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ABSTRACT. In this paper we investigate wavelet-finite difference method for
solving two-dimensional model of drug release in the cardiovascular tissue from
the stent. We use a double tensor product to rich a two dimensional wavelet.
By using this two dimensional wavelet in space and finite difference method
for variable t we convert the drug release model to a system of equation. The
Lax-Richtmyer theorem shows that this system is convergent and we obtain a

good approximation for a solution of our problem.
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1. INTRODUCTION

One of the leading reasons of death in the industrialized world are arterial dis-
eases. Due to the restriction or obstruction of the affected arteries, they may oc-
casion a reduction of the blood flow to main organs and to muscles. A stent is
a small tube-like structures that is incorporated constantly into a stenotic artery.
Application of stent, may be occur some problems, that Leading to re-narrowing
of the treated vessel. To overcome this event drug-eluting stents (DES) have been
recently defined. Drug release depends on many factors, such as the geometry and
location of the vessel, the geometry of the stent, the coating properties as its chemi-
cal composition and porosity, and drug characteristics as for example its diffusivity.
A helpful implement to design an proper drug delivery system are mathematical
models and prediction of drug release shows an main subject [1, 2]. Some authors
considered the convection-diffusion equations. They modeled the spatial and tem-
poral distribution of drug concentration within the vessel wall [3, 4]. Also they
demonstrated how numerical simulations are viable tools to study these phenom-
ena. However, to be effective they have to account properly for the expansion of the
struts and their interaction with the vascular wall. Indeed, these aspects influence
the outcome of the stenting procedure.

The paper is organized as follows. Section 2 is devoted to the description of the
model and its initial and boundary conditions. In Section 3 we briefly explain the
wavelet and multiresolution analysis (MRA). In Section 4 we present a wavelet-finite
difference method for solving the two-dimensional model of drug release from the

stent.

2. DESCRIPTION OF THE MODEL

Let the volume averaged solid concentration of the free drug inside the arterial
wall and the dissolved drug inside the coating are given by a and ¢, respectively.

Therefore the convection-diffusion system of equations [5, 6, 7], defined by

0 K,

(1) a—(tl + k:lwg Uy Va — Dy,ANa =0, in Qy,
% —D.Ve =0, in g,
ot

that we apply to characterize the drug release in the stent coating (). and in the

arterial wall €,,, where the indexes ¢, and w, mention to the values inside 2. and
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Q. respectively. Also, D,, defines the diffusion coefficient of the drug in the tissue
and D, that in the stent coating. The reduction of convective transport because
of incidence of the solid bits with the structure of the porous wall, is shown by
Kjag, that’s called the hindrance coefficient (0 < Kjoy < 1). Moreover, k,, is an
additional partition coefficient that defines the ratio between the drug bound to the
tissue matrix and that dissolved in the fluid. Finally,

(2) Uep = —EVP,

where Vp = (p1,p2), ky and p; are the hydraulic permeability of the arterial wall
and the viscosity of the blood plasma respectively and p is the pressure. In Fig.1,

the geometries of the stent in the arterial wall is shown. The system of partial

Fadv topcoat I

arterial wall

coating

FIGURE 1. The geometries of the stent in the arterial wall.

differential equations (1) needs the suitable boundary and initial conditions. The

boundary conditions for equations (1), are given by

ﬁ = PC<C B >,onF,

c@nc keee kwEw
da Jdc
wa_ _Dciv Fa
Ony, one. on
a = 0, on 'y N T,
da a
_Dwi = Pwiy Fa vy
Oy Kt o ad
oc .
(3) 7Dc(97nc = O7 m QC\F,

The graph of the stent S in contact with the vessel wall V| is shown in Fig.2. Suppose
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FIGURE 2. Stent S in contact with the vessel wall V.

that the drug concentration is stored into the coating and is zero inside the tissue.

Thus the initial conditions are given by

c=cy, 1in Qe,

(4) a=0, inQy.

The reduced form of the system of equations (1), is illustrated as follows [6]:

K, :
% + ﬁquQ — Dy,Aa =0, 1 Qs
Du 2% 4 a(t)a = Blt)e on T
wanw = 05 )
da a
Dw%+Pw%:O7 on FadU7
(5) a=0, on 'y UT.

where P, is the permeability of the tissue and €, is the its porosity.

3. 2-D MRA AND WAVELET METHOD

A family of orthogonal wavelets defining a discrete wavelet transform and charac-
terized by a maximal number of vanishing moments for some given support, called
the Daubechies wavelets [8]. Corresponding to each wavelet type of this class, there

is a scaling function ¢ which generates an orthogonal MRA.
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Let ¢ be the Daubechies wavelet scaling function. Therefore ¢ is compact support

and
N—
(6) app(2x —
k=0

,_.

where {a} are the filter coefficients and N is an even positive integer. Hence

supp (p) C [0, N —1].

Suppose ¢(z) is normalized such that: [~ ¢(z) dz = 1. We introduce [9]

(7) 0(x) := (@ * p(=))(x),

where ”*” denotes the convolution of two functions f and g defined by

(fwﬂ=/f@—wﬂw@

The function 6 is called the autocorrelation function of .

Theorem 1. The function 0, defined as above, have the following properties 9, 10]:
(1) 0(x) = N 1N+1 ck0(2x — k), that cp = c_p = 5 ZN R s, k>0,
(2) supp () C[-N+1,N —1],
(3) 0(k) =dok, k€ Z,
(4) cax = 6o and ¢y = 0(%), k € Z, therefore 0(z) = ,JCV, 1N+1 0(%)0(2z —k),
where N is an even positive integer in definition of the Daubechies wavelet, the

sequence {cy ez s called the scaling filter and d¢ j, is the Kronecker delta function.

Definition 1. [8] A sequence of closed subspaces {Vj}jez in L*(R) is called a
multiresolution analysis for L?(R) with scaling function o, if

1. V; C Vi C L*(R),

2. ﬂjez ;= {0}, and UJGZV = L*(R)

5. [()EV; & f277) € Vo,

4. f()eVo & f(-—n) eV, foralln € Z,

5. There exist a function ¢ € Vy, called scaling function, such that

(

{p

- —k)}rez is an orthonormal basis for Vy.

Let "@®” denotes the direct sum notation. A simple consequence of condition 1
is

(8) Vi = Vo & Wy,
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where W) is the orthogonal complement of Vj in V;.

If {V;}jez is a multiresolution analysis for L?(R) with scaling function ¢ and
wavelet 1, then {Vj/ = V; ® V;}jez is a multiresolution analysis of L?(R?), that
”®” is tensor product. Let {Vj(x) }jez be a multiresolution analysis for L?(R) at
x direction and {Vj(y)}je 7 be a multiresolution analysis for L?(R) at y direction.

Using Eq. (8), one can easily show that

@ Vi = V7ol =" ewi) e (" e W)

WV eV e (" o W) e (W o Vi) & (W @ Wg”)
= Voo Wyt oWk e W,

This 2-D multiresolution analysis requires one scaling function

O(z,y) = d(2)d(y) € Vy,

and three wavelets

\Ill(xa y) = ¢($)¢(y), \112(3';, y) = 1/J(33)¢(2U)> \113(55, y) = ¢($)¢(y)a

where U’ is the wavelet associated to W' for i = 1,2, 3, respectively.

Define V; = span{0(2? - —k),k € Z}, that j € Z. Moreover, {0(- — k), k € Z} is
a Riesz basis for V; [10]. Thus by [Theorem 1.6, Sec. 2.1, [11]] and [Theorem 1.7,
Sec.2.1, [11]] , {V;},cz generates an MRA with scaling function 6.

Therefore, any a € L?(R?) can be approximated with arbitrary precision by
element ay € V) = VJ(I) & V}y), for some suitable J € Z. More precisely, we have
the following approximation:

(10) a(z,y,t) = ay(z,y,t) = Z Za(l(mka i, 027z — k)0(27y — 1),

keZlez
where (z,y) € [0,1x] x [0,ly] C R?, ¢ € [0,T] and ay(zg,y;,t) are suitable coeffi-
cients corresponding to collocation points, x = k277 and y; = 1277

The first and second derivatives of the function 6 defined by

0(z) = /(p(t)go(t —z)dt are

o) = [ eos =it o) =~ [ (@ - e
Define
ri = / (1) (t — D)dt, T2 = / & () (t — .
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Since ¢ is compact support on [0, N — 1], we have:

rt,=-1}, 12, =17, 0(0)="1y, 0"(1)=-T}, |I|]<N-2.

MATLAB software is used to compute I'' and T'2. Thus we compute derivatives of

the function 6 at the point x; = 1277,

3.1. Wavelet method. Suppose z € [0,ix] and y € [0,ly]. We transferred the
physical domain at an interval [0,1] in each direction. Let J be arbitrary. We
estimate the solution for equation (5) with corresponding initial and boundary con-

ditions at a fixed time level n using the following approximation:

271271
a€n) = ZZGMQZS k)o Z Z a(27€ = k)9(27n — 1)
keZlez k=1 1=1
27 -1 o 27-1
+ Z D aab@7E =R -1+ > Y aenb(276 — k)02 - 1)
k=—o0 I=1 k=27 I=1
271 27-1 o
+ 0y Z arof(27E = k)OI 1)+ Y D ars0(276 — k)0(27n — 1),
k=1 l=—o0 k=1 (=27

where ay, = a(&g,m) and & = k/27, n/ =1/27 are collocation points. For simplic-

ity, let & = §,‘CI s M= m’ . Therefore by boundary conditions we have

271271 27-1 0

a(€,n) Zzaklezg K02 =0+ > Y a2/ - k)027n 1)
k=1 1=1 k=1 l=—o00
27-1 oo

Z Z a1 0276 — k)0(27n — ).
k=
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The first and second order partial derivatives of a in the directions of £ and 7 are:

8§ §p777q Z gt "(p— k) =27 Z g’ p k>

92a 271 271
J J
g Eo ) =2° kZ argt (p — k) = —2° Z arql'y
1
Oa N_2tq
a—(ﬁp,nq):?] Zaplﬁ (g —1)+ apo Z 0'(q— 1)+ ayps Z 0 (q—1)
Ui 1=2—N+q 1=27
271 N-—2+gq
Z apqu 1 —+ apo Z Fq 1 + apzi Z Fq 1 3
1=2—N+q 1=27
9%a 271 0 N—2+¢q
ﬁ(&pvnq) =22/ Z apt” (g — 1) + ayo Z 0"(q—1) + ays Z 0" (q
n 1=1 1=2—N+q 1=27
N —24q
_92J Z apqu 1+ apo Z Fq |+ apos Z F ,
l=2—N+q =27

forp=1,2,---,2/ ~1and ¢ =0,1,---,27. Thus the discretization of equation (5)
at given collocation points &, and n,, p=1,2,---,2/ —1,¢=0,1,---,27 s

da Kiag ky pl D2
E(fpﬂ?q) = 7 g,ub 27 Z akql’, kJFT Z aplI‘(ll_l
v Y=t
N—2+q
+ Z gt aps Y Ty
lI=2—N+gq =27
1 271 1 271
2J 2 2
— Du2 (12)? Z arqlpp + W Z aply_
Tl k=1 Y =1
N—2+q
(11) + Z g1+ aps Z e z} ;
l=2—N+q 1=27

The first derivative of a with respect to time, are estimated

da a™tl —am
12 —_—
(12) ot At
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Therefore
Kiag k pr A= P s
l boJ 1 2
g = Sebys (25 g 20
w  Mb A — y =1
0 N—2+q
+oag Y, Toutaps Yo Toy
l=2—N+q 1=27
271 1 271
27 2
— D,2% At N > ap I+ i) > anTe
T k=1 =1
0 N—2+q
19 D SR TR o v A RO
1=2—N+q 1=2J
Also, for the boundary conditions on I' and T'ggy, for p = 1,2,---,27 — 1 we can
write
DL2’ A X
7 D i ' Tpog + altnsn)apg™ = Bltna)co,
T k=1
J
D 2J 27 —1 P
(14) Y api T+ —artt =0,
x k=1 EwRuw

By equations (13) and (14) we have the following system

(15) Aa"t = Ba™ + C,
or
(16) a™t = Aa™ + B,

where A= A=1B and B = A~!C.
4. THE CONVERGENCE OF THE PROPOSED METHOD
First, we recall the Lax-Richtmyer theorem [12, 13].

Theorem 2. A consistent finite-difference scheme for a partial differential equation
for which the initial-value problem is well posed is convergent if and only if it is

stable.

We show that the scheme is stable and consistent. Suppose P(a,,) represent

the PDE operator of Equation (11) at fixed point (£, 7,), and P"(a,,) indicate
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the approximating wavelet-finite difference operator for a fixed time-level, that the
exact solution is a,q. Let V4, be a continuous function of ¢ with a sufficient number
of continuous derivatives to enable P(V,,) to be evaluated at point nAt. Then the
truncation error E"(V,,) at the point nAt for all p = 0,1,...,27, ¢ =0,1,...,27, is
defined by

(17) E"(Vog) = P (Vpg) = P(Vig),

pq

where Vi = Vp,(nAt).

The Equation (11) is said to be consistent with the PDE (13), if the truncation
error, E™(V,,), tend to zero as At tend to zero [12].

The following theorem, shows that our method presented in section 3.1 yields a

consistent approximation that is first order in time and spectral accuracy in space.

Theorem 3. Let a(x,y,t) be as in (10) and its derivatives of order two, with respect

to x, y and t exist. Then the recursive formula defined in (18) is convergent.

Proof. Let us to expand aj*

(&p, Mg, nAL) € Q x [0,T], then we have

and ay,, appearing in Equation (13) around the point

da

apg + At(50 )+ O(AY)
271 271
Ko k
o e £ oD DA R I P v
w  Mb A — Yy =1
0 N—2+q
+oa Y, Toutaps Yo To
l=2—N+q 1=27
271 271

1 1
2J E 2 E 2
— Dw2 At 7(1 )2 azqrpik + 7([@})2 azquil
T2 k=1 =1

N—24q

0
(18) + aly Z L2 +al,, Z 20| +al,
l=2—N+q =27
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forn =10,1,2,...,p=1,2,..,27 =1, ¢=0,1,...,27. In light of Equation (11) we
can write
Oa Kiag ky D1 2 D2 -
(5" Epomg) = —2—=27 | == Ralps + 7 apTy_
ot Py 'lq kw s llkzzl p—k ly z_: pl+ q—1
—2+q
+ Z Lo+ a, Z Ty
l 2—N+q =27
1 271
_ Dw22‘] Z a p k—i— ) Z a
0 —2+q
(19) + > Tiitap Z rs
1=2—N+q 1=27

Hence the truncated error will be found by subtracting Equations (18) and (19).

ie.,

E"(apg) = O(AL).

Here, we used spectral collocation scheme in space, clearly E™(ap,) vanishes as At
tends to zero and Iy and ly tend to infinity [14]. Now, we show that the our method
is stable.

In the pervious section, the Equation (13) can be represented as

(20) 1 = Ag™ + B™, n=0,1,2,.. .

where the vector B" is generated by the boundary conditions. If each eigenvalue of
A has amodulus < 1, i.e. p(4) <1, we say Equation (20) is stable. The eigenvalues
of A can be evaluated numerically [12].

Therefore by the Lax-Richtmyer theorem, the scheme is convergent. O

5. NUMERICAL RESULTS

Consider the following parameters:
Kiag =1, ky =20, D,y =22 x107° P, =1078%, ¢, = 0.61, ky =2 x 107,
wy=0.72x1072%, D, =1.0x 107, P,=1.0x10"% AL=5x10"° k.=1,
=01, co=1, pr =ps =100, Ix =1.8 x 1073, Iy = 0.4 x 1073

We solve numerically equation (5) by proposed method. The absolute value of
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FIGURE 3. Eigenvalues of A at At =0.005 and At = 0.01 for J = 2,3,4,5.

eigenvalues of the matrix A is plotted in the Fig.3 . It shows that the upper bound
for the absolute value of A’s eigenvalues, for different J and At is 1. Thus the
scheme is stable in time.

Let J = 5. The Figure 4 - Figure 7 show that for a fixed z, the value of a

decreases as y increases. As we expected the value of a increases as t increases.
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FIGURE 4. Comparison of a(x,y,t) at « = 1.125¢ — 04, for different y.

6. CONCLUSION

In this paper we constructed a wavelet-finite difference approximation for solving
two-dimensional model of drug release in the cardiovascular tissue from the stent.

A double tensor product is used to rich a two dimensional wavelet, converted the
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FIGURE 6. Comparison of a(z,y,t) at = 1.35e — 03, for different y.

192 216 24

drug release model to a system of matrix equations. We applied the Lax-Richtmyer

theorem to prove the convergent of our system. Finally we constructed several

examples to show the sharpness of our method. In fact these examples show that

for a fixed x the value of a, the free drug inside the arterial wall, decreases as the

value of y increases. Also the graphs show that the value of a increases as the value

of ¢, time, increases.
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APPENDIX
General Matrices Form
In general, we assume every element of the matrix is corresponding to a collocation point. For

the collocation points (€p,7q), and (§k,m:), that are corresponding elements of the square matrix

Bj, we can write

L4 e Bgdar (824 22) T8 - D2 (g + 2 ) T3, p=k q=1,
%%QL}At%FLZ = Dy2%/ (zj)?rgfzv p=k, ¢#l, lg—1| <N-2
(B1), ,; = Kk’—f%th%r;_k—Dwzﬂ(lj)zrg_k, pEk q=1, lp—kl <N -2,
St 2l A2 SN, - Dud gl SIS, p=h g =27,
%%QJAt% SN rt, - DwQQJﬁ SN r2,, p=k, ¢=0.

Consider the matrix A; = (apq) with apg = 0 for p # k and ¢ #  and apq = 1.

In a similar way, we denote the boundary conditions by matrices A and A3z defined by

DWQJﬁrlle, ¢q=0,1<k<2/ -1, [p—k|l<N-2
(A2); ; =

DU,ZJiF(l)—i-a(tn_,_l), ¢q=0, p=k.

Dy27 =18, q=27,1<k<2/ -1, |p—kl <N -2,
(A3)i,j =

DMZJiFé+ Lo q:2‘]’ p:k

b
cwkw
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Now we put matrices Az and Az in the last rows of matrix A; and call the resulting matrix A.
So corresponding to the changed rows, we set the corresponding elements in the matrix By equal
zero and call the resulting matrix B.

Finally, we define vector C' with dimension equal to the dimension of B, where all elements except

the corresponding elements to the matrix Ay are zero and the non-zero elements are B(tn+1)Co.
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