, B).

Since
d(xQHk’Tx) < (]‘/3){d(x2nk—l7 xan) + d(zQTLk—la :L’) + d(l’, Tx)}
S (1/3){d(gj2nk—17 xan) + d(ank_l, .'L’) + d(x7 x2"k~) + d(fEan ? Tx)}'
Letting k — o0,
(2/3) klim d(xan,,Tx) < (2/3)d(A, B),
—00

it follows that, limg_,o d(z2n,,T2) = d(A, B). So d(z,Tz) = d(A, B). O
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Lemma 2.2. Let A and B be non-empty subsets of a uniformly convex Banach
space X such that A is conver and let T : AU B — AU B be a generalized cyclic
p—contraction map. For xq € A, define x,41 = Tx, for each n > 0. Then

|z2n+2 — zan]| = 0 and ||xon+s — Tont1|| = 0 as k — oo.

Proof. To prove that ||zan42 — Z2,|| = 0 as k — oo, assume the contrary. Then

there exists ¢y > 0 such that for each k& > 1, there exists ny > k so that
(2) [Z2ns+2 — Tan, || = €o.

Choose 0 <y < 1 such that d(A, B) < < and choose € such that

O<e< min{;o d(A,B),W}.

By Proposition 2.1, there exists N; such that
(3) 2442 = Tang+1ll < d(A, B) +¢,
for all ny > Ny. Also, there exists Ny such that
(4) [@2n,, = Zong 41|l < d(A, B) + €
for all ng, > N3. Let N = max{Ny, Na}. From (2)-(4) and the uniform convexity of
X, we get

sz + 2012 =zl < (1= o) ) .3 + o)
for all ng, > N. As (zan,+2 + Z2n, )/2 € A, the choice of € implies that

[(@2n,42 + Ton, ) /2 = Ton, 1]l < d(A, B),

for all ny > N, a contradiction. A similar argument shows ||x2,4+3 — Tont1]] — 0 as

k — oo. O

Theorem 2.2. Let A and B be non-empty subsets of a uniformly convex Banach
space X such that A is closed and convex and let T : AUB — AUB be a generalized
cyclic p—contraction map. For xg € A, define xp1 = Tz, for each n > 0. Then

there exists a unique x € A such that 2, — x, T?z =z and |z — Tz| = d(A, B).

Proof. First, we show for each € > 0, there exists a positive integer Ny such that

for all m > n > Ny,

(5) [ — T2 ]| < d(A, B) + <.
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Suppose the contrary. So there exists ¢y > 0 such that for each & > 1. there is
my > ng > k satisfying

(6) Z2my — T2n,+1]| = d(A, B) + €o
and
(7) [Z2(my—1) — T2ns+1]| < d(A, B) + €o.

Now from (6) and (7), we get
d(A, B) + €0 < [lzam, — Zanit1ll < [[22m, = Zo(mi—1) | + [[22(m,—1) = Zani41l
< #2m, — Z2(m—1) | + d(A, B) + €.
Letting k£ — 0o, Lemma 2.2 implies
(8) lim || 22, — T2n, 1] = d(A, B) + o,
k—o0

it follows from Lemma 1.2(b), and the generalized cyclic ¢—contraction property of
T that

lz2m;, — Ton+1ll < NZ2my, — Tampr2 + | T2my 2 — Tan, 43/l + (| Z2n, 43 — Tan, 41l
< lzomy — T2my 42l + (/3){[|[22my+1 — T2, 42|
+  lz2mi+1 — zampall + l|lZ2n+2 — T2npsll} + [[220,+3 — T2n, 41|
< lz2my, — z2mr2ll + (1/3){(1/3){llz2m,, — 220,41l
+  lz2m, — 22mpt1ll + [[220, 42 — T2n, 411}
+  (1/3{llz2mi+1 — 22mp+2ll + |20, +2 — Z2n, 431}
+  z2ni+3 — T2n,41 -

Letting k — oo, by using (8), Lemma 2.2 and Proposition 2.1, we get
d(A, B) + €0 < (1/9)(d(A, B) + €0) + (2/9)d(A, B) + (2/3)d(4, B),

o
d(A, B) + ¢y < d(A,B) + (1/9)eo,

this is a contradiction. Now, we show {x,} Cauchy sequence in A. If d(A, B) =0,
then let ¢y > 0 be given. By Proposition 2.1, there exists N; such that

|z2n — Tons1ll <€
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for every n > Njp. From (5), there exists Ny such that
[@2m — Taniall <€
for every m > n > Nj. Let N = max{Ny, Na}. It follows that
[Z2m — Ton | < [22m — Tontall + | T2n — T2ns1]| < 2¢

for all m > n > N. So {x2,} is a Cauchy sequence in A. So we assume that
d(A, B) > 0. To show that {2, } is a Cauchy sequence in A, we assume the contrary.
Then there exists ¢y > 0 such that for each k > 1, there exists my > nx > k so that

9) | Z2m, — Tan, || > €o-

Choose 0 < v < 1 such that d(A, B) < %0 and choose € such that

D<e< min{:) —d(A,B),W}.

By Proposition 2.1, there exists N7 such that

(10) [@2n,, = Zon,41] < d(A, B) + ¢,
for all ny > Nj. From (5), there exists Ny such that

(11) [#2m, — Ton,41]] < d(A, B) +¢,

for all my > np > Na. Let N = max{Ny, No}. From (9)-(11) and the uniform

convexity of X, we get

€0
Gtz +220)/2 = 2zl < (18 g e ) A B) +),
for all my, > ng > N. As (Tan,+2 + T2n,)/2 € A, the choice of € implies that
[(z2n,+2 + 20, ) /2 — T2n,41 || < d(A, B),

for all my > nx > N, a contradiction. Thus {z2,} Cauchy sequence in A. The
completeness of X and the closedness of A imply that z3, — = as n — oco. By
Theorem 2.1, || — Tx| = d(A, B). Now from Lemma 2.1(b), we have

1T — Ta|l < (1/3){2| T2 — ol + | 7%z — Tw[|}.
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Hence || T2z — Tx|| = d(A, B), therefore T2z = x. Next, suppose y € A and x # y
such that ||y — Ty|| = d(A, B) with T?y = y. By Lemma 2.1(b)

1Tz -yl < (A/3{lle =Tyl + Tz — =l + lly - Tyl[}

< ABHAUTz —yll + 1Te — 2|l + [ly — Tyll}
[Tz — 2| +[ly = Tyl}-

N

+

So

@/NNTz —yll < (4/9{|[Te — =l + ly — Tyll},
which implies that | Tz — y|| = d(A4, B). It follows from convexity of A and the
strict convexity of X that

Iz +y)/2 = Tz| = [(z - Tx)/2+ (y — Tx)/2|| < d(A, B),

a contradiction. Thus = = y. O
Now, we show existence of a best proximity point for generalized cyclic ¢p—contraction

map in reflexive Banach space.

Proposition 2.2. Let A and B be non-empty subsets of a metric space X, T :
AUB — AU B be a generalized cyclic ¢—contraction map, xg € AU B, and

Zpy1 = Txy, for each n > 0. Then the sequences {xan} and {xan41} are bounded.

Proof. Suppose that 2o € A (the proof when xy € B is similar). From Proposi-
tion 2.1, either {x5,} and {x2,+1} are bounded or both sequences are unbounded.
Fix ny € N and define

enk = A(T2n, To(n, +k)+1)
for all n, k > 1. Since {xon+1} is unbounded, limsup;,_, o, €n,kx = oo for every n > 1.
Therefore we choose a strictly increasing subsequence {31,k7} }i>1 of the sequence
{e1k}k>1. Since

e1pr < d(z2,24) + €951,
we have limsup;_, ., €5, k1 = 00. Again, we can choose strictly increasing subsequence
{ea k2 }i>1 of the sequence {eyy1}i>1 such that limsup;_, €2 = co. By contin-
uing this process, for every n € N, we can choose strictly increasing subsequence
{en.kn}i>1 of the sequence {envk?—1}1‘21 such that limsup,_, ., e, x» = o0. By the
construction, if we consider the sequence {k!};>1, then lim;_,..k! = oo, {en,k;'}iZI

is a strictly increasing subsequence of {e, x» }i>1 and limsup,_, .,
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€n ki = 00. for every n > 1. We define ny = ny + k2 — ki, by induction define the
sequence {nm, }m>1 With ny, = ny + k™ — ki, the sequence {n,, },,>1 is strictly in-
creasing and limsup,,,_, o 7m = 00. By Lemma 2.1(c), {d(22n,,, To(n,, +k1)+1) bm>1
is a decreasing sequence. By the construction of the sequence {nm, }m>1, {d(z2n,,,
To(ny+km)+1) fm>1 18 a decreasing sequence. Let m > 1, since €np k! < €n,y km and

decreasing the sequence {d(z2n,,; T2(n, +km)+1) fm>1 We have

(12) A(T2n,s To(ny+k1)41) < A(T2n1, To(ny 151 41),

for all m > 1. By the construction of the sequence {n,,}m>1, inequality (12) and

Lemma 2.1(c), we obtain

d($2(n1+k;;e)+1a x2(n1+k%)+1) < d(zon,,, T n1+k1)+1> + d<932nmvx2(m+km)+1)
< d(@2ny, To(ny +k1)4+1) T AT2n,,  To(n,, +k1)41)
< d(@2ny, To(ny +k1)+1) T T2, -1, To(n,, 4 k1))
< d(@2nys Ty(ny 1a1)41) T (@0, Tapt 1),

for all m > 1. Thus

IN

A(Ta(ny+h1) 415 To(ny +k1))

IN

d(@2n, s Ta(ny 4 41)41) T d(T0, Togi 11)

+  d(To(n, 481415 To(ny +41))s
for all m > 1. That is a contradiction, because limsup,_, ., €,, : = oo for all n > 1.
This completes the proof. O

Next, we give best proximity pair for weakly closed subsets of a reflexive Banach

space.

Theorem 2.3. Let A and B be non-empty weakly closed subsets of a reflexive
Banach space X, T : AUB — AU B be a generalized cyclic p— contraction map.
Then there exists (x,y) € A x B such that

lz =yl = d(A, B).

Proof. If d(A, B) = 0, by Theorem 1.2 the result follows. So we assume that
d(A, B) > 0. For xg € A, define x,,41 = Tz, for each n > 0. The sequences {x2,}
and {2541} are bounded from Proposition 2.2. Since X is reflexive and A is weakly

closed, the sequence {2, } has a subsequence {wa,, } such that x3,, — = € A. Also

d(ﬂfz(n1+k:;;)+1, $2(n1+k})+1) + d(xz(n1+k})+17 332(n1+/c}))
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B is weakly closed, hence g, +1 2y € Bas k — oo. Since Tony, — T2np+1 Rt
x —y # 0 as k — oo, there exists a bounded liner functional f : X — [0, 00) such
that [|f|| =1 and f(x —y) = ||z — y||. For all k > 1, we have

|f(@on,, = Tan+ 1) < [ fllllz2n, — Tonitrll = [|22n, — 2,41l
Since limy—o0 | f(¥2n, — T2n,+1)| = |z — ||, by appling Proposition 2.1, we give
[z —yll = lim [f(22n, — 2on,+1)| < lim [|225, — Ton,41]] = d(4, B),
k—o0 k—oo
and this compeletes the proof. O

Theorem 2.4. Let A and B be non-empty subsets of a reflexive Banach space
X such that A is weakly closed and T : AU B — AU B be a generalized cyclic
w—contraction map. Then there exists v € A such that ||z —Tx|| = d(A, B) provided
that one of the following conditions is satisfied

(i) T is weakly continuous on A.

(i) T is satisfies the proximal property.

Proof. If d(A, B) = 0, the result follows from Theorem 1.2. So we assume that
d(A, B) > 0. For g € A, define z,4+1 = Tx, for each n > 0. By Proposition 2.2
the sequence {xs,} is bounded. Since X is reflexive and A is weakly closed, the
sequence {z2,} has a subsequence {xa,, } such that za,, B reA.

From (i), Zan,+1 ATz e Bask — co. So Tong — Tonp+1 Bax—Tr+#0ask — co.

Now the proof continues similar to that of Theorem 2.3.

From (ii), by Proposition 2.1, ||x2,, —Tzan, || = d(A4, B) as k — oo. Thus ||a—Tz| =

d(A, B). O
In following Theorems, we consider reflexive and strictly convex Banach space

and obtain best proximity point for generalized cyclic ¢p—contraction map.

Theorem 2.5. Let A and B be non-empty closed and convex subsets of a reflexive
and strictly convexr Banach space X such that T : AUB — AU B be a generalized
cyclic p—contraction map. If (A — A)N (B — B) = {0}, then there exists a unique
x € A such that ||z — Tx| = d(A, B).

Proof. If d(A, B) = 0, by Theorem 1.2 the result follows. So we assume that
d(A,B) > 0. Since A is closed and convex, it is weakly closed. By Theorem 2.3,
there exists (z,y) € A x B with || — y|| = d(A, B). Suppose that there exists
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(a,b) € A x B with |la — b|| = d(A, B). Since (A — A) N (B — B) = {0}, thus
T —y # a — b. By the strict convexity of X, as convexity of A and B, we have

Iz +a)/2 = (y+b)/2] = I(z —y)/2 + (a = b)/2]| < d(A, B),

which is a contraction. This show (z,y) is unique. |

Theorem 2.6. Let A and B be non-empty subsets of a reflexive and strictly convex
Banach space X such that A is closed and conver and T : AUB — AU B be a
generalized cyclic p—contraction map. Then there exists a unique x € A such that
|z — Tx|| = d(A, B) provided that one of the following conditions is satisfied

(i) T is weakly continuous on A.

(i) T is satisfies the proximal property.

Proof. If d(A, B) = 0, the result follows from Theorem 1.2. So we assume that
d(A, B) > 0. Since A is closed and convex, it is weakly closed. By Theorem 2.4,
there exists x € A such that ||z — Tz| = d(A, B). O
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