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ABSTRACT. We show that a nonautonomous discrete-time dynamical sys-
tem (NDS) with the ergodic shadowing property is chain mixing. As a
result, it is obtained that a k-periodic NDS with the ergodic shadow-
ing property has the shadowing property. In particular, any k-periodic
NDS on intervals having the ergodic shadowing is Devaney chaotic. Ad-
ditionally, we prove that for an equicontinuous NDS with the shadowing
property, the notions of topologically mixing, pseudo-orbital specification,
weak specification property, and ergodic shadowing property are equiva-
lent.
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1. Introduction

The pseudo orbit tracing property is one of the most important notions in the
dynamical system, which is closely related to the chaos and stability of systems;
see, for example, [2,16,18]. From the numerical point of view if a mapping f
has the pseudo-orbit tracing property, then the orbits obtained in the process
of numerical computation reflect the real dynamical behavior of f. Though the
most evident application of the shadowing is related to numerical methods, the
first result involving the concept of pseudo trajectories was obtained by Anosov
[1] and Bowen [3] as a tool to study the qualitative property of dynamical
systems. Shadowing together with topological mixing and specification are
popular formal ways to get chaos in a global sense. In the recent work [6],
Fakhari and Ghane introduced the notions of ergodic shadowing and pseudo
orbital specification properties and showed that for a continuous onto map f,
these properties are equivalent to the map being topologically mixing and has
the shadowing property.

The notion of nonautonomous discrete-time dynamical system (NDS) was
introduced by Kolyada and Snoha [7]. Instead, by the iteration of one map,
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a discrete-time nonautonomous dynamical system is defined by a sequence of
maps that are composed in the given order, that is, at each time instance
the dynamical law can be different. Thus, the study of dynamics of NDSs
is usually more complex than the same studies in the setting of autonomous
systems (that is, a system is given by a pair (X, f), where f is a continuous
map). However many complex systems occurring in the real-world problems
such as physical, biological, and economical are necessarily described by NDSs;
see, for example, [4,5]. Devaney Chaos for the nonautonomous discrete system
was introduced by Tian and Chen [15]. Later, In [14], the author studied the
shadowing, expansiveness, and topological stability of nonautonomous discrete
dynamical systems induced by a sequence of continuous maps.

The author in [9], introduced the concept of weak specification property
and studied its relation to topologically mixing, shadowing, and distality in
nonautonomous systems. Several other kinds of specification were defined and
studied including strong specification and quasi-weak specification properties
n [13], and the authors showed that any k-periodic NDS on intervals having
weak specification property is Devaney chaotic. Recently, in 2019, the authors
generalized the notion of ergodic shadowing and pseudo orbital specification
properties to NDSs and proved that every uniformly equicontinuous NDS with
the shadowing and topologically mixing properties has the ergodic shadowing
property; see [10]. Moreover, they showed that any NDS with the ergodic
shadowing property is chain transitive.

This note proves that any uniformly equicontinuous NDS with the ergodic
shadowing property is chain mixing. As an application, it is obtained that, for
a k-periodic NDS, the ergodic shadowing implies that the shadowing property,
in particular, any k-periodic NDS on intervals having the ergodic shadowing
property, is Devaney chaotic. Further, we prove the following result.

Theorem 1.1. Let (X, f1,0) be a uniformly equicontinuous NDS given by a
sequence of continuous surjective maps {f;}32, on a compact metric space X.
If the NDS (X, f1,00) has the shadowing property, then the following conditions
are equivalent:

(1) Topologically mizing,

(2) Chain mizing

(3) Weak specification property,

(4) Pseudo-orbital specification property,
(5) Ergodic shadowing property.

The present paper is organized as follows: Sec. 2 contains main definitions
and background information. In Sec. 3, we show that any uniformly equicontin-
uous NDS with the ergodic shadowing property, is chain mixing. Moreover, we
prove that any k-periodic nonautonomous discrete system with ergodic shadow-
ing property, enjoys the shadowing property. In Sec. 4, we prove the invariance
of ergodic shadowing property under iterations and the proof of Theorem 1.1
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is stated. Also, we build an example that shows that the shadowing property
does not result in the ergodic shadowing property, in general.

2. Preliminaries

will denote a compact metric space, N is the

Throughout this paper, (X, d)
={0,1,2,3,...}, and B.(z) denotes the open ball

set of natural numbers, Z*
of radius € > 0 and center z.

Let f, : X — X be a sequence of continuous maps, n = 1,2,.... Denote
f1,00 .= {fn}52, and for all positive integer ¢ and n,

f:L = fn+i—1o"'ofn7 fv(q), ::idv

and the kth iterate by fl[kic = {f,f(n_l)ﬂ};l’o:l for any k € N. We call the pair
(X, fi,00) a nonautonomous discrete-time dynamical system (on X) or simply
NDS. The orbit of a point € X under the NDS (X, f1 ) is

Op (@) = {x, fi (), fi(2), ..., f'(2),.. .}

We say that the NDS (X, fi o) is uniformly equicontinuous whenever for any
€ > 0, there exists § > 0 such that for all ¢ € N and any two points z,y € X,
if d(z,y) < 4§, then d(f;(x), fi(y)) < e. For any two nonempty open subsets U
and V of X, we have

Ny, (U V)={neN: f(U)NV #0}.

Following Tian and Chen [15], an NDS (X, f1,.) is said to be topologically
transitive, if Ny _(U,V) # 0 for any pair of nonempty open sets U,V of
X, and it is said to be topologically mixing if there exists N € N such that
Ny, (U, V) D[N, o00).

According to Thakkar and Das [14], for § > 0, the sequence {z;}°, in X
is said to be a d-pseudo orbit of the NDS (X, f1 o) if d(fit1(x:), xiz1) < 6 for
all ¢ > 0. The NDS (X, f1,00) is said to have the shadowing property if every
d-pseudo orbit {z;}$2, is e-traced by some point z € X, that is,

d(fi(z),x;) <€, forall i>0.

An e-chain of NDS (X, f1 o) from x to y of length n is a finite pseudo orbit
Ty = Z,%1,...,n—1 = Y. An NDS (X, f1 o) is chain transitive if, for every
€ > 0, there exists an e-chain from z to y. The NDS (X, f1 o0) is called chain
mizing if for any two points x,y € X and any € > 0, there is a positive integer
N such that for any integer n > N, there is an e-chain from x to y of length
n. The NDS (X, fi1,00) is totally chain transitive if fl[klo is chain transitive for
every k > 1.

For any A C Z™*, the upper density of A is defined by

(1) d(A)zlimsupl|Aﬂ{O,l,...,n71}|
n

n—oo
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Replacing limsup with liminf in (1) gives the definition of d(A), the lower
density of A. If there exists a number d(A) such that d(A) = d(A) = d(A),
then we say that the set A has density d(A).

In [10], the authors generalized the notions of ergodic shadowing and pseudo
orbital specification properties to the nonautonomous discrete system under the
following set of terminology. Given a sequence & = {z;}$2, and § > 0, put

Npo(&,6) = {i € Z* : d(fis1(2i), xig1) > 6}
and
Npo,(§,8) = Npo(§,6) n{0,1,...,n—1}.
For a sequence & = {z;}$2, and a point z € X, consider
Ns(f,z,é) = {1 YA d(f{(z)vxl) > 6}
and
Nsp(€,2,0) =Ns(& z,6)n{0,1,...,n—1}.

Definition 2.1. [10] Let § > 0 and let £ = {z;}32, C X. We say that £ is a
d-ergodic pseudo orbit of NDS (X, f1,00) if Npo(€,6) has density zero, that is,

1
lim E|Npon(§,5)| =0.

n—oo
An NDS (X, f1,) has the ergodic shadowing property if for any € > 0, there
exists § > 0 such that any d-ergodic pseudo orbit of (X, f1,.0) can be e-ergodic
shadowed by some point z € X, that is,

1
lim —|Ns,(&, z,€)| = 0.
n—oo n

Now, we recall the concept of pseudo-orbital specification property of NDSs.

Definition 2.2. [10] We say that an NDS (X, f1 ) has the pseudo-orbital
specification property if for any € > 0, there exist d(¢) and N(e) > 0 such that
for any choice of points z1,...,zs € X, any sequence of nonnegative integers
ap < by <ag <by <---<as <bs with aj11 —b; > N(e), and the d-pseudo
orbit §; = {x(;}, i € [aj,b;] and 1 < j < s, there is a point z € X such that

d(ff(z),x(j,i)) <e€ forany a; <i<b;, 1<j<s.

Here, we define some kind of specification property that is weaker than the
pseudo-orbital specification property.
Definition 2.3. [13] We say that an NDS (X, f1,o0) has the weak specification
property if for any € > 0, there exists N(e¢) > 0 such that for any choice of
points x1,...,xs € X and any sequence of nonnegative integers a; < b; <
ag < by < -+ <as <bs with aj11 —b; > N(e), (1 <j <s), there is a point
z € X satisfying

d(ff(z),ff(xj)) <e forany a; <i<b;, 1<j<s.
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3. Shadowing and chain properties of NDS

In this section, we investigate the relation between ergodic shadowing and

pseudo orbital specification properties with the shadowing property. First, we
show that any NDS with ergodic shadowing property, is chain mixing.
Proposition 3.1. Let (X, f1,00) be an NDS given by the sequence {f,}52, of
surjective maps on the compact metric space X. If the NDS (X, f1,00) has the
ergodic shadowing property, then it is chain mizing.
Proof. We use the approach used in the proof of Lemma 3 in [17]. Let 2,y € X
and € > 0 be given. Choose § > 0 by the ergodic shadowing property of
(X, fi,o). Let ap = Ag = 0, let aq = A1 = 2, and let a,, = nTisiai and
Ap =37 qa; for any n > 2. Take a sequence {z;}52, by zo = z, 21 = y and for
any n > 1,

o {ﬁm i € (ot G+ [252]), b € 0,222,

ian,k.f["—“

1S T ), € [Coe+ (2], G + 0+ 1),k € [0, 2250,

n+1

where Cy, ;== A, + k(n + 1) and z, € f(;(z:_[l%])(y) We can see that
{2:}22, is a d-ergodic pseudo orbit; therefore there exists a point z € X such
that e-ergodic shadows the sequence {z;}$2,.

Claim. There exists an integer N € N such that for any n > N, there exists
k € [0, 2=5) such that Ns({x:};2, 2, €)N[An+k(n+1), Ap+k(n+1)+[252]) #
0 and Ns({z;}320,2z,€) N[Ay + k(n+ 1) + [ZE], A, + (k+ 1) (n+ 1)) # 0.

Proof of claim. By contrary, suppose that for any N € N, there ex-

ists n(N) > N such that for any k € [0, ZT(LE\]/V))E ), Ns({i}20, 2z,€) N [Apny +
k(n(N)+1), Apvy +En(N)+1)+[225) = §oor Ns({:}220, 2, €)N[Anin) +

k(n(N) + 1) + 283 A, vy + (k+ 1) (n(N) + 1)) = §. This yields that

Ap(Ny+1 — An(Ny  An(N)+1

Ns({z:}52 A A
INs¢({zi}i20, 2,€) N | n(N)» n(N)Jrl)‘ 9 n(N)+1

Y

Therefore
J : 1 c o)
d(NSC({xi}zQiOa 2 6)) > limsup A7|NS ({xi}i:O’ Zy 6) n [An(N)7 An(N)-i-l)‘
N—oo n(N)+1
n(N) -1 11
2n(N) + 1) "M A e 2
which contradicts to d(Ns®({x;}52,, z,€)) = 0. Thus for any n > N, there exist
kel0,55), i€ [An+k(n+1), Ap+k(n+1)+ %)), j € [An +k(n+1) +
(2] A, + (k+1)(n+ 1)), and s € [0,n+ 1 — [%]) such that

d(fi(2), fi()) < e, d(fi(2),t) <e, te i)

> lim sup
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Hence

{Z‘,fl(l‘),..., f_l(x)afli(z)""’ lj_l(z)vt’fj-ﬁ-l(t)v"'a ;J:ll(t)’y}

is a d-chain from z to y. O

Lemma 3.2. Any NDS (X, f1,00) with the pseudo orbital specification property,
has the shadowing property.

Proof. Let € > 0 be given and let § = d(¢) be an e-modulus of pseudo-orbital
specification property. By [11, Lemma 2.1], it is enough to show that any finite
d-pseudo orbit of (X, f1 ), is e-shadowed by a true orbit. Let & = {x;}, be
a finite d-pseudo orbit of (X, f1 o), that is,

d(fi+1($7;),.’b7;+1) < (5, 0<i<n—1.

Put a; = 0,by = n, and x(14) = 2;,0 < i < n. Then & = {w(1,4)}i, is a 0-
pseudo orbits for (X, f1 o). By the pseudo-orbital specification property, there
exists a point z € X such that d(f{(2),z;) < € for any 0 <i < n. O

Definition 3.3. [8] An NDS (X, f1,c) is called k-periodic if there exists k € N
such that f;1x(x) = fi(z) for any € X and ¢ € N.

Using Proposition 3.1, we show that any k-periodic NDS with the ergodic
shadowing property, has the shadowing property, but the converse is not true;
see Example 4.6.

Proposition 3.4. If an NDS (X, f1,00) is k-periodic and has the ergodic shad-
owing property, then it has the shadowing property.

Proof. Suppose that (X, f1 ) is k-periodic for some k € N. By [11, Lemma
2.1], it is enough to show that any finite pseudo orbit of (X, f1 ), is e-shadowed
by a true orbit. Let € > 0 and let > 0 be as in the definition of the ergodic
shadowing. We will show that any finite d-pseudo orbit §& = {z;}I", with
n = mk for some m € N is e-shadowed by the orbit of some point X. By
Proposition 3.1, we can choose a d-chain yg = xp,v1,.-.,y¢ = xo from x, to
xg, with n4+¢ = sk for some s € N. Thus d(fi+1(x;),zi41) <6, =0,1,...,n—1
and

d(frtit1(Y5), Yj+1) = d(fi+1(y;),yj41) < forany j=0,...,0—1.
Therefore, by the construction, the sequence {&; 72 is given by

¢ = Ty, te{0,1,...,n—1},
R PR te{n,n+1,....,n+€—1},

where t := j mod n + ¢, is a d-pseudo orbit of (X, fi..). By the ergodic
shadowing property of the NDS (X, f1 o), the sequence {{;}32 is e-ergodic
shadowed by some point 2 € X. Since the point z ergodic shadows {&;}52,,
the set Ns({&;}52, 2, €) cannot meet every interval [r(n+/¢),r(n+£)+n—1] C
N, r > 0, otherwise it would have positive density. Hence, at least one n interval

is entirely shadowed by a piece of the z orbit. O
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4. Proof of main theorem

The aim of this section is to show the invariance of ergodic showing property
under iterations, also we prove some lemmas that lead to prove Theorem 1.1.

Lemma 4.1. Let {f,}>2, be a sequence of continuous self maps on X. If a
uniformly equicontinuous NDS (X, f1,00) given by this sequence has the ergodic
shadowing property, then (X, fl[kio), for any k > 1, has the ergodic shadowing
property.

Proof. Fix k > 1, and let € > 0 be given. Let 6 > 0 be given by the definition
of the ergodic shadowing property of (X, fi1,). Let £ = {y; 720 be a d-ergodic
pseudo orbit of (X, f{kio) Put zjpy,; = i7}€+1(yi),0 < j < k,i > 0. Then
n = {2:}32, is a J-ergodic pseudo orbit of (X, f1.00), S0 it can be e-ergodic
shadowed by some point z € X, that is, d(Ns(n, z,€)) = 0. Since the NDS
(X, f1,00) is uniformly equicontinuous, we can choose 0 < ¢y < ¢/k such that
for any z,y € X with d(z,y) < e, we have d(f}(z), fi(y)) < €/k for any
0 <i < kand j > 1. This implies that if d(f{(2), ;) < € for some i > 0, then

d(f{77(2),2i1) < € for any 0 < j < k — 1. This yields that

1
d(Ns(n, z,€0)) = lim —|Ns(n, z,e)N{0,1,...,n—1}

n—oo N

> lim C|Ns(€ 2, A {0, 1, [n/k] - 1}]

n—oo N

. 1
~ lim L Ns(e e n/k] — 1y kL
_nlaoc[n/k‘ﬂN (gv ’ )0{0,1,...,[ /k] 1}|[n/k]+1

=d(Ns(&, z,€)).

By choosing § < §p < €y, where dg is an €p-modulus of the ergodic shad-
owing property of (X, f1 o) and the fact that d(Ns(n,z,€0)) = 0, we have
d(Ns(&,z,¢€)) = 0. O
Corollary 4.2. If the NDS (X, f1,00) has the ergodic shadowing property, then
it 1s totally chain transitive.

Proof. If the NDS (X, f1 ) has the ergodic shadowing property, then using
Lemma 4.1 implies that (X, fl[k(])o) has the ergodic shadowing property for any
natural number k, so by [10, Lemma 5], (X, fl[klo) is chain transitive for any
ke N. O
Lemma 4.3. If the NDS (X, f1,00) has the shadowing property, then the NDS

(X, f1,00) s chain mizing if and only if it is topologically mizing.

Proof. Suppose that (X, f1,00) is chain mixing. Let U,V C X be a pair of
nonempty open subsets of X, let x € U, and let y € V. Choose € > 0 such
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that Be(z) C U and B.(y) C V. Let § > 0 be given by the shadowing property
of (X, f1,00). Since (X, f1,00) is chain mixing, for any sufficiently large integer
n > 0, there exists a d-chain {z;}!" , with 29 = = and z,, = y. Now, the
sequence
{-73071'1:“-7$nafn+1(xn)’f7%+l('rn)’ .

is a d-pseudo orbit for (X, fi o). Therefore, there exists a point z € X such
that d(z,z) < e and d(f7"(2),zn) < €, that is, z € B(z) C U and f{*(z) €
B.(y) C V. Thus the NDS (X, f1,00) is topologically mixing.

Conversely, Let z,y € X and let € > 0 be given. Let 0 < § < ¢ be such
that d(z,y) < ¢ implies that d(fi(z), fi(y)) < e. Choose N > 0 such that
IT(Bs(x)) N Bs(y) # 0 for any n > N. It yields that there is z € Bs(z) such
that f7(z) € Bs(y). Therefore, {x, f1(2), f2(2),..., f" (2),y} is an e-chain
from x to y. O

Corollary 4.4. Let the NDS (I, f1,0) be a k-periodic NDS on the interval I.
If (I, f1,00) has the ergodic shadowing, then it is Devaney chaotic.

Proof. By Proposition 3.4, the NDS (I, f1,00) has the shadowing property.
Hence applying Proposition 3.1 and Lemma 4.3, implies that (I, f1 o) is topo-
logically mixing. Therefore by [13, Corollary 4.3], (I, fi,00) is Devaney chaotic.

O

It is clear from the definition that if the NDS (X, f1,o) has the pseudo-
orbital specification property, then it has the weak specification property. In
the following, we show that the converse is true for an NDS with the shadowing

property.

Lemma 4.5. If the NDS (X, f1,00) has the shadowing and weak specification
properties, then it has the pseudo-orbital specification property.

Proof. Let € > 0 be arbitrary and let ¢g < €/2. Let 6 > 0 be an ¢y-modulus
of the shadowing property and let N(ep) be an eg-modulus of the specification
property of the NDS (X, f1 ). For any nonnegative integers a; < b; < ag <
by < ...as < b, with aj11 — b; > N(ep),1 < j < s and any d-pseudo orbit
& =A{zgati € Ij = [aj,b5] C N1 < j < s, since f;,i > 1 are surjective,
any finite d-chain &; can be extended to a d-pseudo orbit for (X, fi o), which
is denoted by £}. Since the NDS (X, f1 o) has the shadowing property, there
exists a point z; € X,j =1,..., s, that e-shadows the sequence {;-, in particular,

(2) d(fli(zj),ac(j’i)) <€, forany ie€l;=]la;,b;], 1<j<s.
Since (X, f1,00) has the specification property, there exists z € X satisfying
(3) d(fi(2), fi(z)) < eo, forany i€l =][a;b],1<j<s.
This together with (2) implies that

d(ff(z)ﬂf(j,i)) <d(fi(y), fi(z)) + d(ff(zj)vﬂﬁ(j,z‘)) < 2¢ =e.
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Now, we prove our main result.

Proof of Theorem 1.1. Lemma 4.3 shows (1) < (2). (3) < (4) follows from
Lemma 4.5 and the fact that any NDS with the pseudo-orbital specification
property has the weak specification property. (1) = (4) and (4) = (5) are
obtained from [10, Lemma 3] and [10, Lemma 4], respectively. Proposition 3.1
implies (5) = (2). O

Now, we construct a k-periodic NDS with the shadowing property, which
does not have the ergodic shadowing property.

Ezxample 4.6. Let X2 be the space of two-sided sequences of 0 and 1, that is
, 32 = {0,1}% and let the shift map o : ¥2 — %2, be defined by

o w_q,wowiwy...) = (... w_1wo,wiWsa . . .).

Let fi0o = {0,072,0%,0,07%,0%,...}. Then the 3-periodic NDS (X2, fi ),
has the shadowing property. Indeed, f1[3<]>o = {gn}>2,, where g,(w) = o(w) for
any n > 1 and w € ¥2. Since the NDS (32, f1 «) is equicontinuous and the
mapping o on X2 has the shadowing property, using [14, Theorem 3.5] implies
that (X2, f1..0) has the shadowing property. On the other hand, since o is

topologically mixing, there exists an integer N € N such that, for any n > N,
" (U)YNV = Y U)NV £ 0.

This implies that (X2, f1, o) is topologically transitive, but since Ny, (U,V) =
{3N,3N +3,3N +6,...}, so (X2, f1,00) cannot be topologically mixing. Us-
ing Theorem 1.1 yields that (X2, f1,00) does not have the ergodic shadowing
property.

Ezample 4.7. Let f; : S' — S1 be defined by f;(z) = ot (mod 1) with a > 1.
Then the NDS (S, f1 o) is uniformly expanding; see [10]. In [10], the authors
proved that any uniformly expanding NDS has the shadowing and topologically
mixing properties. Since the NDS (S!, f1 o) is equicontinuous, Theorem 1.1
implies that it is chain mixing and has pseudo-orbital specification and ergodic
shadowing properties.
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