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holding for convex functions. Also, we obtain some estimates to the right-hand
side of Hermite-Hadamard inequality for functions whose absolute values of
fourth derivatives raised to positive real powers are m-convex. Finally, some

natural applications to special means of real numbers are given.
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1. INTRODUCTION

Many of integral inequalities are based on a convexity assumption of a certain
function and the theory of inequality is one of the most important field study
of convex analysis and abstract analysis. The major inequality in these fields is
Hermite-Hadamard which can be stated as follows.

Let f: I C R — R be a convex function and a,b € I with a < b, then the
following inequality holds:

b
AP PP (CESLC}

Recently, the generalizations, improvements, variations and applications for con-

vexity and the Hermite-Hadamard inequality have attracted the attention of many
researchers.

For example, M. Adil Khan, Y.-M. Chu, T. U. Khan and J. Khan studied this
inequality for s-convex functions and Greens functions ([6],[5]). Also, Mihesan gave
the definition of («,m)-convexity and obtained some results related to Hermit-
Hadamard inequality [1]. Moreover, there are more results in this field in some
other studies [e.g. 4-16].

The goal of the paper is to study Hermite-Hadamard type inequalities for m-

convex functions in view of new inequality which is introduced in the section 3.

The structure of the paper is as follows: In Section 2, we collect definitions, nota-
tions and preliminary results related to inequalities . In Section 3 we give a new
inequality on differentiable function in order to obtain Hermit-Hadamard inequality

for some functions.

2. PRELIMINARIES

In this section, we consider the basic concepts and results, which are needed to
obtain our main results.

The following definitions can be found in [1-16]

Definition 2.1. The function f: I CR — R, is said to be quasi-convez function,
if
flte + (1 = t)y) < sup{f(z), f(y)}
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forallz,y € I and t € [0,1].
In [1] G.Toader defined the concept of m-convexity as the following:

Definition 2.2. The function f : [0,c] — R, is said to be m-convex function, where

¢>0,mel0,1] if

fltz +m(l —t)y) < tf(z)+m(l—1t)f(y)

for all x,y €10, |.

3. MAIN RESULTS

In this section we shall state our main results.

In order to prove our main results we need to prove the following lemma.

Lemma 3.1. Let f : I° C R — R be a differentiable mapping on I° such that
f@ e Lla,b], where a,b € I° with a < b. Then the following equality holds:

- /f )+f()

a fa4 1
_b- U%ﬂf@»+@24)z;f@0%“Wa+ﬂﬂMﬁ

12
Proof. Tt suffices to note that

1
J:/t% )2 f@(ta+ (1 — t)b)dt
0
_ P -1)?
(a—0b)
2(1 — 2t)(t — t?)
 (a—b)?
(122 — 12t + 2)
(a—0)?
(24t — 12)
(a—b)*

Now, by some calculus and set z = ta + (1 — t)b we have

fO(ta+ (1-t)b)[§
f"(ta+ (1 —1)b)lp
f(ta+ (1=1)b)lg

Flta+ (1— D)L + /fta+ (1 t)b)dt.

— 12_2<4)a _
J /Ot(l 1) f ) (ta+ (1 —t)b)dt

2 / / 12 24 1 b
= @ = 10) ~ gl @+ O+ / f(@)de
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Multiplying the both sides in (a;f ) we have

f(a) + f(b) + f(b)
= a/ I
1
= b1—2a(f/(a) — f/(b)) + (b ;4@)4 /0 t2(1 . t)2f(4)(ta+ (1 —t)b)dﬁ,
which completes the proof. 0

We will start with the following theorem containing Hermite-Hadamard type

inequality.

Theorem 3.2. Let f: I° C R — R be a differentiable mapping on I° such that
f@ € Lla,b], where a,b € I° with a < b. If |f®)| is convex on [a,b], then the
following inequality holds:

b
e N =R

N b—a) @)
(@ = £ O)+ Z - D @) +1£90)
Proof. Using Lemma 3.1 we have

b
) = 2O [

@ r0+ O3 [ a2 s - o

}.

(@) = 1O + /t2(1—t)2(t|f(4)(a)l+(1—t)|f(4)(b)l)dt

0

AV
@-rol+ rO@ S [ e

- |f(4>(b)|(b;4a)/0 (1 - t)*dt
(b— a)4

/ ( ) 4 4
(a) = £/()| + wmﬂﬂNH+WNWL

where we have used the fact that

/1 t3(1 —t)%dt = B(4,3) = —2 2 = —|
0

(11 (@)B(4,3) + £ (b)|B(3,4))

"(a) = f'(0)] +

/1 t*(1 —t)3dt = B(3,4) = B(4,3) = —
0
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Note that

A similar result for m-convex function is embodied in the following theorem.

Theorem 3.3. Let f : I° C R — R be a differentiable mapping on I° such that
f@ € Lla,b], where a,b € I° with a < b. If | fP| is m-convex on [a,b],m € (0,1],
then the following equality holds:

a b
) = 2O L [

b—a (b—a)? b
< "a) — f (4) @2y
< 205 @) — F O+ SO @)L ml O
Proof. In a similar to proof of Theorem 3.2 the result obtained. ]

Another Hermite-Hadamard type inequality for powers in terms of the fourth

derivatives is obtained as following;:

Theorem 3.4. Let f: I C [0,+00] — R be a differentiable on I° such that f* €
Lla,b], where a,b € T with a < b. If |f®|? is convex on [a,b], let ¢ > 1 with

L L — 1 then we have the following inequality

a b
1o =PI [ g
b B @ VE L T @]+ 7O
<43 |f(a)—f(b)\+W( 5 )p{F(%+2p)}p 9 }a
b bt TEp 1) s FO@) O
< Tl - o ! )i
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Proof. Using Lemma 3.1 and Hdlder’s integral inequality, we find

fla) + f(b)

et 5 ['(@) = ()]

< (b§4)/ 21— ) |f4><ta+<1—t> )t

< (b;f) (/0 (2(1 - 1)%)Pdt) %/ [F D (ta+ (1= t)b)|"dt) s

(b—a)* ! (] _ 2P g E q @) (p)|a _ i
< (/Ot (1— 1)2%dt)? (1@ (a) / tdt + £ () /0<1 1)dt)

24
@I+ 1O
( 2

D=

(b—a)* 1
< =5 (B2p+1,2p+1)) )e
< (b— = a)t 2" 2(2p+1()F( ;F)(2p+1)};{|f(4)(a)|q-2kIf(“’(b)lq};
(b—a)* Va1 T2p+1) 1 [fD(a)+[fPO0), 1

T (5 )P{ e +2p)}1’{ 5 b,

where we have used the fact that
1 1 1
/ D (ta+ (1 — t)D)|7dt < [FD ()]0 / tdt + [ f 9 ()] / (1 t)dt
0 0 0

W@+ [FD B
! |

<

Also, By [13] we have

1
B(z,z) = 21_2””B(§,;1c)7
21720 (DN (2p + 1)

(3 +2p)

1
B(2p+1,2p+1) = 21—2(2?’“)3(5, Ww+1) =

As Theorem 3.4 we have the following result for m-convex function.

Theorem 3.5. Let f: I C [0,+00] — R be a differentiable on I° such that f*
Lla,b], where a,b € I with a < b. If |f®|7 is m-convex on [a,b],m € (0,1], let
q > 1 with % + % =1, then we have the following inequality

b
1= 2O [ s

l ! (b_a)4
(@) = /()] +

LEp+1)y2, /D (a)]? + mlf(‘*)(%)lq}q
5 .

(3 +2p)

|=
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Theorem 3.6. Let f: I C [0,+00] — R be a differentiable on I° such that f*
Lla,b], where a,b € T with a < b. If |f®|9 is m-convex on [a,b],m € (0,1], let
q > 1 with % + % =1, then we have the following inequality

b
) = 2O [

2
<b—av(uunww+wnuﬂuﬁnq

b—a
< — )
720 2

- 12

Q=

[ (@) = ' (0)] +

Proof. In view of m-convexity of f and Hélder inequality we obtain

f@i®) 1
H I o [ rayaal -

(

"(a) = f(0)]

12

4 1

i
|
24a) [ /0

IN

21 fD (ta + (1 — t)b)|dt

(=)

IN

b
(b
b 4

t2(1-1)
1[152(1 — )] AR — 2)]a | F D (ta + (1 — £)b)|“dt
( — t2( )

IN

QMPﬂAt% D179t + m(1 1) )[edi)t

IN

O e @ [ - >ﬁ+mvwbwét%fwwﬁ

(b—a)' Lyt 10 (o) 1(4,3) + ml FO (L) B3, )}
51 (3g) U (@"B(4,3) +m| (E” (3,4)}

_b—a)t [FY @)+ ml )|
- 720( 2

IN

)a.

The following result also holds:

Theorem 3.7. Let f: I C [0,+00] — R be a differentiable on I° such that f*) €
Lla,b], where a,b € T with a < b. If |f®|9 is m-convez on [a,b],m € (0,1], let
q > 1 with % + % =1, then we have the following inequality

uun=ﬁ@ (/f )i
o

@) - o)+

(FO@I7 + m(2g + DO )t



62 YAMIN SAYYARI, HASAN BARSAM

Proof. In view of m-convexity of f and Holder inequality we obtain

"(a) = f'(0)]

a b
R e R

OO [ e 0210 a0 -

(b;f) [/0 tzpdt]%[/o( 029 (ta 4+ m(1~ 1) el

12

IN

IN

1

Bl [ - ot mly O [ a-opiag

[

2p—|— 1
b 1
UF D@ B+ 1.2+ ml Ol 5
@ L @y
U0 s ) 5
[f M (@)]7 +m(2¢ + 1) fD(L)|?
(2¢+1)(2¢ +2)

o\
S (F D@1+ m(2q + 1)

_ (-0’
- 24

(b a)’ .
2 b

}a

D).

3=

Note that it is easy to obtain ( <1, for g > 1. ]

2p+1)

Theorem 3.8. Let f : I C [0, +00] — R be a differentiable on I° such that f®) €
Lla,b], where a,b € I with a < b. If |f®|? is m-convex on [a,b],m € (0,1], let
q > 1 with % + % =1, then we have the following inequality

b
) = 2O L [

(b— a)4( 3
72 (2q +1)(2¢+2)(2g+ 3)(2g + 4)

< {617 (@] + 2m(2g + D] D (= el b

Q=

"(a) = f(0)] +

)
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Proof. In view of m-convexity of f and Holder inequality we obtain

@i 1 o
HTE [ el - 2 @) - £/ 0)
< O2 [erteia - o2+ - oolar
< O [ ear=i [ e P s ma - o 2
70,4 1 1
<O i@ [ (1ft)2qt3dt+m|f(4)(%)lq [ -
< O it @B, 20 4 1) + mlFO (D)3, 20 + 20}
(b—a)* 1,,_1 q 6
<o BT e e e
2N 2 1
+mlf O 2+ g+ D)
(b—a)4( 3 )%

- 72 (2¢+1)(2g + 2)(2¢ + 3)(2q +4)

x {617 ()| + 2m(2q + 1)\ f 4)( IS

=

Note that it is easy to obtain ( <1, for g > 1. g

2p+1)

A similar result for quasi-convex function is embodied in the following theorem.

Theorem 3.9. Let f : I C [0, +00] — R be a differentiable on I° such that f®) €
Lla,b], where a,b € T with a < b. If |f®] is quasi- convex on [a,b], then we have
the following inequality

=1 2O [ s

2 b—
(b—a)

—o— Sup{lfY (@)1, | ®)[}

"(a) = F'(0)] +
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Proof. From Lemma 3.1 and using the quasi-convexity of | f(*)|, we obtain

|f();rf( /f Jda| - 12 "(a) = 1'(0)]
= (b;zla)/o 2(1 = t)?|f W (ta + (1 — t)b)|dt
—a 4 1
<L 24) Sup{lf(“)(a)l,If(‘*)(b)l}A 201 — 1)2dt
—a 4
(b—a)* @ W
= sup{[f** (a)], [f** (0)[}-

720
]

Theorem 3.10. Let f : I C [0,400] — R be a differentiable on I° such that
f@ € Lla,b], where a,b € T with a < b. If |f®|9 is quasi- convex on [a,b] with
% + % =1,p > 1, then we have the following inequality

fla) + f(b)
= fa/f ol — 217 (a) — 1/0)
< T G el @ B

Proof. From Lemma 3.1 and using the quasi-convexity of |f(*)|, we obtain

J@ORI0L [ want - P@ - r0)
—a)* 1

<0a) /0t2< DD ta+ (1 o)

< OS5 ([ era - oant a0 @)
AV , .

< Lo (Bp + 1,20+ D) Gup{I SO @I OB

< Ot g e P 1O wi

4. APPLICATIONS TO SPECIAL MEANS

Consider the following special means for two nonnegative real numbers «, 5, a #

[ as follows:
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(1): The arithmetic mean:

A:A(a’ﬂ):aT—'—ﬁ’ a’6€R7
with o, 8 > 0.
(2): The logarithmic mean:
_ B—a
L=1L = — R
(O[, ) lnﬂfln(J/a#B’a’BE )

with o, 8 > 0.

(3): The generalized logarithmic mean:

I@n+1 _ Oén+1

Ln(a,B) = [m

with o, 8 > 0.

]%7 ne Z\{_170}7a7éﬁaaaﬂ ER,

Proposition 4.1. Let a,b € R with a < b,a # 0 and n € N, n > 4. Then, the

following inequality holds:

2

[A(a" ") — Lu(a,b)] < 7 In| 7 IL(lal" ", ")
(b_a)4 . _ _ n—4 n—4
+ n(n = 1)(n = 2)(n = 3)A(la]" ", p|"~*).

720

Proof. The proof is immediate from Theorem 3.2 applied for f(z) = 2™ for all

z € R.

Proposition 4.2. Leta,b € R witha <b,a#0 andn €N, n>4p>1,

O

+

1,1
P q

1. Then, the following inequality holds:

n n n2 a .+ n— n—
|A(a™, ") = Ln(a,b)] < 15 In|7 |L(|al Ll

| (b—a)* 272 IT(r(2p +1)

o (4) )
RO EILUIE

—a)
384

24 (3 +2p)
RACTES)

(3 +2p)
x {n(n—1)(n —2)(n — 3)A(ja|"~, [o]"~*)}7.

v

n?  a- (b
< Z1nl=L n—1 n—1
< I STl ) +

Proof. The proof is immediate from Theorem 3.4 applied for f(z) = 2™ for all

z € R.

O
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