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and it is shown that the obtained results are in very good agreement with exact

solutions.

AMS Classification: 35A25, 26A33.
Keywords: Partial differential equation; parabolic equation; variable-

order derivative; chebyshev spectral collocation method.

* CORRESPONDING AUTHOR
JOURNAL OF MAHANI MATHEMATICAL RESEARCH CENTER
VOL. 9, NUMBERS 1-2 (2020) 87-107.
DOI: 10.22103/JMMRC.2020.13904.1090

©MAHANI MATHEMATICAL RESEARCH CENTER
87



88 MAJID DAREHMIRAKI, AREZOU REZAZADEH

1. INTRODUCTION

As far as we are concerned, the theory of fractional partial differential equations
(FPDE), as a new and effective mathematical tool, is very popular and important in
many scientific and engineering problems because it is more adequate than integer
order models and provides an excellent tool for description of memory and heredity
effects of various materials and processes like gas diffusion and heat diffusion in
fractal porous media [2, 3], it can be refered to [1] for more information. Thanks
to the increasing use of fractional derivative and fractional calculus in ordinary and
partial differential equations and related problems, there is an interest for present-

ing efficient and reliable solutions for them.

Recently, researchers have understood that many dynamic processes have fractional-
order behaviour that depend on time or space, therefore it is important to extend
the concept of variable-order calculus. Currently, variable-order calculus has been
applied in many different field such as riscoelastic mechanics [4], geographic data
[5], signal and confirmation [6]. variable-order operator is a new development in
science.

[24, 23] generalized the Riemann-Liouville and Marchaud fractional integration and
differentiation of variable order and presented some properties. Different researchers
have introduced different definition of variable-order differential operators, which

each of them has specific meaning for specific golas.

Today, various numerical methods for variable order fractional differential equa-
tions are applied such as spectral method [16, 17, 18], finite difference method
[7,8,9, 10, 11, 12, 13, 14, 15], reproducing kernel method [21, 22], matrix methods
[19, 20] by many researchers.

The fractional models can be divided into three types: space fractional differential
equation, time fractional differential equation and space-time fractional differential
equation. [7] presented a numerical method for variable order time-space fractional-
diffusion equation. Phanikumar et al. [8] considered an implicit Euler numerical
method for the time variable fractional order mobile-immobile advection-dispersion

model in [8]. [10] presented an implicit and explicit Euler approximation for the
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variable order fractional advection-diffusion equation with a nonlinear source term.

In the existing literature, there is little work on higher-order numerical meth-

ods for the multi-term time-space variable-order fractional differential equations
because complicated numerical analysis is involved. The aim of this paper is to
consider a multi-term time-space variable-order fractional diffusion equations with
initial-boundary value problem. The multi-term FPDEs have been applied to sev-
eral models for describing the processes in practice; For instance, the oxygen de-
livery through a capillary to tissues [36], the underlying processes with loss [37],
the anomalous diffusion in highly heterogeneous aquifers and complex viscoelastic
materials [38], and so on.
In this paper, a meshless method is used to discretize the spatial derivative, then a
numerical method is applied for the time derivative of variable-order. This method
has been used for occasions where the order of derivative was frational and con-
stant. We would like to show that this method is also suitable for the variable-order
fractional derivative.

This paper contributes the following:

1) Definition of Gamma function, variable-order Caputo fractional derivative
and Riemann-Liouville in Section 2.

2) Introducing the space-time spectral collocation method discussed in Section
3.

3) Discretizing the problem by Chebyshev-spectral-collocation method in Sec-
tion 4.

4) Discretizing the problem in time by a proposed numerical method method
in Section 5.

5) Several lemmas and theories used to obtain the error bound in Section 6,
and then the error bound is computed.

6) Finally, multiple numerical examples to show the effectiveness of the method

are provided in Section 7.
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2. PRELIMINARIES

In the literature of fractional calculus, several definition are found in [25] and
[26]. Fractional calculus has many applications and looks suitable for physics phe-

nomena. Now, we define some essential definitions.

The Gamma function is an extension of factorial function to real numbers.

I'(z) = /OOO t*~Lexp (—t)dt, t > 0.
Some of properties are
D) =T@) =1, T(;)=Vr
I'(z+1) = 2I'(2),
(n) = (n—1), neN.

Suppose « € (0, 1) is given, the left and right Caputo fractional derivatives of order

a of a function f : [a,b] — R is defined as

/

cpern - L [0
010 = mma [ gt

and

b o _ 1 b f/(T) .
tDy f(t) = F(l—a)/t (T—t)ad'

It is obvious that the Caputo fractional derivative of a constant is zero.

In this paper, we consider the fractional derivative of variable order, which «
depends on time and space. Some physical phenomena are better described when
the order of the operator is variable. Now, we consider the order of derivative
as a(x,t), taking values on the [0,1] x [0,1]. Therefore we introduce the caputo

derivative of variable-order.

Definition 2.1.

¢ et gy 1 '
DI 0 = Fray [, o

and

e pol®) ¢y _ 1 G
DOI0 = ey )| o
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In this paper, the following variable-order equation is considered .
m oD Oy(e, 1) = U0 4 o)
(z,t) e Q=10,L] x [0,T],
where the initial and boundary conditions are :
y(x,0) = yo(x), 0<z<IL,
y(0,t) = y(L,t) =0, 0<t<T,

and also 0 < ¢ < q(z,t) < g < 1.

3. CHEBYSHEV SPECTRAL COLLOCATION METHOD

In this section, we present the Chebyshev spectral collocation method, briefly.

The chebyshev-Gauss-Lobbato points in A = [—1,1] is:

i‘jzcos(%), j=0,1,...,N.
Now, we interpolate function F' by these points,
N
(2) Fy(z) = ZfiLi(f)>
i=0
where L;(Z) is the Lagrange interpolation polynomials assuring
_ 0 ifi#k,
1 ifi=k.

Let F = [f(Zo), ..., f(Zn)] and F™) = [f)(zg), ..., f(™) (zx)]T, By differentiating

of Equation 2 and evaluating at x = x;, we obtain

N
(3) A =3 AL (@), m €N,
1=0

which can be rewritten as:
F™ — pim B, m e N.
D™ is the (N 4 1) x (N 4+ 1) matrix and

DY =L{M(x)  ji=012,.
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DW = D is given as:

: . .
s, i
Ci —1)dte ) )
(4) czij _ ) 2¢ sin(GH) ) sin(G—5) 2w )’ i 7,
— 3 cos(“Z)(1 + cot?(2)), i=3j,i#0,N,
_%QH? 7/ — ] — N7
where
2, i=0,N,
C; =
1, o.w.

Let ; =a+ b*?“(afj + 1) are Chebyshev-Gauss-Lobatto points in [a, b], such that

2

‘i‘j:_l—i_b_a(xj_a)a
Fm = ptm g m €N,
where
F = [[(-1+ 7= (50 = @), o F(- 1+ 7 (an — )],
and
DI = L (<14 2 (a; — a)) =01, N
Jji T b—axj aj), 1t =U, L, IV,
(m) _ 2 mr(m)- o
(5) Dji *(7m) Lz (xj)a ]7Z*Oa17"'N'

Hence, D™ = (—;2-)mD(m),

Definition 3.1. [31, 32] Suppose C' = (¢ij)mxn and D are two arbitary matrices.

The matrix
cuuD  cieD oo e D
co1 D cpeD oo conD
CeoD=| | . .
leD CmQD o CmnD

is named Kronocker product of C and D.



AN EFFICIENT NUMERICAL APPROACH ... - JMMRC VOL. 9, NUMBERS 1-2 (2020) 93

Definition 3.2. Suppose C' = (¢;j)mxn 5 a given matriz, then vec(C) is a column
vector made of the row of C stacked a top one another from left to right that its

size is m X n and

VGC(C) = (0117012; -+ Cln, €21, €22, -+, Cm1, ~-~7Cmn)T-

4. DISCRETIZING IN SPACE

To discretize Equation 1 in space, we define:

N
y(x, t) = Zy(xu t)Ll($)7
i=0
so we have
N
y(x, ) = > y(wi,t) Li(z).
i=0

By second derivative of y(x,t) with respect to x, we obtain:

N
O%y(aj,t) _ Sy, t)d?
i) i

2
Ox —

y(zo,t) = y(zn,t) = 0, hence we have

N-1

it 2

(6) o DIy (s 1) = 3 ylas, )dS + fls,0),

i=1
and

0Dy (5, 1) y(wa,t) f(x2,0)
z =p” | |
ng(szl’t)y(fola t) y(rn_1,t) flen—1,1)

Df) is the matrix of second derivative which the first and last rows and columns

are eliminated.
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5. DISCRETIZING IN TIME

For positive integer number Ny, let At = Nlt denotes the step size time vari-
able, t, = kAt,k = 0,1, ..., N;. In this section, we present the following lemma for

discretization of time fractional derivative.

Lemma 5.1. Suppose 0 < a <1 and g(t) € C?[0,t,], it holds that

1" g
- tn - n—m—1 " Yn—m m) — Yn— S
i | Tt bt 3 (s = ba-mltn) = br-sltc)
1 l—a 2% Cu " -
I'2—a) [ o Ta—a (2 )} A
where
At
_ l-a 11—« —_
b = (m+1) m Y, c T2—a)
Therefore, for n =1,
9;7g(t1) ~ clg(t1) — g(to)]
and for 2 < n < NV,
n—1
8?9(%) ~ ¢ |bog(tn) — Z (br—m—1 = bn—m)g(tm) — bn_19(to)
m=1

Equation 1 is in the following form at point (x;,t,)

N—-1
DIy t) = Yyl t)dSy + flxg,ta), 1< n< N
=1

By Lemma 5.1, we achieve

1 oy (wt) N
I'(1 - q(xj,ta)) A (t — t)alsrtn) =" 7
(7)

At—q(ﬂijtn) Jn — Jjn Jjn Jjn
T2 = (e, t0) by (g tn) = > OOy = U (s, te) = U0y (g, t0) |
Jyn m=1

where

Wt = (m+ 1)179@t) pleal@t) o = N1, n=1,.., N
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For more details you can see [7]. We define a N; x N; matrix B’ and a vector A7

as:
[ ]! 0 0 o ]
A2 (b — b)?) b’ 0 e 0
G NN (T N 0.
i iN, iN, iN, (13N iN, iN, (17N i Ny iN, 13Nt
_CJNt(ijfl_ijﬂ) N (bkfz_b%{%a) N (017 =by) N by i
I o) ]
72072 yo (x5)
Al A3y (x;) ek —At_quwti)
= 2 O y 5 =
’ I'(2 - q(z),t:))
NN o),
and

B=[B'---,BN'], A=[A',.. AN

Equation 7 can be rewritten as:

[B® I(n-1),(N-1) — D ® In, n,] vec(y) = vec(f) — vec(A),

where

Vec(y) = [y(zlatl)a'” ay(xlvtNt)7y(Ilatl)7“' 3y(xlatNt)7”' 7y(IN—17t1)7"' 7y(17N—17tNt)]7

vec(f) = [f(z1,t1), -, f(2,tn, ), flzn,ta), oo f(nstn, ), s flan—1, ), flan—1,tN,)]
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6. ERROR ESTIMATE

Many lemmas and thorems have been developed to obtain the error bound. In
order to use these theorems, we need to define discrete inner product and discrete

norm.

Definition 6.1. The discrete inner product and discrete norm are introduced as

where Z; are the Chebyshev-Gauss-Lobatto points, weights w; are positive and given

as following

s 27 .7 = 01 Na
w; = ——, where w; =
1, ow

By the Gauss type integration in (Canuto & Hussaini & Quarteroni & Zang, 1987;
Ben-yu, 1998) we have

(fag)N:(fvg)v vagePZNflv

where Py = span{Lo(Z), L1(Z),--- , Ln(Z)} and (f,g) = [, f(%;)9(Z;)dX. Denote

LA =12 = VD W= 1l = | D 1D
la|<r

In the below, the bochner space LP(J; B) endowed with the norm is presented

1
([ 1f05dt)", 1 <p<oo,

esssupey || fllB, p= oo

[fllzr:p =

Lemma 6.2. (21, 22, 23, 24).For any p € Py, we have

A< I f I < VBIFLS

and also the following inequality is obtained,
(f,9) = (f,9)n] S CNT*| flsllgll-
If f € H*(Q) for some s > % and v € Py.

Proof. See [30, 29, 27, 28]. a
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Lemma 6.3. For all g € H}(Q)
lgll < Cllgzll-
Proof. See [28]. O

Assume the interpolation operator Iy from H!({2) onto Py assuring
N
INf(®) = f(2;)L;(2).
j=0
Then we have the following lemma.

Lemma 6.4. Any f € H*(),s > %, we have
If = INFIl < ONT2[|f]]s-
Proof. See [30, 29, 27, 28]. a

In the next step, a bilinear operator on the space H{ () x H () is introduced,

which is coercive continuous,
1
a(f.g) = (fz,9z) = / fzgzdXx.
-1

Now, the projection operator P from H{(£2) onto Viy is used which is described
by

This shows PY is the orthogonal projection of y upon the space Vy, where Vy =
span{Lo(Z),--- ,Ln(Z)} [30, 29, 27, 28].

Lemma 6.5. For all f € H}(Q) N H*(Q) and s > 1, the following inequality holds
If = PR fllv+ NIIf = PRIl < ONT2|| s
Proof. See [30, 29, 27, 28]. O
Now, we write (6), (1) as

z;, 2
oDy (), t) = TU (5,1) + f(aj,1),
(8) yn(xo,t) = yn(zn,t) =0, t € (to,T)

yn(xj,to) = yo(x).
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0D{ "yl 1) = Gl (1) + f(x.1),
(9) y(zo,t) =y(xn,t) =0,  te(to,T)
y(z,t0) = yo(x).
where yn(z) = yn(Z) = Iny(Z) and 2 = a+ 55%(2+ 1). Put (z) = y(a + 52(z +

1)), @(Z) = q(a + %5%(z + 1)) and f(z) = f(a+ 52(z + 1)).

)
Now, the equations (8)and (9) can be written as

. B 2= _ 7=
oDI g (35,) = (525)° BB @5 1) + F(,0),

(10) yn(To,t) = yn(Tn,t) =0, t € (to,T)

Y

The solutions gy of (10) verifies

(6D g, 0)x + (o (yn)esva) = (i ),

and by Gauss type integration, we get
2

(onNEN,v)+(b_a

and also, we have

The error can be written as a sum of two terms
gn =5 =gy — PY(@) + (PY(@) —9) =0 +p
where

0 =gn — P (7), p=Py() —7
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Lemma 6.6. For p= Py (y) —y, § € L>=(J, H*()) we have
a(p,v) =0 Vte J,
ol < CN*lglls, Ve,
ol < CN"llglls,  VE e J,
Proof. See (Liu & Boying & Jiebao, 2015). O

‘We should mention that

1 1 1
12 O<g<qlz,t)<g<l= — < — < ,
12) g< @) Mi-9 T —qwn) -9
5% 1 ¢ ye(x, 7)dT
13 DIEDy (2 4) = / i
( ) t y(ﬁC? ) F(l _ q(l’, t)) ' (t — T)q(x,t) )
_ 1
_ _ \a(=,t) -
(14) O<t—7<1=0<(t—7) <1;$(t—7)'?(-”f’t)>1’
therefore,
- 1 o
1 DIED (g ) > ———y(t DIn(@:t) t) > ——yn(t).

Theorem 6.7. Suppose § and gy be the solutions of (10), (11) and y € L>=(J, H*(2)).
Then, it is obtained that

lgn () =g < CN*|lg®)|ls,  for t € J,

Proof. By yn and g which are true in Equations (10), (11) and by (15) and we

obtain:
e (v o) + (o Pa(y,v) < ()
F(l—q) YN, b—a YN, > N,U),
1 2
< .
=g )+ g a0 < (1)
Therefore
1 2
_c < —
F(l—q)(6+p7v)+(b—a) a’(97v)—(fN f,’l))7
Since PY is an orthogonal projection then (p,v) = 0. Put v = 6, we have
1 2
0 2 2 9 2 < _ 0
-9 _q)II 17+ G =) 161" < lfw = FIllIE,
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61 < ~lfw — 71,

where
¢~ <bia)2 * F(ll—q)'
Therefore
10 < CN2[[f]ls-
The proof is completed by Lemma 5.1 and equation 7. O

Theorem 6.8. Suppose y, yn are the solution of (8), (9) andy,p € L (J, H*(QQ)).

Then the following inequalities are obtained

lyn (8) =yl < ON 2,

7. NUMERICAL EXAMPLE

In this section, the following variable-order fractional diffusion equation is con-

sidered:

Example 7.1. [7]

_ Pyla,t)
- Ox2
y(x,0) = 102%(1 — x), 0<z<I1,

o DIy a, 1) +f@t), (@) € Q@=1[0,1] < [0,1],

y(0,0) =y(L,) =0, 0<t<l,

where q(x,t) = %n(m)(satisﬁes 0<g(z,t)<1)

t27q(a:,t) tlfq(m,t)

TG qw.n)  TR—qma) U3,

f(z,t) = 202%(1 — )]

The exact solution is
y(x,t) = 102%(1 — 2)(t + 1)2.

Table 1 shows the numerical solution and exact solution of the equation 1 for N = 11
and N; = 30.
Figure 1 shows the exact and numerical solution for Ny = 30 and N = 20 and

Figure 2 shows the error of the solution.
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TABLE 1. Comparison between the numerical solution and exact
solution of Example 7.1, N = 11 and N; = 30

T; Numerical solution Exact solution Error
0.0203 0.0161 0.0161 0.0318x1073
0.0794 0.2321 0.2320 0.1246x1073
0.1726 0.9859 0.9856 0.2700x10~3
0.2923 2.4190 2.4185 0.4478x1073
0.4288 4.2022 4.2016 0.6110x1073
0.5712 5.5966 5.5959 0.6914x1073
0.7077 5.8564 5.8558 0.6328x1073
0.8274 4.726 4.7259 0.4483x1073
0.9206 2.6911 2.6909 0.2248x1073
0.9797 0.7777 0.7777 0.0588x1073

o Y, 1201 g A

Y, =01 K 4 K

51| —%—y, =03 /,A/ Xi\
Y, =03 y \5%
oy, 05 e \

4ty =05 ] by
%yh(=1 ,'7_ \\

| i A

FiGURE 1. Comparisons between the numerical solution and exact
solution of y(z,t) at t = 0.1s, t = 0.3s, t = 0.5s, t = 1 in Example
7.1.
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M
LT
S

TR

R

e
O

FIGURE 2. Plots of the maximum error of the exact solution and numerical

solution ||yp, — yell in Example 7.1.

Example 7.2. [35]
0?y(x,t)
dx?

y(z,0) =0, 0<z<L,

ng(z’t)y(%t) =K + f(x?t)7 (.’L‘,t) €= [O’L] x [O’T]’

y(O,t):y(l,t):O, 0<t<T,

where q(z,t) = 0.8 + %2 (satisfies 0 < q(x,t) < 1), T = 0.5, L = 10, K = 0.01

LT
2 2—qg(ast) o (LT mt? | aw
= — z —)+ K——— —).
fz,t) T3 q(x,t))t sin( T )+ 2 sin( T )
The exact solution is
T

y(x,t) = t* sin(f).

Table 2 shows the numerical solution and exact solution of the equation 1 for N = 11

and Ny = 30 att =0.1.

Figure 3 shows the exact and numerical solution for Ny = 30 and N = 40 and
Figure 4 shows the error of the solution.
8. CONCLUSION

In this paper we consider the one-dimensional variable-order time fractional dif-

fusion equation. We use spectral collocation method and finite difference method
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TABLE 2. Comparison between the numerical solution and exact
solution of Example 7.1, N = 11 and N; = 30

T; Numerical solution Exact solution Error
0.2025 0.0007 0.0006 0.0571x1073
0.7937 0.0027 0.0025 0.2228x1073
1.7257 0.0056 0.0052 0.4697x1073
2.9229 0.0087 0.0079 0.7308x1073
4.288/ 0.0107 0.0098 0.9075x1073
5.7116 0.0107 0.0098 0.9187x1073
7.0771 0.0087 0.0079 0.7574x1073
8.27/8 0.0057 0.0052 0.4969x1073
9.2063 0.0027 0.0025 0.2395x1073
9.7975 0.0007 0.0006 0.0620x1073

03r
¥y, 0.1
025+ pebedy yStTM
)4‘-/ \ —#—y, 1025
;2/ N
02t 4 \%\ =04
?/ Ny 04
/ Yoy, 05
015+ / ///:jt‘\\\‘\s\ jepos

F1GURE 3. Comparisons between the numerical solution and exact
solution of y(x,t) (1) and at t = 0.1s, t = 0.25s, t = 0.4s, t = 0.5
in Example7.2.

to discretize the spatial variable and time variable, respectively. The used tech-

nique is applied to solve a test problem and the resulting solutions are in good
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g

‘ e
; A
R,
e e
g 9:.#.:&«:3:&\%\&‘ s
<

22

FIGURE 4. Plots of the maximum error of the exact solution and numerical

solution ||yp, — yell in Example 7.2.

agreement with the known exact solutions. For the sake of simplicity, we only con-
sidered the one-dimensional case with standard initial and boundary conditions,
but the method can be extended to multi-dimensional cases with even non-classic

boundary conditions which is the subject of the authors.
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