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ABSTRACT. The aim of this paper is to introduce the notion of fuzzy points
and weak filters in BE-algebras and investigate their properties. We generalize
some results of the set of fuzzy points in BCI-algebras to commutative and
self-distributive weak BE-algebras. Then we establish some relations among

filters, fuzzy filters and weak filters in BE-algebras.
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1. INTRODUCTION

K. Iséki introduced the concept of a BCK-algebra in 1966 [5]. H.S. Kim and Y.
H. Kim introduced the notion of a BE-algebra as a generalization of a BCK-algebra
[9]. By using the concept of the upper sets, they provided conditions equivalent to
a filter in BE-algebras.
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From them some mathematicians studied and developed many concepts in this
algebraic structure, for instance, some properties of filters of BE-algebras were in-
vestigated by S. S. Ahn and K. S. So in [1].

Lately, in 2011, A. Rezaei and A. B. Saeid introduced the concept of fuzzy BE-
algebras and perused their structure [11]. They got some of the theorems in fuzzy
BE-algebras and level subalgebras and some characterizations of fuzzy subalgebras
are also created.

Since the set of fuzzy points and weak filters are two important notions in the al-
gebraic structures like BCI/BCK-algebras, we extend these notions to BE-algebras
and discuss further properties of these concepts [6,10]. So, in this paper, we general-
ize the concepts of fuzzy points in BCI-algebras to BE-algebras. Finally, we present
the concepts of fuzzification of weak BE-algebras and weak filters of a BE-algebra
and some properties of these notions are investigated. We verify some useful prop-
erties of this notion in BE-algebras such as relation fuzzy filters and week filters.
We use the notion of fuzzy points in BE-algebras to develop other new concepts
such as m-polar fuzzy subalgebras, m-polar fuzzy filters in these structures [2,3,4].
We can also investigate the variety and some subvarieties of these specific type of
BE-algebras.

2. PRELIMINARIES

In this section, we review the definitions and specifications that might be used

in this article. For more details, we refer the reader to [1,4,6,7].

Definition 2.1. [4] An algebra (X, —,1) of type (2,0) is called a BE-algebra, if it
satisfies the following axioms:

(BEl) z—x=1,

(BE2) z—1=1,

(BE3) 1— 2=z,

(BE4) z— (y—2)=y— (x — 2).

For all z,y,z € X.

A binary relation < defined on X by x < y if and only if x — y = 1. A non-
empty subset A of a BE-algebra X is said to be a subalgebra of X if it is closed
under the operation —. Since that x — x =1 for all x € X, it is clear that 1 € A.
A BE-algebra X satisfies the following properties:
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(BE5S) z— (y—x) =1,

(BE6) z— ((x »y)—y) =1

A BE-algebra X is said to be commutative if (z — y) — y = (y — x) — « for all
z,y € X. A BE-algebra X is called self-distributive if z — (y — 2) = (x = y) —
(r — 2) for all z,y,2 € X. A nonempty subset F' of a BE-algebra X is called a
filter if [1]:

i)1eF, ii)x >y € FandzeFimplyye€F.

We can show that a subset F' of a BE-algebra X is a filter if:

(a)r€e Fandy € FimplyxtAy€ FandyAx € F,

(b) x € F and x < y implies y € F.

Where z Ay = (y — z) — .

If X is a commutative BE algebra and + — y = y — = = 1, then x = y for all
xz,y € X. We note that < is reflexive by (BE1). If X is self-distributive, then
the relation < is transitive. Because by assumption x < y and y < z, we give
roz=1l2(—-2)=@@—=y) (=2 =2z—(y—=2)=2—1=1. Hence
x < z. If X is a commutative, then < is antisymmetric. So, if X is a commutative
self-distributive BE algebra, then the relation < is a partially ordered relation on
X. If X is a self-distributive BE algebra, then for all z,y, z € X we obtain

(1) if <y, thenz—oz<z—oyandy— z<z— 2,
(l)y—2<(z—=2)—> (y— x).

In what follows, let (X, —, 1) or simply X would mean a BE-algebra, unless other-
wise specified.

A fuzzy set pin X is amap p: X — [0,1]. Let p be a fuzzy set of X, for t € [0, 1]
the set puy = {z € X : u(x) > t} is called a level subset of X. A fuzzy set p of X is
called a fuzzy BE-subalgebra of X if it satisfies:

min{u(x), p(y)} < plx — y) for all z,y € X.

Definition 2.2. A fuzzy set p in X is called a fuzzy filter of X if for all z,y € X
it satisfies [6]:
(F1) p(x) < p(1),
(F'2) min{u(z = y), p(z)} < p(y).
Let u be a fuzzy filter of X. Then the filters pq, a € [0,1], are called level filters

of X. Any filter of a BE-algebra X can be realized as a level filter of some fuzzy
filters of X [13].
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Let (X,—,1) and (Y,—>,1) be two BE-algebras. Then a mapping f : X — Y
is called a homomorphism if f(x — y) = f(z) — f(y) for all 2,y € X. Tt is
clear that if f : X — Y is a homomorphism, then f(1) = 1. If f is an onto
homomorphism, then for any fuzzy set p in Y we define a mapping f : X — [0, 1]
such that pf(z) = pu(f(x)) for all z € X. Clearly the map p/ is well-defined and
fuzzy set in X [13].

Definition 2.3. [10] Let F be a non-empty subset of X and « € (0, 1] we define a

fuzzy set ay . as

a xeF
Qyp(x) =
0 otherwise

Definition 2.4. [13] Let u and v be fuzzy sets in X. Then the cartesian product
of ;1 and v is defined by

(1 x v) =min{u(z),v(y)}
for all z,y € X.

Theorem 2.5. [13] Let p be a fuzzy subset of X. Then the following conditions
are equivalent:

(1) w is a fuzzy filter in X,

(2) for all z,y,z € X, v — (y — z) = 1 implies u(z) > min{p(x), u(y)},

(3) for any o € (0,1] the a-level subset o = {x € X : p(x) > a} is a filter, when
ta 7# 0.

3. ALGEBRA STRUCTURE OF THE SET OF FUZZY POINTS IN BE-ALGEBRAS

In this section, we define the set of fuzzy points in BE-algebras and discuss their

properties.

Definition 3.1. Suppose that A is the family of all fuzzy sets in X. Then z, € A
is called a fuzzy point of X if:
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The set of all fuzzy points on X is denoted by X. So
X ={zo:z€X,aec (0,1}
We define a binary operation on X as shown below:
Ta = Yo = (T = Ymin(a,0)

We can immediately see that (X, —) satisfies the following conditions:
for any xa, Yo, 2y € X

(BE]-I) To = Lo = (.’t - x)min(a,a) = ]-min(oz,a) = la,

(BE2/) To — 1o = (I - l)min(a,o) = 1min(a7a)7
(BES’/) la 225 = (1 - x)min(a,a) = Tmin(a,0)s
(BE4)

Ta = Yo = 2y) =Ta = (Y = 2)min(o,)
(z = ( )
(@ = (¥ = 2))min(a,0)
(y—( )

Yy —z )mzn (a,min(o,y))

Tz )mzn (a,0,7)
=Yo — (.’1? - Z)mzn(a,w
=Yo = (Ta = 2).

Example 3.2. Let X = {a,b,c, 1}. Define a binary operation (—) on X as follows:

—la b ¢ 1
all a a 1
b1 1 a 1
cl|l a 1
1la b ¢ 1

Then (X,—,1) is a BE-algebra. In this example we give X = {aa,bs,cy,1p -
o, 0,7,0 € (0,1]}. Obviously, X is satisfied in (BE1") and (BE4'). Assume that @ =
0.5, 0 = 0.7 and v = 0.75, we have a, — 1o = (@ = 1)min(0.5,0.7) = Llmin(0.5,0.7) =
los # 150 Also 1y = ao = (1 = @)min(0.75,0.7) = @min(0.75,0.7) = G0.7 # G- Then
(BE2') and (BE3') are not confirmed.
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Remark 3.3. The conditions (BE2) and (BE3) does not hold in (X, —), generally.
For this reason, we will call (f( ,—) a weak BE-algebra. Also, if X is a commutative
BE-algebra, then the condition o — Yo = Yo — Ta = Lnin(a,0) implies x4 = Yo
is not true in (X' ,—). Therefore the binary relation < is not a partial order on X.

Then we will call (X, —) a weak commutative BE-algebra.

We can also establish the following conditions: for any zq,ys, 2, € X.
(BE5)

To = (ycf - 'TO() =Ta —7 (y — I)min(a,a)
=(z = (y — Z))min(a,min(a,'y))
:1min(a,min(o’,'y)

:1min(oc,0') .
(BES6')

To — ((xoz — ya) — ya) =To — ((('T - y)min(a,a)) - ya)
=To — ((:I; — y) — y)min(a,a)
:(:E - ((SL‘ - y) - y))min(a,a)

:1min(a,0) .

(BE?I) To = (Yo A Ta) = Lmin(a,0), Where (o AYo) = (Yo — Ta) = Ta-
We also recall that if p is a fuzzy subset of a BE-algebra X, then we have:

fio={zq:p(x)>a,z, € X,ac(0,1]}
for any « € (0,1]
X, ={2q:x, € X}, fio = {Tq 1 xo € i}
We havef(a Qf(,/lgf(,ﬂa C v and fiq QXQ.

Theorem 3.4. (X,,—,14) is a BE-algebra.
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proof. The proofs of (BE1), (BE2) and (BE3) are completely clear.
(BE4)

To — (ya — Za) =To — (y — Z)min(a,a)

( (y —Zz )mzn(a min(a,a))

)
(= (¥ = 2))min(a,a,0)
(Y = (T = 2))min(a,a,0)
=Ya = (T = 2)min(a,a)
=Yo = (T = 2a)-
Therefore (X, —,14) is a BE-algebra, for any a € (0,1].

3.1. Weak filters in BE-algebras. Now, we introduce and discuss the notion of

weak filters in a BE-algebra X.

Definition 3.5. Suppose that p is a fuzzy set of X. Then [ is called a weak filter
if:

1) o ANYs € ft and y, A x4 € f1, for any z,ys € fi.

ii) 2o € 1t and 2o < Yo IMPLY Ymin(a,o) € M-

Example 3.6. For BE-algebra thought out in Example 1 we define a fuzzy set
w: X —[0,1] as follows:

1 =1
w(x) =
0 otherwise

Since u(a) = p(b) = p(c) = 0 and u(1) = 1, we have i = {1,}, for any a € (0,1].
It can be easily verified that fi is a weak filter of X.

Theorem 3.7. Let F be a non-empty subset of X and « € (0,1]. Then the following
conditions are equivalent:

i) F is a filter of X,

i) oy s a fuzzy filter,

i) oy is a weak filter.

proof. i = ii) Suppose that F is a filter of X. Let z,y € X be such that
z,y € F. We have o, .(z) = « and o, .(y) = a. Since F is a filter, z Ay € F and
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y Az € F and hence ay (x Ay) = a = o, (y A x) such that

O‘XF(x A y) > min(axp(x)v axp(y))

and

aXF(y Nx) > min(aXF(x), axp(y))-

Ifx ¢ Fory¢F, min(oy (), ayz(y)) =0 such that

O‘XF(‘T Ny) > min(O‘XF(x)a axp(y))

and

axp(y A x) = min(ay p(2), ox p(y))-

Now, let 2,y € X and z <y, we must show that ay () < a,p(y). If z € F, we
have ay .(x) = a, since F' is a filter y € F and oy () = « such that a, ,(z) <
ayp(y). fx ¢ F, ayn(x) =0 and we obtain o, .(z) < ay ().

it = ii1) Suppose that o, . is a fuzzy filter of X, and let z3,y, € Gy, for 8,0 €
(0,1]. Hence ay p.(x) > B and ay x(y) > 0. Since o, . is a fuzzy filter, o, (xAy) >
min{ay (), oy p(y)} > min(B,0) and ayp(y A z) > min{o, p(2), 0y e (y)} >
min(B,0) such that zg Ay, € @y, and yo A xg € ay,. Now, let x5 € &y,
and 3 < y,. Therefore aXF(:L‘) > B and z < y. Since ayp is a fuzzy filter
ayp(Y) > ayp(x) > B> min(B,0) such that Yming,e) € Gyp-

iti = i) If 1 ¢ F, then o, (1) = 0. But &, is a weak filter, then o, .(z) <
ayp(1) =0, for all z € X. Hence ay (2) = 0, for every x € F. That means F' is
empty. This is a contradiction. Therefore 1 € F'.

Now, let , € X be such that z,2 — y € F, but y ¢ I. Then o, ,(r) = a and
ayp(r — y) = aand ay (y) = 0. Since a, . is a fuzzy set, min{a, (), oy p(z —
y)} = a < ayp(y) =0. Hence o < 0. As a € (0, 1], we have a contradiction. So
y € F and hence F is a filter of X.

Theorem 3.8. A fuzzy subset u of X is a fuzzy filter iff i is a weak filter.

proof. Suppose that fi is a week filter, we desire to prove that u is a fuzzy filter.
Let z,y € X and a = min{u(x), u(y)}. Then z,,y, € ft and because i is a weak
filter, we have £, Ayq € fi and y, Az, € [ such that p(zAy) > a = min{u(zx), u(y)}
and p(y A x) > a =min{u(z), p(y)}. By assumption z,y € X and = < y, we must
show that p(z) < p(y). If o = p(x), then z, € [ and since z < y, we have
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x — y = 1. Hence (x = y)o = lo. Then we obtain x, — yo = 1o. By use these
fact that i is a weak filter, we give y, € i such that u(y) > a = p(z).

Conversely, suppose that p is a fuzzy filter of X, we show that i is a weak filter.
Let 4,9y, € fi. Hence p(x) > o and pu(y) > o. Since p is a fuzzy filter, p(z Ay) >
min{u(x), u(y)} > min(a, o) and p(y A x) > min{u(x), u(y)} > min(a, o) such
that x4 A ys € [t and y, A x4 € 1. Now, let z,, € i and x4, = yo = 1. Therefore
u(x) > a and © < y. Since p is a fuzzy filter p(y) > p(z) > a > min(o, o) such
that Ymin(a,0) € fi-

Remark 3.9. A weak filter i has the following property:

To = Y8 = lmin(a,p) @and Ty € I = Tmin(a,8) € -

Clearly, let z,,yp € X such that 2, — Y5 = Limin(a,p) and x4 € fi.
Now, z, € fi implies that o < p(x). Suppose that u(x) = ¢t. By use definition
we obtain 1; € . Therefore t < p(1). But t = u(x) > B > min(a, ). So
Linin(a,) € f1- Using definition we obtain ,in(a,g) € fi-

Theorem 3.10. Let f: X — Y be onto homomorphism. For a fuzzy set p in'Y,
i is a weak filter in'Y if and only if i/ is a weak filter in X.

proof. At first we show that the fuzzy set p in Y is a fuzzy filter if and only if
pf is a fuzzy filter in X. Assume that p is a fuzzy filter of Y. For any =,y € X, we

have
i (1) = u(F(1)) = (1) < p(F (@) = p (2). Also

W (y) =p(f(y))
>min{pu(f(x)), u(f(x) = f(y))}
=min{p(f(z)), n(f(z = y))}
=min{p/ (z), p (z = y)}.
Hence pf is a fuzzy filter of X.
Conversely, assume that pf is a fuzzy filter of X. Let y € Y. As f is onto, then
there exists z € X such that f(z) = y. Then u(1) = u(f(1)) = p/ (1) > pf(z) =

p(f () = n(y).
Now, let 2,y € Y . Then there exist a,b € X such that f(a) = z and f(b) = v.
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Hence we get

p(y) =p(f (b))
=/ (b)
>min{u’ (a), p’ (f(a — )}
=min{u(f(a)), u(f(a — b))}
=min{p(f(a)), n(f(a) = f(b))}
=min{u(z), p(z = y)}.

So p is a fuzzy filter in Y. Hence for a fuzzy set p in Y by use Theorem 3.8, [ is
a weak filter in Y if and only if u is a fuzzy filter in Y if and only if uf is a fuzzy
filter in X if and only if jif is a weak filter in X.

The appendix theorem describe weak fuzzy filters in self-distributive BE-algebras.

Theorem 3.11. Let p be a fuzzy set of a self-distributive BE-algebra X. Then fi
is a weak filter iff i satisfies in the following conditions:

i) o € fi and Ypin(a,o) E [ implies To — Yo € fi.

i) To € fi and To — Yo € i 1MPlies Ymin(a,o) € -

proof. Obviously, (i) and (ii) are equivalent. Suppose that i is a weak filter, we
must prove that fi satisfies (i). Assume zo € fi and Ypin(a,0) ¢ fi- Using (BE5')
and self-distributivity of X, we obtain 1, — (2o = ¥o) = (la = 2a) = (1o —
Yo) = [la = (la = Yo)] = Za-
Ifzq — yo € 1, then ([1o = (1o = Yo )] = T € fi- S0 [1lo = (1o = Yo )] = o € [i.
Since =, € fi and [i is a weak filter, we give 1, — (1o, — ¥,) € . But from
1o = (1a = ¥s)] = Yo = Lpin(a,r) and since fi is a weak filter, we obtain
Ymin(a,o) € f which is a contradiction. Thus /i satisfies (i).
Conversely, suppose that fi satisfies (ii), we must show that { is a weak filter. Let
ZTq € tand y, € fi. From (BE7/) Yo = (Ta AYo) = Liin(a,e) and 2o = (Yo N2o) =
Linin(a,0)- Because fi is a weak filter, (vo Ayy) € fi and (yo A Ta) € fi. Now, let
To € i and To, = Yo = linin(a,0)- Since fi is a weak filter, xo — y, € fi. Using (ii),

we obtain Ymin(a,s) € -

Example 3.12. Let X = {0,a,b,¢,d, 1} be a BE-algebra with the following Cayley
table
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=10 a b ¢ d 1
0|1 1 1 1 1 1
a|ld 1 a ¢ ¢ 1
blc 1 1 ¢ ¢ 1

b a b1 a 1
d |a a 1 1

0 a c d 1

It is not difficult to verify that (X,—,1) is a commutative self-distributive BE-
algebra. Define a mapping p : X — [0,1] by u(1) = p(a) = pu(d) =1 and p(0) =
u(e) = p(d) = 0.75 Then p is a fuzzy filter of X. By routine calculations fi =
{1la,a5,by} for all o, 8,7 € (0,1]. [ is satisfies in condition (ii) of Theorem 3.11.

Therefore fi is a weak filter.
Lemma 3.13. The cartesian product of two weak filters is again a weak filter.

proof. Let p and v be fuzzy sets in X such that i and 7 are two weak filters.
Then p and v are fuzzy filters of X. Hence p x v is a fuzzy filter. By use Theorem

3.8 we obtain u X v is a weak filter.

Corollary 3.14. Let p be a fuzzy subset of X. Then [i, is a weak filter in X if
and only if e is a filter of X, when po # 0 and « € (0,1].

proof. Let p be a fuzzy subset of X. By use Theorems 2.5, 3.8 fi,, is a weak filter
in X if and only if w is a fuzzy filter of X if and only if u, is a filter of X.

4. CONCLUSION

The aim of this paper is to develop the fuzzy filter of BE-algebras. In this paper,
we introduced the concept of the set fuzzy points of a BE-algebra X and investigated
some related properties. Applying this concept, we considered weak BE-algebra.
Also, we introduced a characterization of the weak fuzzy filters in BE-algebras.
Some important issues for future work are:

We can discussed relations between m-polar fuzzy subalgebras, m-polar fuzzy filters

with weak fuzzy filters in BE-algebras. The concepts proposed in this article may
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be extended further to various kind of filters in Cl-algebras, for example, (positive)
implicative filters, n-fold (positive) implicative filters. Furthermore, the work pre-
sented in this paper may be extended to several algebraic structures, for example
Cl-algebras, Q-algebras, semigroups, semirings and lattice implication algebras.
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