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ABSTRACT. Zero forcing is a dynamic process on a graph for changing the color
of every vertex to black in an efficient way. This concept is very useful to model
opinion formation problem and independent cascade model in social networks.
Many type of networks should be modeled by fuzzy graphs. So, we introduce
a definition of fuzzy zero forcing set (fzfs) on fuzzy graph. Also, we propose
an algorithm to construct fzfs and compute the propagation time of fzfs on
fuzzy graphs. Some examples on special fuzzy graphs illustrate the fzfs. Also

we utilize the fzfs in a social network to model opinion formation problem.

AMS Classification: 05B30; 05B05.
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1. INTRODUCTION

Let a graph G = (V, E) a simple undirected graph (no loops, no multiple edges)

with a finite nonempty set of vertices V and edge set E (an edge is a two-element
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subset of vertices). The graphs theory has been applied in many subjects of propa-
gation issues such as the incidence of disease or spread of opinion in a social network.
There exist some concepts in the graph theory for propagation problems. One of
them is zero forcing set. Zero forcing sets and the zero forcing number were intro-
duced in [9]. This definition is based on the Color-change rule. Let G be a graph
with each vertex colored either white or black, u be a black vertex of G, and exactly
one neighbor v of u be white. Then change the color of v to black. When this rule

is applied, we say u forces v, and write u — v.

Definition 1.1. A zero forcing set ( or zfs for brevity) of a graph G is a subset
Z of vertices such that if initially the vertices in Z are colored black and remaining
vertices are colored white, the entire graph G may be colored black by repeatedly
applying the color-change rule. The zero forcing number of G, Z(Q), is the minimum
size of a zero forcing set. Any zero forcing set of order Z(G) is called a minimum

zero forcing set [9].

For a coloring of G, the derived coloring is the result of applying the color-change
rule until no more changes are possible. For the black set of vertices B, the derived
coloring is denoted by der(B) and it is unique [9].

Example 1.2. [In the following figure, we see that Z(K,) =n —1 and Z(P,) =
11[9].

Py

K,

FIGURE 1. Z(K4) =3, Z(Py) = 1.

Corresponding to the zero forcing sets, there exists one concept as propagation
time [3].
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Definition 1.3. Let Z be a zero forcing set of G and Z° = Z. Fort > 0, Z(ttD
is the set of vertices w for which there exists a vertex b € Ut_yZ(®) such that w is
the only neighbor of b not in Ut_,Z(*). The propagation time of Z in G, denoted
pt(G, Z), is the smallest integer t' such that V = Ut_,Z() [2].

For example, let Z the black vertices in the Example 1.2. So, pt(Ky4, Z) =1 and
pt(Py, Z) = 3.

In many examples the graphs are dynamics. All networks can not be modeled
by the crisp graphs such as wireless sensor networks (WSN) and social networks.
Generally many networks can be modeled by dynamic graphs, random graphs or
fuzzy graphs. The social networks can be modeled by the weighted graphs. The
best model for them is fuzzy graph. The fuzzy graph are introduced in 1975 by
Kauffman [5] and are studied by Rosenfeld 1975 [11]. Mordeson gives the following
definition of fuzzy graph in [9)].

Definition 1.4. A fuzzy graph is a G = (V, 0, p) is a nonempty set V together with
a pair of functions o : V. — [0,1] and p: V xV — [0,1] such that for all z,y
inV, p(z,y) < o(x) No(y). The function o is the fuzzy vertex set of G and p is
the fuzzy edge set of G. Note that p is a fuzzy relation on o.

The membership function of a fuzzy set is defined as follows [9]. A fuzzy subset A
of aset X is a function o4 : X — [0, 1], this function is also called a membership
function. This value, called membership value or degree of membership.

In this paper we propose fuzzy zero forcing set on fuzzy graphs. This new concept
is very applicable for social network analysis. For example, in the opinion formation
problem the presence, absence or activity of people in the network and changing
of the opinions are important issues which can be modeled to propagation in fuzzy
graphs. Based on our aim, the rest of paper is organized in the following sections.
Section 2 contains the definition of fuzzy zero forcing set and an algorithm to con-
struct this set for fuzzy graphs. In the section 3, we present some examples on
special graphs and some remarks. The section 4 investigate the fuzzy zero forcing

sets in social networks.

2. Fuzzy ZERO FORCING SETS

In this section, we introduce a definition of fuzzy zero forcing set and propose

an algorithm to construct this set. We consider applicable-oriented of propagation
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issue in the definition. Zero forcing sets can be generalized to fuzzy zero forcing
sets in three cases as follow:

(1) Considering crisp zero forcing set on fuzzy graph.

(2) Considering fuzzy zero forcing set on crisp graph.

(3) Considering fuzzy zero forcing set on fuzzy graph.

We attend the third case in the general form in the following.

Definition 2.1. Let G = (V,0,p) be a fuzzy graph. Influence rate for each vertex
v; € V is defined as follows:

S5 p(vg,vi)o(v;)
d; ’

where d; is the degree of v; in underline graph of G. o(v;) and p(v;,v;) are mem-

(1) I(v;) = o(vi)

bership value of vertex v; and edge (v;,v;) in G, respectively.

Definition 2.2. Let G = (V, 0, p) be a fuzzy graph. Force rate of v on u is computed
by the following function:

p(v,u) — I(u)

p(v,u) +1I(u)

In this case, we measure the amount of force v on u denoted f(v,u).

(2) f(vau) =

Definition 2.3. « is a propagation parameter, where 0 < a < 1.

We note that « is set based on membership values in G and each application.
In the next definition, we introduce a fuzzy zero forcing set constructed using an

iterative algorithm.

Definition 2.4. A fuzzy zero forcing set (fzfs) Z, is a fuzzy subset of vertices of G
in the following form:

~ V;
(3) Z={——3,nz(v;) =1},
pz(vi) 2
where Z is achieved in the following algorithm.

In this definition, we focus on the influence of vertices and connections between
them. It means that if the vertices, y1;(v;) = 1, are colored black and the remain-
ing vertices are not black, then the black vertices can transform these vertices to

black using an iterative algorithm. Note that the proposed algorithm constructs an
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efficient fzfs of a fuzzy graph based on the strength of connection and influence of

vertices.

2.1. Constructing fuzzy zero forcing set. Algorithm 1.
Input: Fuzzy graph G = (o, p) and a.
Output: pz(vi) = pz(vi) -
e Step 1. Compute I(v;) for all v; € V and ¢t = 0.
e Step 2. If I(v;) =1fori=1,--- ,n then return to
crisp mood.
Else set . (v;) = I(v;).
e Step 3. If Ju; such that pz. (v;) > o and ps.(v;) # 1
then pz.4:(v;) =1 and do:
e Step 3.1 Compute f(v;,u;) for all white nodes, i.e. pz,(u;) # 1 such
that v; € N(uy).
e Step 3.2 ps.p1(uy) = max,, (f(vi, uy)) .

e Step 3.3 Construct Z!*! = {imolvie V)
e Step 3.4 If 11;.4:(v;) = 1 for all v; € V, then stop and return p, (v;)
as fzfs.
Else if pze(vi) == pz(vi),
then write (" The fuzzy Graph G doesn’t have fzfs.”)

Else t =t+ 1 and go to step 3.

Running Time:

Time complexity of the algorithm depends on the number of iteration, t. The
running time of the algorithm is polynomial time of O(tn?) and we have ¢t < n.

In the following section, some examples illustrate the new definition (fzfs) and the

algorithm.
Definition 2.5. The propagation time of fzfs Z in fuzzy graph G, denoted pt(G, Z),
is the integer t in the algorithm 1.

3. SPECIAL EXAMPLES AND RELATED RESULTS

In this section, we investigate fzfs on some graphs such as fuzzy path, fuzzy

complete graph and other fuzzy graphs.
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Example 3.1. Let the fuzzy path in the following figure. We set o = min; ; p(v;,v;)) =
0.2 and construct fzfs based on algorithm 1 in the following steps:

U1 0.25 v2 0.3 U3 0.3 U4 0.2 Us

0.25 0.5 0.3 1 0.5

FI1GURE 2. A fuuzy path on 5 vertices

(1) Step 1. I = {++
t=0.

. s
i=1,---,5} = {gmm o055 00600 0.005> 05) ond

(2) Step 2. Z° =TI and p.o(v;) = I(v;) for each v;.

(3) Step 8. For allv; € V, p,o(v;) # «, So algorithm writes "The fuzzy Graph
G doesn’t have fzfs’.

Example 3.2. In this example, we let the fuzzy path with some powerful edges. We

set a = min; j p(v;,v;)) = 0.2 and construct fzfs in the following steps:

V1 0.25 v2 0.8 U3 0.3 U4 0.2 U5

0.25 1 0.8 1 0.5

FIGURE 3. A fuuzy path on 5 vertices with powerful edges.

(]) Step 1. 1 = {O’Uﬁ,m,oiés,ﬁ,ﬁ} and t = 0.
(2) Step 2. Z° = I and p.o(v;) = I(v;) for each v;.

(3) Step 3. Z = a8 g 5% ), t =1 and go Step 3 again.
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(4) Step 4. Z% = Lotz ts By ogndt = 2. So Z = ZYis a fofs of this

fuzzy graph and pt(G, Z) = 2.

Example 3.3. Consider the complete fuzzy graph (Ks) given in figure 3.3. fzfs of

K5 is constructed such as follow: First, we set oo = min; ; p(v;,v;)) = 0.1.

0.14

0.7 0.9 0.3

FIGURE 4. A fuzzy complete graph (K5)

v | — _{ A B C _D _E _
(1) Step 1. I ={55li=1,---,5} = {55 5015 0.157 5078 o.19) @nd t = 0.

(2) Step 2. Z° = I and po(v;) = I(v;) for each v;.

N A ,
(3) Step 8. Z! = {W7W])348’ %,%,%}, t =1 and go Step 3 again.

(4) Step 4, Z* = {O_Qﬁ, 07%, %, %, %}, and t =2 and go Step 3 again.

(5) Step 5, 73 = {4 B € D BV undt=3. SoZ = ZVis a fzfs of this fuzzy

T°1°10 101
graph and pt(G,Z) = 3.

Lemma 3.4. Let K,, be a fuzzy complete graph. If
o(vy) < o(vg) -+ < o(vy) then I(vy) < I(vg) < -+ < I(vy).

Proof. By definition:

105) = 29 S minfo(u),o(w)}o()

i#]
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= T (o 0,)? 4 0(02)? + o)+ Y oo (w)
i=j+1

and:

1y1) = L 6 0)2 4 o (02)? 4+ 0(0y)?

n—1
+ Z o(vj1)o(vi))
i=j+2
= PO 002 4 o) 4+ 4 o(00)?)
ot + S 3 otwr)o)
i=j+2
> Z(fji (o(v1)® +o(v2)’ + -+ 0(vj_1)?)
+ Z(fjia(vj)a(vﬂl) + Z(jjz Z o(v;)o(v:)
i=j+2
= %(U(vly +o(ve)? + -+ +o(vj_1)?)
+ ) o(v)o(vi) = I(v))
i=j+1

O

Example 3.5. In this example, we let the fuzzy graph illustrated in figure 3.5. fzfs

is constructed in the following steps:

B 0.5 05 < os
/9(/ o 0.1
0.3 0.6
0.% P 0
0.1
0.2 ) 0.7
0.8 E 0.7

FIGURE 5. A fuzzy graph

(1) Step 1. 2° = I(V) =

{ A B c D B F G }
0.8127 0.135? 0.1287 0.119° 0.119’ 0.220’ 0.308
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(2) Step 2. For all vertices 1(v;) > «, so, propagation time is 1 and we have:
ZV == S S S = }

This result illustrates that the fuzzy graph colored to black in two steps

because the vertices are strong.

Example 3.6. In this example, we let the fuzzy star graph with some strong vertices

in figure 3.6 . We consider a = 0.1 and construct fzfs in the following steps:

0.4B

0.14 C

FI1GURE 6. A fuzzy star graph

(1) Step 1. I = {
andt = 0.

v1|l_15}_{A B c D E F}
I(v)!" — & ’ — 10.005° 0.082° 0.15’ 0.129’ 0.042 0.168

(2) Step 2. Z° =TI and pi.o(v;) = I(v;) for each v;.

(3) Step 3. Z' = {0.6405, 0_3382, %, %, 0_542, %}, t =1 and go Step 3 again.

(4) Step 4. 72 = {ﬁ, WBM’ %, %, %}, and t = 2 and go Step 3 again.
(5) Step 5. 73 = {%, %, %, %, %}, andt =2. So Z = ZVis a fzfs of this fuzzy
graph and pt(G, Z) = 3.

Remark 3.7. There exists a color-change role in zero forcing set (crisp mode).
So, we can propose another definition for fzfs (fuzzy zero forcing set) under the
definition of fuzzy coloring. The fuzzy coloring on fuzzy graphs are investigated

more. We apply the following definition of fuzzy coloring.
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Definition 3.8. [3] A family T = ~1,...,vk of fuzzy sets on X is called a k-fuzzy
coloring of G = (V, , p) if:

(a) VT =0,

(b) vi Ny =0,

(¢c) for every strong edge xy of G,

min {yi,7;} =0, (1 <i <k).

The least value of k for which G has a k-fuzzy coloring, denoted by x#(G), is called

the fuzzy chromatic number of G.

This Definition can be restricted to crisp graphs, when p =1 and p € {0,1}.
By the first condition, the value of color ith for each vertex v is at most o(v).
The second condition indicates that each vertex v; has only one color. By the third
condition two vertices of each strong edge can not have the same color. In this
definition the aim of strong edge v;v; is 3(c(v;) A o(v;)) < p(vi,v)).

We can define a new fuzzy zero forcing set as follows. It is based on the above
definition. Here the third condition is not required. Since, in zero forcing process,
two adjacent vertices can have the same color. Zero forcing set is dynamical process.

Hence, we set the counter t for computing the propagation time.

Definition 3.9. A family T° = {18,749} of fuzzy sets on X is called a fuzzy zero
forcing set of G = (V,u, p) if: t =0 and

(a) VIt =0,

(b) i Nv; =0,

(c) Apply the color change role as crisp mode and t =t + 1. The least value of t

for which G has a fuzzy zero forcing set is propagation time.

In fact g is the vertex of fuzzy wight vertex set and 1 is the fuzzy black vertex
set of fuzzy graph. This type of definition is not more applicable. Since it is very
similar to the crisp mood and obtain the zero forcing set by it is exactly similar to

the obtain the zero forcing set underline graph for each fuzzy graph.

Example 3.10. In this example, we check this type of definition for the Exam-
ple 3.1. This definition does not any attention to the membership of edges. In the
first stage we consider the color of vi to be black. Now the vertex vy is a black

vertex of G, and exactly one neighbor of it (the vertex vs) is white. Then the vertex
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v1 change the color of the verter va to black and we continue this process until the

color of all vertices of graph change to black

0 _ fuv1 vz v3 va Us
(1)71—{0.25’0’0’0’0

V1 U2 V3 V4 Us

0 _

Yo = 020.570.3” 170.5

1 __ v1 Va V3 V4 Vs
(2) m =153 05000

— U1 V2 V3 YUg Vs

1
Y% =10°0'031°05
2 _ [ v1 Y2 V3 U4 Us
(3) 7i —{0.25’0.570.37 0°0

— fv1 VY2 V3 Vg Us

2

W =10°0°0°1°05

3 _ V1 Vo V3 V4 Us
(4) =13 0505 T T

3 _ U1 V2 V3 Va4 Us

7 =10°0°0°005

4 _ fvi vz V3 Vg Vs
(5) 71 —{0.25’0.570.37 1°0.5

4 _ fuv1 vz V3 w4 Us
W =10°0°0°0°70

So the fzfs set is T = {13,749} and the fuzzy propagation of it is 4.

4. APPLICATION OF fzfs IN SOCIAL NETWORKS

A social network is a social structure consist of a set of participants (individu-
als, organizations,...) and the mutual relations between these participants. Social
network analysis is an multidisciplinary endeavour including such fields as social
psychology, sociology, statistics, and graph theory [10]. Social networks are natu-
rally modeled as graphs, which we sometimes refer to as a social graph. The entities
are the vertices, and an edge connects two vertices if the vertices are related by the
relationship that characterizes the network. If there is a degree associated with the
relationship, this degree is represented by labeling the edges [6].

The fuzzy graphs are very useful tools to model social networks. In this lit-
erature, we have utilized fzfs to simulate propagation a desired opinion problem
between individuals with the lowest cost in terms of spread time in social networks.
Authors in [1] introduced the algorithm to control the opinion formation process by
maximization influence of informed agents in social networks. They added a number
of informed agents to the network for opinion propagation while we attempt apply
the existed entities in the network for opinion propagation. Each people has one
opinion [4] in a social network. Jalili introduced the following notation to spread
opinion in [4]. The ith agent has opinion z;(0) at first but it is changing during

the time . So, the opinion is a dynamical parameter. Each individual has opinion
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x;(k). This opinion is variable under the influence of other agents. z;(k) € [0,1] is
the opinion of z; for one subject in the kth time. So, we can consider z;(0) as the
o(v;) and the connection between agent ¢ and agent j as p(i,j). In this way, the
social network can be modeled by a fuzzy graph.

Also, in the social network the opinion at time k, is indicated by z;(k) can be con-
sidered as the value of membership function of fuzzy forcing set for fuzzy graph G
at time k. It means that we want the propagation to be at the minimum time. The
vertices with the high output degree affect the vertices with same degree and shape
opinion of them.

We apply fzfs to model opinion formation process in the social network in the

following steps:

(1) We consider the black vertices as informed agents in the social network at
the first time. Also, the membership function of the vertices of graph is the
opinion of each agent, x;(0) = o(v;).

(2) The vertices with small input degree is simulated by the vertices that their
color is willing to be white. Their color are changed by the black vertices.

(3) Color intensity at time k, u% (v;), shows the opinion of vertex x;(k) at kth
time. This value can be approximated by f(u,v;) under the influence of
node u.

(4) We run the algorithm 1 on the fuzzy graph G. The output of the algorithm
shows that which vertices (agents in the social network) able to propagate
the opinion at which time or confirms that the agents based on their con-

nections could not propagate an opinion in the social network.

5. CONCLUSION AND FUTURE WORK

In this paper we introduced fuzzy zero forcing sets that is very useful to model
graph coloring and propagation problem such as opinion formation problem and
independent cascade model in social networks. We proposed an algorithm to con-
struct fzfs and compute the propagation time of fzfs on fuzzy graphs. We utilized
the fzfs in a social network to model opinion formation. The modeling of indepen-

dent cascade model in details are considered as future work.
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