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1. Introduction

Let An denote the family of analytic and univalent functions in the open unit

disk U = {z ∈ C : |z| < 1}, expressed in the type:

f(z) = z −
∞∑

k=n+1

akz
k,

(
ak > 0, n ∈ N = {1, 2, . . .}

)
.(1)
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The q–shifted factorial is defined for w, q ∈ C, by:

(w, q) =

1 , n = 0,

(1− w)(1− wq) · · · (1− wqn−1) , n ∈ N,
(2)

and according to the basic analogue of the gamma function:

(qw, q)n =
Γq(w + n)(1− q)n

Γq(w)
, (n > 0),(3)

where the q–gamma function is given by:

Γq(y) =
(q, q)∞(1− q)1−y

(qy, q)∞
, (0 < q < 1).(4)

If |q| < 1, the relation (2) is meaningful for n =∞ as a convergent product defined

by:

(w, q)∞ =

∞∏
j=0

(1− wqj).(5)

The corresponding relation for q–gamma function is given by:

Γq(1 + y) =
(1− qy)Γq(y)

1− q
.(6)

Jackson’s q–derivative and q–integral of a function f(z) defined on a subset of C,

respectively introduced by:

Dq,zf(z) =
f(z)− f(qz)

z(1− q)
, (z 6= 0, q 6= 0),(7)

and ∫ z

0

f(t)d(t, q) = z(1− q)
∞∑
k=0

qkf
(
zqk
)
.(8)

See [3] and [4]. Also [1, 6] and [8] are useful.

According to the relation:

lim
q→1−

(qw, q)n
(1− q)n

= (w)n,(9)

we conclude that the q–shifted factorial (1) reduces to the familiar Pochhammer

symbol:

(w)n = w(w + 1) · · · (w + n− 1).(10)
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The fractional q–integral operator Iwq,zf(z) of a function f(z) of order w is given by:

Iwq,zf(z) = D−wq,z f(z)

=
1

Γq(w)

∫ z

0

(z − tq)w−1f(t)d(t, q), (w > 0),
(11)

where f(z) is holomorphic in a simply connected region around the origin. On the

other hand, the q–binomial function (z − tq)w−1 is single–valued when:∣∣∣∣arg
(−tqw

z

)∣∣∣∣ < π,

∣∣∣∣ tqwz
∣∣∣∣ < 1, and |arg z| < π.(12)

The fractional q–derivative operator Dw
q,zf(z) of a function f(z) of order w is intro-

duced as:

Dw
q,zf(z) = Dq,zI

1−w
q,z f(z)

=
1

Γq(1− w)
Dq,z

∫ z

0

(z − tq)−wf(t)d(t, q), (0 6 w < 1).
(13)

The extended fractional q–derivative operator for a function f(z) of order w is given

as follows, see [7]:

D−wq,z f(z) = Dm
q,zI

m−w
q,z f(z),

(
m− 1 6 w < n, m ∈ N0 = N ∪ {0}

)
.(14)

Now, we consider a fractional q–differintegral operator Ωw
q,z for a function f(z) of

the form (10) by:

Ωw
q,zf(z) =

Γq(2− w)

Γq(2)
zw−1Dw

q,zf(z)

= 1−
∞∑

k=n+1

Γq(2− w)Γq(k + 1)

Γq(2)Γq(k + 1− w)
akz

k−1.

(15)

For more details see [5], see also [2].

We say that f ∈ An is in the class Ωw
q,z(α, β, γ, t), if it satisfies the inequality:∣∣∣∣∣ z2

(
Ωw

q,zf(z)
)′(

γ + (α− γ)(1− β)
)
ft(z) + γzΩw

q,zf(z)

∣∣∣∣∣ < 1,(16)

where 0 ≤ t ≤ 1, −1 6 γ < α 6 1, 0 < β < 1 and ft(z) = (1− t)z + tf(z).
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2. Main results

In this section, the sharp coefficient bounds and weighted mean for functions in

the family Ωw
q,z(α, β, γ, t) are found.

Theorem 2.1. Let f(z) = z−
∞∑

k=n+1

akz
k be analytic in U. Then f ∈ Ωw

q,z(α, β, γ, t)

if and only if:

∞∑
k=n+1

[
Γq(2− w)Γq(k + 1)(k − 1− γ)

Γq(2)Γq(k + 1− w)(α− γ)(1− β)
+ t

]
ak 6 1.(17)

Proof. Let |z| = 1 and (17) holds true. So we have:∣∣∣z2
(
Ωw

q,zf(z)
)′∣∣∣− ∣∣(γ + (α− γ)(1− β)

)
ft(z)− γzΩw

q,zf(z)
∣∣

=

∣∣∣∣∣−
∞∑

k=n+1

Γq(2− w)Γq(k + 1)

Γq(2)Γq(k + 1− w)
(k − 1)akz

k

∣∣∣∣∣
−

∣∣∣∣∣(α− γ)(1− β)z −
∞∑

k=n+1

(
t(α− γ)(1− β)− Γq(2− w)Γq(k + 1)

Γq(2)Γq(k + 1− w)
γ
)
akz

k

∣∣∣∣∣
6

∣∣∣∣∣
∞∑

k=n+1

(Γq(2− w)Γq(k + 1)

Γq(2)Γq(k + 1− w)
(k − 1− γ) + t(α− γ)(1− β)

)
ak − (α− γ)(1− β)

∣∣∣∣∣ .
By (17), the above inequality is less than or equal to zero, so f(z) ∈ Ωw

q,z(α, β, γ, t).

To prove the converse, let f(z) ∈ Ωw
q,z(α, β, γ, t), thus:∣∣∣∣∣ z2

(
Ωw

q,zf(z)
)′(

γ + (α− γ)(1− β)
)
ft(z) + γzΩw

q,zf(z)

∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
−

∞∑
k=n+1

Γq(2−w)Γq(k+1)
Γq(2)Γq(k+1−w) (k − 1)akz

k

(α− γ)(1− β)z −
∞∑

k=n+1

(
t(α− γ)(1− β)− Γq(2−w)Γq(k+1)

Γq(2)Γq(k+1−w)γ
)
akzk

∣∣∣∣∣∣∣∣ < 1.

Since for all z ∈ U, Re{z} 6 |z|, so we get:

Re


∞∑

k=n+1

Γq(2−w)Γq(k+1)
Γq(2)Γq(k+1−w) (k − 1)akz

k

(α− γ)(1− β)z −
∞∑

k=n+1

(
t(α− γ)(1− β)− γ Γq(2−w)Γq(k+1)

Γq(2)Γq(k+1−w)

)
akzk

 < 1.
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By letting z → 1 through positive values and choosing the values of z such that

z2
(
Ωw

q,zf(z)
)′

, zΩw
q,zf(z) and ft(z) are real, we conclude:

∞∑
k=n+1

(
(k − 1)

Γq(2− w)Γq(k + 1)

Γq(2)Γq(k + 1− w)

)
ak

6 (α− γ)(1− β)−
∞∑

k=n+1

(
t(α− γ)(1− β)− γΓq(2− w)Γq(k + 1)

Γq(2)Γq(k + 1− w)

)
ak.

So, we get:

∞∑
k=n+1

(Γq(2− w)Γq(k + 1)

Γq(2)Γq(k + 1− w)
(k − 1− γ) + t(α− γ)(1− β)

)
ak 6 (α− γ)(1− β),

and this complete the proof. �

Remark 2.2. We note that the function:

F (z) = z −
∞∑

k=n+1

(α− γ)(1− β)
Γq(2−w)Γq(k+1)
Γq(2)Γq(k+1−w) (k − 1− γ) + t(α− γ)(1− β)

zk,(18)

shows that the inequality (17) is sharp.

Also by applying Theorem 2.1, if f(z) ∈ Ωw
q,z(α, β, γ, t), then for k > n+ 1:

ak 6
Γq(2)Γq(k + 1− w)(α− γ)(1− β)

Γq(2− w)Γq(k + 1)(k − 1− γ) + tΓq(2)Γq(k + 1− w)(α− γ)(1− β)
.(19)

Now, we introduce weighted mean property.

Theorem 2.3. If f and g belong to Ωw
q,z(α, β, γ, t), then the weighted mean of f

and g is also in the same class.

Proof. We have to prove that:

hm(z) =
(1−m)f(z) + (1 +m)g(z)

2
,

is in the class Ωw
q,z(α, β, γ, t).

Since f(z) = z −
∞∑

k=n+1

akz
k and g(z) = z −

∞∑
k=n+1

bkz
k, so:

hm(z) = z −
∞∑

k=n+1

( (1−m)ak + (1 +m)bk
2

)
zk.

To prove hm(z) ∈ Ωw
q,z(α, β, γ, t), by Theorem 2.1, we need to show that:

L =

∞∑
k=n+1

( Γq(2− w)Γq(k + 1)(k − 1− γ)

Γq(2)Γq(k + 1− w)(α− γ)(1− β)
+ t
)( (1−m)ak + (1 +m)bk

2

)
< 1.
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But, for this we have:

L =
(1−m

2

) ∞∑
k=n+1

( (k − 1− γ)Γq(2− w)Γq(k + 1)

(α− γ)(1− β)Γq(2)Γq(k + 1− w)
+ t
)
ak

+
(1 +m

2

) ∞∑
k=n+1

( (k − 1− γ)Γq(2− w)Γq(k + 1)

(α− γ)(1− β)Γq(2)Γq(k + 1− w)
+ t
)
bk.

By (17), we get:

L <
1−m

2
+

1 +m

2
= 1.

Hence the result follows. �

3. Convolution preserving and convexity

In this section, we show that the family Ωw
q,z(α, β, γ, t) is closed under convolu-

tion. Also we conclude that this class is a convex set.

Theorem 3.1. Let f(z) = z−
∑∞

k=n+1akz
k and g(z) = z−

∑∞
k=n+1bkz

k be in the

class Ωw
q,z(α, β, γ, t), then (f ∗ g)(z) defined by:

(f ∗ g)(z) = z −
∞∑

k=n+1

akbkz
k,(20)

belongs to Ωw
q,z(α, β̂, γ, t), where:

β̂ 6 1− (k − 1− γ)(α− γ)(1− β)2Γq(2− w)Γq(k + 1)

W 2 − t(α− γ)2(1− β)2Γq(2)Γq(k + 1− q)
,(21)

and

W = (k − 1− γ)Γq(2− w)Γq(k + 1) + t(α− γ)(1− β)Γq(2)Γq(k + 1− w).(22)

Proof. By Theorem 2.1, it is sufficient to show that:

∞∑
k=n+1

( (k − 1− γ)Γq(2− w)Γq(k + 1)

(α− γ)(1− β̂)Γq(2)Γq(k + 1− w)
+ 1
)
akbk 6 1.

By applying Cauchy-Schwarz inequality, from (17), we get:

∞∑
k=n+1

(k − 1− γ)Γq(2− w)Γq(k + 1) + t(α− γ)(1− β)Γq(2)Γq(k + 1− w)

t(α− γ)(1− β)Γq(2)Γq(k + 1− w)

√
akbk 6 1.
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Hence, we find the largest β̂ such that:

∞∑
k=n+1

(k − 1− γ)Γq(2− w)Γq(k + 1) + t(α− γ)(1− β̂)Γq(2)Γq(k + 1− w)

(α− γ)(1− β̂)Γq(2)Γq(k + 1− w)
akbk

6
∞∑

k=n+1

(k − 1− γ)Γq(2− w)Γq(k + 1) + t(α− γ)(1− β)Γq(2)Γq(k + 1− w)

(α− γ)(1− β)Γq(2)Γq(k + 1− w)

√
akbk 6 1,

or equivalently:

√
akbk 6

[
(k − 1− γ)Γq(2− w)Γq(k + 1) + t(α− γ)(1− β)Γq(2)Γq(k + 1− w)

(α− γ)(1− β)Γq(2)Γq(k + 1− w)

]
[

(k − 1− γ)Γq(2− w)Γq(k + 1) + t(α− γ)(1− β̂)Γq(2)Γq(k + 1− w)

(α− γ)(1− β̂)Γq(2)Γq(k + 1− w)

]

=
(k − 1− γ)Γq(2− w)Γq(k + 1) + t(α− γ)(1− β)Γq(2)Γq(k + 1− w)

(k − 1− γ)Γq(2− w)Γq(k + 1) + t(α− γ)(1− β̂)Γq(2)Γq(k + 1− w)
× 1− β̂

1− β
.

This inequality holds if,

(α− γ)(1− β)Γq(2)Γq(k + 1− w)

W

6
W

1− β
× 1− β̂

(k + 1− γ)Γq(2− w)Γq(k + 1) + t(α− γ)(1− β̂)Γq(2)Γq(k + 1− w)
,

where W is given in (22). So

1− β̂
(k − 1− γ)Γq(2− w)Γq(k + 1) + t(α− γ)(1− β̂)Γq(2)Γq(k + 1− w)

>
(α− γ)(1− β)2

W 2
.

After a simple calculation, we obtain the required result. �

Remark 3.2. With the same assumptions of Theorem 3.1, (f ∗ g)(z) belongs to

Ωw
q,z(α, β, γ̂, t), where:

γ̂ 6
αX − k + 1

X − 1
,

X =
W 2 − t(1− β2)(α− γ)2Γq(2)Γq(k + 1− w)

(α− γ)2(1− β)Γq(2− w)Γq(k + 1)
,

and W is given in (22).

Theorem 3.3. The class Ωw
q,z(α, β, γ, t) is a convex set.
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Proof. It is enough to show that if fj(z) (j = 1, 2, . . . ,m) be in the class Ωw
q,z(α, β, γ, t),

then the function:

H(z) =

m∑
j=1

δjfj(z),(23)

is also in Ωw
q,z(α, β, γ, t), with δj > 0 and

∑m
j=1 δj = 1. By (23), we obtain:

H(z) =

m∑
j=1

δj

(
z −

∞∑
k=n+1

ak,jz
k
)

= z −
∞∑

k=n+1

( m∑
j=1

δjak,j

)
zk.

But by Theorem 2.1, we have:

∞∑
k=n+1

( (k − 1− γ)Γq(z − w)Γq(k + 1)

(α− γ)(1− β)Γq(2)Γq(k + 1− w)
+ t
)( m∑

j=1

δjak,j

)

=

m∑
j=1

( ∞∑
k=n+1

( (k − 1− γ)Γq(z − w)Γq(k + 1)

(α− γ)(1− β)Γq(2)Γq(k + 1− w)
+ t
)
ak,j

)
δj

by (17), we have:

<

m∑
j=1

δj

= 1.

So by Theorem 2.1, we get the required result. �
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