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ABSTRACT. The largest class of hyperstructures is the one which satisfies the
weak properties; these are called H,-structures. In this paper we introduce a
special product of elements in H,-group and define a new class of H,-groups
called strongly H,-groups. Then we show that in strongly H,-groups 8 = 3*.
Also we express f-hyperoperation and investigate some of its properties in

connection with strongly H,-groups.

AMS Classification: 20N20.
Keywords: H,-structures, H,-groups, strongly H,-groups, f-hyperoperation.

1. INTRODUCTION

The first definition of hyperoperation and hypergroup was adverted by Frederic
Marty in the 8" Congress of Scandinavian Mathematicians in 1934. In 1990, in
Greece, T. Vougiouklis introduced the concept of the weak hyperstructures which
now are named H,-structures. Over the last 28 years this class of hyperstructures,
which is the largest, has been studied from several aspects as well as in connection

with many other topics of mathematics. Basically, the study of H,-structures has
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been continued in many directions by T. Vougiouklis, B. Davvaz, S. Spartalis, A.
Dramalidis, S. Hoskova, and some other mathematicians. We invite the readers for
more study about hyperstructure theory and its applications to [1], [2], [3], [4], [7],
[13] and [14]. We recall the following definitions from [1].

Definition 1.1. Let H be a non-empty set and x: Hx H — P~ (H) be a hyperop-
eration. The couple (H, ) is called a hypergroupoid. For any two non-empty subset
A and B of H and x € H, we define

AxB= U axb, Axz=Ax{z}

a€A,beEB
Definition 1.2. A hypergroupoid (H, %) is called hypergroup if for all (z,y,z) € H?,
it satisfies the following conditions:

(1) (zxy)*z=uxx*(yx*z), which means that

U Uk z = U Tk,

UCT*Y VEY*Z

(2) xH=H=H*uz.

Definition 1.3. [2]. A hypergroupoid (H,x*) is called a H,-group if the following

axioms hold:

(1) zx(yx2z)N(zxy)*2z#0 for all (z,y,2) € H3; (weak associativity)
(2) +«H =H=Hx*x for all x in H. (reproduction)

In the following for (z,y) € (H?,*), we write xy instead of z  y.

Example 1.4. ([2], Ezample 6.1.2 ). Let (G,-) be a group and R an equivalence

relation on G. In % consider the hyperaction @ defined by
ToYy={z|z€x-y},

where x denotes the equivalence class of the element x. Then (G,®) is an H,-group

which is not always a hypergroup.

2. STRONGLY H,-GROUPS

Consider a special product of elements of an H,-group H. We introduce a no-

tation as follows. Let (x1,x2,...,2n) € H" and Vg, = V (21,22, ...,2y) be the set
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of all finite products of x1, xa, ..., T,, respectively. Also let V,, = {V(x1,x2,...,2,) |
(x1,22,...,xy) € H"} and V = Up>1V,,. For example

Vo ={z122}, 2 = (21, 22)

Vi3 = {x1(z2m3), (x122) 23}, ¢ = (201, T2, T3)

Vi = {z1[z2(z324)], 21 [(22w3) 4], [(2122) 23] 34, [21 (2223)] 204, (2122) (2374) },
x = (21, 22,23, Tq)
Also let

Upo =Ul(z1,22) = {122} = 122

Up 3 = Uz, 9, 23) = {(z122) 23} = (T122)73

Uw,n+1 = U(l‘l,.TQ, ---axn—i-l) = Um,nxn-&-b

Let Uy, = {Uppn = U(z1,22,....20) | (21,22, ...,2,) € H"} and U = Up>1U,y,. It is
clear that & C V. Now we define the class of strongly H,-groups.

Definition 2.1. Let H be a H,-group. We say that H is a strongly H,-group if
pCUzp forallp € Vg, andn € N.

Remark 2.2. Due to the above notation if H is a strongly H,-group then for all
n,m € N we have U,U,, C Upim.

Proposition 2.3. The H,-group H is strongly if and only if for all (x,y,2) € H3,
2(yz) C (zy)z.

Proof. Let H be strogly H,-group, then by above notation it is clear that for all
(z,y,2) € H3, z(yz) C (zy)z. We prove the converse by induction on n. Let x =
(x1,22,...,2y) € H and v € V, , = V(21,22,...,2,). If n = 3, then by assumption
we have z1(zox3) C (z122)x3 = Us. Thus p C U, 3, for all p € V, 3. Now let the

the problem be true for all k& < n. We have v = wz such that w € V(xy,...2,)

and z € V(2py1,...x,), where 7 < n. So there exist Uy ,, Uy n—r such that w C
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Ux,r and z C U;c,n—r- Thus v = wz C Ux,rU:c,n—r = (Ux,r—lmr)(Uac,n—r—lxn) -
[(Upr—12)Ug p—r—1]Tn C Ugn—12n = Uy . This completes the proof. a
C

Corollary 2.4. The H,-group H is strongly if and only if for all subsets A, B,
of H, A(BC) C (AB)C.

The main tools to study hyperstructures are the fundamental relations *,~*
and €*, which are defined, in H,-groups, H,-ring and H,-vector spaces, as the
smallest equivalences so that the quotients would be group, ring and vector space,
respectively. These relations were introduced by T. Vougiouklis [6, 7]. A way to
find the fundamental class is given by theorems as the following [8, 9, 10].

It is defined the relation 8 in H,-group H by setting xSy if and only if {z,y} C p,
for some p € V,,, = V (21, ..., 2n) and n € N and (z1,...,2,) € H™.

Theorem 2.5. ([12], Theorem 1) Let H be an H,-group. Then * is the transitive

closure of 3.

It has been proved that if H is a hypergroup then 5 = 5* (see [5]). But in H,-
group so far not proven that g = 5*. In the following we show that by considering
special products to wit in strongly H,-groups we can prove that 8 = *. First we
express the below definitions and explain the theorems such that their proofs in
H,-groups, due to the Proposition 2.3, are similar proving in hypergroups, that we

avoid presenting their proofs. These theorems are expressed in [1] completely.

Definition 2.6. Let A be a subset of a H,-group H. A is called complete part if

the following implication is valid:
VneN; YpeVy,; pNA#0=pCA

Definition 2.7. Let A be a non-empty subset of H,-group H, the intersection of the
subsets of H which are complete parts and contain A is called the complete closure
of A in H; it will be denoted by C(A).

Theorem 2.8. Let A be a non-empty subset of H,-group H, and let K;1(A) = A,
Knti(A) ={z €e H|3Im e N, IpeVyn; z€p pnNK,(A) # 0}. Let
K(A) =Up>1K,(A). Then K(A) = C(A). (Note that Vym =V (Y1, -..s Ym))-

Proof. Tt is necessary to prove that i) K(A) is a complete part and ii) if A C B and
B is complete part then K(A) C B.
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i) Let m € N and p € Vy ,, and pN K(A) # 0. Then there exists n € N such that
pN K, (A) # 0, from which follows p C K,,11(A) C K(A).

ii) A C K;(A). Suppose K, (A) C B, this implies that K,,+1(A) C B, for every
n € N. O

Theorem 2.9. The relation tKy < z € C(y) = Up>1K,(y) is an equivalence.

Proof. K is clearly reflexive. Now let xKy and yKz. If P is a comlete part and
z € P, then C(z) C P thus y € P and consequently z € C(y) C P and so Kz. O

Theorem 2.10. For all x,y in H,-group H, we have zKy < x8*y.

Proof. The proof is similar to the proof of Theorem 57 in [1]. a

H
Definition 2.11. Let H be a H,-group and opg: H — ﬁ the canonical projection.

The kernel of @ is called heart(or core) of H and denoted by wp, i.e. wy = {x €
H | ¢n(x) =1}

Theorem 2.12. wy is the smallest subhypergroup of H that is complete part.
Remark 2.13. For all z € wy we have wy = C(z), since
e C(z) &Kz oz o=y op(r) = ou(z) =1 &z € wy.

Theorem 2.14. If B is a non-empty subset of H,-group H, then @I}lcp(B) =
wgB = Bwyg = C(B) = UbEBO(b)-

Proof. The structure of the proof is like to the proof of Theorem 66 in [1]. O
Corollary 2.15. By Theorems 2.9, 2.10, 2.1} for all x € H we obtain
B () ={y |yp e} ={y |yKe} ={y |y € C(2)} = {y | y € awn}
Corollary 2.16. For all (z,y) € H?, we have x3*y < rKy < y € C(r) = zwy.
Now let P(z) be as follows:
P(z) ={Uyn €Uy | 2 € Uyp,n € N}
We set M(z) is the union of P(z) that is M(z) = Uy, , cp(z)Usn-

Theorem 2.17. Let H be a strongly H,-group and z € H. Then M(z) is a complete
part.
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Proof. Let p € V,,,, be a finite products of z1,...,z, and p N M(z) # 0. Assume
a € pNM(z), so there exists Uy ., € P(z) such that a € Uy, 2z € Uy 1. Because H
is strongly H,-group there exists U, , € U such that p C U, ,,. By reproductivity
property, there exists (w,b) € H? such that z,, € wz and z € ab. Therefore

p c U:v,n = Uz,nflxn C Ur,nfl(wz) - (Uz,nflw)z C (Um,nflw)(ab)
C (Uzn—1w)(Uy,mb) C [(Uz,n—1w)Uy,m]b
c Ut,nerb = Ut,kb'

Also
z€ab Cpb C U, C [Uyn_12n]b C [Ugn-1(wz)]b
C [(Unn10)21b € [(Unin10)Uy b
C Ut pgmb = Uy d.
So Uy kb € P(z) and p C Uy 1xb C M(z) and this completes the proof. O

Corollary 2.18. For all z € wyr, we have M (z) = wyy.

Proof. Let U, € P(2), s0 z € Uy, Nwy. Since wy is complete thus Uy, C wy
and M(z) = Uy, ,ep(z)Usn € wpg. On the other hand since M (z) is complete,
z € M(z) and C(z) is the smallest complete part that contains z so C(z) C M(z)
and by 2.13 wy = C(z) C M(z). Therefore M(z) = wy for all z € wy. O

Theorem 2.19. If H is a strongly H,-group, then 8 = 3*.

Proof. We know that 5 C g*. Let z,y € H and zf8*y. Then by Corollary 2.16 we
have

zf*y < axKy &y e C(x) = zwy,
Therefore v, w € wy such that x € zv and y € zw. According to Corollary 2.18
there exist U, ,, € P(v) such that w € Uy, where Uy, = Uy p—1tp. Also v € Uy,
and thus vfw. Therefore {z,y} C z(Uy pn—12,). Thus zBy and 8* C 3. O

3. THE #-HYPEROPERATION

In this section we investigate a special class of hyperstructures called #-hyperoperation
introduced by Vougiouklis in [11]. By using 6-hyperoperation we obtain a H,-
structure. We investigate 6-hyperoperation by adding strongly H,-group condition.

General definition of §-hyperoperation is as follows that we can see it in [11, 12].



ON STRONGLY H,-GROUPS - JMMRC VOL. 8, NUMBERS 1-2 (2019) 19

Definition 3.1. Let H be a set equipped with n operations (or hyperoperations)
@1, D2, ..., @y, and a map (or multivalued map) f: H — H (or f: H — P (H)).
Then n hyperoperations 01,05, ...,0, on H can be defined, called 0-hyperoperations
by putting

w0y = {f(x) @iy, x @; f(y)}, Y(x,y) € H*ic{1,2,..,n}
or, in case where ®; is hyperoperation or f is multivalued map, we have
20y = (f(z) @;y) U (x @i f(y), Y(zx,y) € H*ic{1,2,..,n}.
If ®; is associative then 0; is weak associative.

Similarly one can use several maps f, instead than only one. We express a special
case that way let (H,-) be a hypergroupoid and f: H — H, be a map on H. It is

defined in this case é—hyperoperation as follows:

z0y=(x-y)U(f(z) y)U(z- f(y), Y(zy) e H

Proposition 3.2. Let (H,-) be an H,-group, then (H, @) is an H,-group.

Proof. According to [11, 12], (H, ¢) is weak associative. Since (H, -) is reproductive
so for all x € H we have - H = H = H - . Therefore

egH=Jazon=J{e hf@) ha f(R)}=H

heH heH

and (H, 5) is reproductive. Thus (H, ) is an H,-group. O

Proposition 3.3. Let (H,-) be a strongly H,-group and f be good homomorphism
and projection (f* = f), then (H, 5) is a strongly H,-group.

Proof. By proposition 3.2, it is enough to show that H,-group (H, ) is strongly,
ie. z 6 (y 0 z) C (x 0 Y) 9 z, for all (z,y,2) € H3. We have

20(yoz)=U _zha=U _[z-aUf(z)-aUz- f(a)]
a€yfhz acyfz
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such that a € (y - 2) U (f(y) - 2) U (v - f(2)). Therefore

20 (yoz)Clz-(y-2)]U[z-(fly)-2)]U[z-(y- f(2)]U
[f(@) (y-2)U[f(@) (f(y) - )]V [f(2) - (y- f(2))]U
[z fly-2)] Uz f(fly) 2] Uz fly- f(2))]
(@ y)-2lUl(@- f(y)) - 2]U[(@-y) - f(2)]V
[(f(@)-y)- 2] U[(f(=) f() -]V [(f(2)-y) - f(2)U
(@ f(y) - F) U f@)- Uz fy) - f(2)]

C
CU _[b-zf(b)-2b- f(2)]
bexhy

U _boz=(z0y) 02
berdy fz=(x0vy)0oz

Thus (H, 5) is a strongly H,-group.
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