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ABSTRACT. A matrix R is said to be g-row substochastic if Re < e. For X,
Y € My, m, it is said that X is sglt-magjorized by Y, X <411 Y, if there exists an
n-by-n lower triangular g-row substochastic matrix R such that X = RY. This
paper characterizes all (strong) linear preservers and strong linear preservers

of <sglt ON R™ and My, m, respectively.
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1. INTRODUCTION

The notion of majorization plays an important role in mathematics, statistics,
and economics. Over the years, the theory of majorization as a powerful tool has
widely been applied to the related research areas of pure mathematics and applied
mathematics (see [10]). A good survey on the theory of majorization was given by
Marshall, Olkin, and Arnold [8]. With the development of majorization problem,

preserving majorization have attracted much attention of mathematicians as an
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active subject of research in linear algebra. Recently, the concept of generalized
stochastic matrices has been attended and many papers have been published in this
topic, see [1]-[4], [6], [7], and [9]. The triangular matrices play an important role
in the matrix analysis and its application. So, in this work, we pay attention to a
new kind of majorization which has been defined on a special type of the triangular
matrices.

In [5], the author introduced the notation of sgut-majorization on matrices and
characterized all linear preservers and strong linear preservers of <4+ on R™ and
M,, i, respectively. Here, we introduce the relation <4 on matrices, and we
characterize the linear preservers and strong linear preservers of this concept on R"
and M,, p,.

The following notations will be fixed throughout the paper.

M,, ., for the set of all n-by-m real matrices;

M,, for the abbreviation of M,, ,;

R™ for the set of all n-by-1 real vectors;

P,, for the n-by-n backward identity matrix;

e for the vector (1,1,...,1)%

A(S) for the set {d>7"; Nia; |[meN, Y A\ <1,a;, €8, VieN,}, where S C
R™;

card(S) for the cardinal number of a set S, where S is a finite set;

Ny, for the set {1,...,k} CN;

[T] for the matrix representation of a linear function T : M,, ,,, = M, ,,, with re-
spect to the standard basis;

r; for the sum of entries on the ith row of [T7].

Let ~ be a relation on M,, ,,,. A linear function T": M,, ,,, = M,, ,,, is said to be
a linear preserver (or strong linear preserver) of ~, if TX ~ TY whenever X ~ Y
(or TX ~TY if and only if X ~Y).

A real matrix (not necessarily nonnegative) R is called g-row substochastic if
Re <e.
Let X,Y € M,,,,. The matrix X is said to be sgut-magjorized by Y (in symbol
X <sgut Y) if X = RY, for some n-by-n upper triangular g-row substochastic

matrix R.
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In [5], the author found the (strong) linear preservers of <;g,; on R™ and M, ,,,,

respectively, as follows.

Theorem 1.1. Let T : R™ — R" be a linear function, and let [T] = [a;;]. Then T

preserves <squt if and only if one of the following conditions hold.

(a) Tey =---=Te,_1 =0. In other words
0 0 QA1n
0 ... 0 (0579
[T] =
0 ... 0 apn

(b) There existt € N,y and 1 < iy < -+ < i, < n such that

ai1t7 ai2t+17 o 7aimn 7& 07
0 =
ailt ES
Qist+1
[T} = )
0 Qi _1n—1
Aj,on
*

and one of the following statement happens.
(i) card(hm) > 2, where hy, = {ri, _ 41,-+-Tn}-
() there exists k € Ny_1 such that card(hy) > 2, 14, = 14,41 = -+ = Ty, and for

each © > iy, and for each j € N, a;; > 0 or a;; <0, where

hy ={ri,ra,..., 7 —1,"n}
and
hj = {Tij_1+17~-~,7°i,~—1,7’n}

foreach j (2<j<m-—1).

(t4i) 1 =1r9 =--- =1y, and for each i,j € N, a;; >0 or a;; <0.
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Theorem 1.2. Let T : R™ — R"™ be a linear function. Then T strongly preserves
<sgut if and only if [T] = al,, for some a € R\ {0}.

Theorem 1.3. Let T : M, ., = M, ., be a linear function. Then T strongly
preserves <sgut if and only if T'X = XR for some invertible matriz R € My, .

We wish to find all (strong) linear preservers of sglt-majorization on R™ and
M,, , too.

This paper is organized as follows. In section 2, we state a necessary and sufficient
condition for & <55 y on R™. Then we characterize all (strong) linear preservers
of sglt-majorization on R™. The last section of this paper studies some facts of
this concept that are necessary for studying the strong linear preservers of <4+ on

M,, .. Also, the strong linear preservers of <4+ on M, ,,, are obtained.

2. SGLT-MAJORIZATION ON R"™

In this section, we focus on the lower triangular g-row substochastic matrices and
introduce a new type of majorization. Then we characterize all linear functions T’

: R — R™ (strongly) preserving <.

Definition 2.1. Let z,y € R™. We say that x sglt-majorized by y (in symbol
x <gqit y) if x = Ry, for some n-by-n lower triangular g-row substochastic matrix

R.

Here, we state what is required to continue. For this aim the following function
is presented.

Assume that T : R™ — R™ be a linear function. Define 7 : R™ — R™ by
7(z) = P, T(Pyx).

Proposition 2.2. Let x, y € R". Then x <squt ¥ if and only if Pax <sq Pry.
Also, Prx <sgut Pny if and only if x <sq1t y.

Proof. First, suppose that <44t y. So x = Ry, for some n-by-n upper triangu-
lar g-row substochastic matrix R. It implies that P,z = (P,RP,)(P,y), and so
Pox <sq1t Pny.

Next, assume that P,z <sg;: Pny. This ensures that there exists some n-by-n
lower triangular g-row substochastic matrix R such that P,z = RP,y, and then
z = (P,RP,)y. Thus, £ <sgut V.
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Now, P,z <sgut Pny if and only if P,(P,x) <squt Pn(Pny) if and only if = <54
Y. O

This proposition provides a criterion for sglt-majorization on R™.

Proposition 2.3. Let x = (z1,...,2,)%, vy = (Y1, .., yn)t € R™. Then
T =gt Y if and only if for all i € N,

T € A{ylvaa fe. 7yi}'
Now, we assert some prerequisites for introducing the main results of this section.

Proposition 2.4. Let T : R" — R" be a linear function. Then T preserves <sgu
if and only if T preserves <gqi¢.

Also, T preserves <sqiz if and only if T preserves <sgut.

Proof. If T' preserves <sgut; Let x, y € R", and let x < ;¢ y. Proposition 2.2
shows that P,z <sgut Pny, and then T(P,z) <sgu T(Pny). It implies that
P, T(Ppx) <sgit PuT(Pny). So 7(x) <sq1t T(y). Therefore, 7 preserves <gi¢.

The rest of the proof is omitted for the sake of brevity. O

The following theorem characterizes structure of the linear functions

T : R™ — R" preserving sglt-majorization.

Theorem 2.5. Let T : R™ — R" be a linear function, and let [T] = [a;;]. Then T

preserves <sqi¢ if and only if one of the following conditions holds.

(a)

a1 0 O

anp1 .- 0 0
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(b) There ezistt € N,y_1 and 1 <13 < -+ < lp_411 < n such that

A1y 15125 -+ Ay yyn—t+1 7 0,
* 0
ajy1
apy2 0
7] = ;
* ay, _,n—t
Al _yp1in—t+1

* 0
and one of the following statement happens.
(i) card (g1) > 2, where g1 = {r1,r2,...,r,-1}.

(44) there exists 2 < k <n—1t+1 such that card (gx) > 2, 11 =12 =+ =1y, and
for each i <y, and for each j € Ny, a;; > 0 or a;; <0, where

gn—t—H - {Tln,H,l-i-l) ... arnar1}7
and
g5 = {le+1» cee 7’1]'4,171,7"1}

foreach j (2<j<mn-—t).

(i13) 1y =1r9 = --- =1y, and for each i,j € N,, a;; >0 or a;; < 0.

Proof. T preserves <,q1¢ if and only if 7 preserves <,44¢ if and only if, by Theorem

1.1, one of the following conditions holds.

(a) Tey =---=Te,—1 = 0. In other words
0 ... 0 A1n
0 ... 0 A2np
7] =
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(b) There exist t € N,,_1 and 1 <4y < -+ < iy, < n such that
ity jot+1s -+ 5 Qipm 7& 07

0 =
ailt *
Ajgt+1
[T] = ;
0 Qi _1n—1
Ajon
*

and one of the following statement happens.
(i) card(hm) > 2, where hy, = {r; _ 11,...,Tn}
() there exists k € N,;,_1 such that card(hy) > 2, r;, = ri 41 =+ = 7y, and for

each ¢ > iy, and for each j € N, a;; > 0 or a;; < 0, where

hi ={ri,ra, .. ,Ti—1,"n},
and

hy=A{r, 141, 7i;,—1,Tn}
foreach j (2<j<m-—1).
(#9) r1 =rg =--- =1y, and for each i,j € N,, a;; > 0 or a;; < 0.

if and only if, because of P,[r] P, = [T], one of the following conditions holds.

(a)

a1 ... 00

a1 0 O

an1 .- 0 0
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(b) There exist t € N,,_7 and 1 <l; < -+ <lp_4+1 < n such that

A1y 15Aly25 - -5 ALy yyyn—t+1 7 0,
* 0
a1
a2 0
[T] = ;
* aln_tn_t
A,y p1n—t+1
* 0

and one of the following statement happens.
(1) card (g1) > 2, where g1 = {r1,72,...,7,-1}-
(44) there exists 2 < k <mn —t+ 1 such that card (gx) > 2, r1 =ro =--- =1, and

for each i <, and for each j € N, a;; > 0 or a;; <0, where

In—t+1 =Tl 1 t1s- > TnsT1},
and
g9; = {sz+1,~~,7“zj+1f1,7"1}
for each j (2 <j<n-—t).

(t4) ri =rg =--- =1y, and for each ¢,j € N,, a;; > 0 or a;; < 0. |

In the following theorem the structure of linear functions 7 : R™ — R™ strongly

preserving sglt-majorization will be characterized.

Lemma 2.6. Let T' : R™ — R"™ be a linear function that strongly preserves <giz.

Then T s invertible.

Proof. Let x € R"”, and let Tz = 0. Since T'v = T'0 and 1" strongly preserves <,

we have & <414 0. So x = 0. Therefore, T is invertible. O

Theorem 2.7. Let T : R™ — R"™ be a linear function. Then T strongly preserves
<sgit if and only if [T] = al, for some o € R\ {0}.

Proof. We only prove the necessity of the condition. Suppose that T strongly
preserves <sq;. This ensures that 7" and T~ preserve =sglt- S0 T is invertible.

Proposition 2.4 implies that 7 and 7! preserve =sgut, and then 7 strongly preserves
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<sgut- By Theorem 1.2, [7] = al, for some oo € R\ {0}. It follows that [T] = o,
and the statement holds. |

3. SGLT-MAJORIZATION ON M, ,,

In this section, we talk about sglt-majorization on M,, ,,.

Definition 3.1. Let X,Y € M,, ,,,. We say that X sglt-majorized by ¥ (in symbol
X <sgut Y) if there exists an n-by-n lower triangular g-row substochastic matrix R
such that X = RY.

Suppose that 7" : M,, ,, = M,, ,,, be a linear function. Define 7: M,, ,, = M, ,,,
by 7(X) = P, T(P,X).

Proposition 3.2. Let X, Y € M,, ,,,. Then X <544t Y if and only if P, X <sq1¢
PY.
Also, P, X <sgut PnY if and only if X <1t Y.

Proposition 3.3. Let T : M,, ,, = M, 1, be a linear function. Then T preserves
<squt if and only if T preserves <gqi+.

Also, T preserves <sgi; if and only if T preserves <sgus-

The following theorem characterizes the strong linear preservers of <, on

Theorem 3.4. Let T : M, ,, = M, ., be a linear function. Then T strongly
preserves <sqir if and only if TX = X R, for some invertible matric R € M,y,.

Proof. First, assume that T strongly preserves <sg;;. This ensures that 7 strongly
preserves —<sgy¢, and, by Theorem 1.3, 7X = XR, for some invertible matrix
R € M,,. It implies that P,T(P,X) = XR, and then T(P,X) = P,XR. So
TX = XR, where R € M,,,, and is invertible. Observe that the statement holds.

Next, assume that TX = X R, for some invertible matrix R € M,,,. It follows
that T(P,X) = P,XR, and then P,T(P,X) = XR. Then 7X = XR. It implies

that 7 strongly preserves < gu¢, and so T' strongly preserves <sgi;. ]
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