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ABSTRACT. For the function f(z) analytic in the open unit disk and nor-

malized by f(0) = f/(0) — 1 = 0, we consider the expression; a(z]{(/g) -

1) +1-— (ﬁ)o‘; (a > 0). Using differential subordination notion, we

investigate properties of (@)0‘, as well as, sufficient conditions for uni-
valence and starlikeness of f(z). In the special case, for a = 1, these
results generalize and improve some previously results given in the liter-
ature.
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1. Introduction

By A we denote the class of all analytic functions f (z) in the open unit disk
D, which is normalized by f(0) = f/(0) —1=0.
Let f € A. We say that f(z) is strongly starlike of order v, 0 < v < 1, if

(Zf’(Z))

arg

f(z)
We show by SS*(v) the class of strongly starlike functions. In particular

for v = 1,5* = S§5*(1) is the class of starlike functions which is subclass

7T’)/.
27

(z € D).

[0}
of the class of univalent functions [1,2]. Expressions such as (f(z)) i (>
z

z
0 (7(2))" and
f(z)
or other subclasses of analytic functions and use as a criteria for starlikeness

(univalence), either in the condition or in the conclusion, for example see [2,3,5].
In the present paper, we study the expression,

1) a<2;£i§)—1>+1—<‘]@)a; (> 0,z €D)
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«
) f/(2) often appear in definitions of integral operators
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its modulus and real part, and obtain conditions over them that lead to some

f(2)\*

properties of () , as well as to criteria of univalence and starlikeness.
z

To get this purpose, we will use some definitions and techniques from the
differential subordination theory [2].

Definition 1.1. For f,g € A we say that f(z) is subordinate to g(z) and write
f(2) < g(2), if there exists a function w(z) analytic in D, w(0) =0, |w(z)| < 1
and f(z) = g(w(z)) for all z € D. In the special case if g(z) is univalent in D
then f(z) < g(2), if and only if f(0) = ¢g(0) and f(D) C g(D).

Let ¢ : C2 x D — C, (C is complex plane), and let h(z) be univalent in D.
If the analytic function p(z) satisfies the (first-order) differential subordination

(2) b(p(2), 2p'(2); 2) < h(2)

then p(z) is called a solution of the differential subordination. The univalent
function ¢(z) is called a dominant of the solutions of (2) if p < ¢ for all p
satisfying (2). A dominant ¢ that satisfies ¢ < ¢ for all dominants ¢ of (2) is
said to be the best dominant of (2).

We begin with the following lemmas that will be used in proving the next
results.
Lemma 1.2. ( [4,5]) Let b € HD) (N C°(D),b(0) = 0,sup,cp [b(z)| = 1 and
¢ =sup,cp fol |b(tz)|dt. For 0 <~ <1 let

s1n(7ﬂ-)
2
\/1+QCCOS( 5 ) 4 c2

[f'(z) = L < A)Ib(2)], (2 € D)
then f(z) € SS*(v). Additionally, if

b(t) = omax b(te'?)|, 0<t<1

Ay) =

If f € A and

then the constant A(y) cannot be replaced by any larger number without violating
the conclusion.

Lemma 1.3. ([2]) Let q(z) be univalent in D and let O(w) and p(w) be analytic
in a domain D containing q(D), with p(w) # 0, for w € ¢(D). Set Q(z) =
2q'(2)p(q(2)), h(z) = 0(q(2)) + Q(2), and suppose that either:

(i) h is convex, or

(ii) Q is starlike.

i) peP ) _ g (9(a(2)) (2) o
(m)ReQ(Z) —R( (())—i- ())>0 (z € D).
If p(2) is analytic in D, with p(0) = ¢(0),p(D) C D, and

0 (p(2)) + 20 (2)¢(p(2)) < 6(q(2)) + 24’ (2)¢(q(2)) = h(2)



Some generalized results based on differential subordinations ... — JMMRC Vol. 10, No. 1 (2021) 13

then p < q and q is the best dominant.

Our motivation in defining this class of functions is to use Lemma 1.3 and
generalize [5, Lemma (2)]. In special cases for «, we can obtain some geometric
conditions, such as starlikeness and close-to-convexity, for the functions which
satisfy in special inequalities, [example, 2.11]. Using Lemma 1.3 we state and
prove the following theorem that will be used to prove other results of the

paper.

2. Main results

Theorem 2.1. Let q(z) be univalent in D, q(0) = 0,q(z) # —1 for all z € D.
Also, suppose that :

| W) )\,
(i) R6<1+ 70 1—|—q(z)> >0; zel,

) ') W)Y
(ii) Re <1 + 70 1+ 4(2) > >0; zeD.

Ifa>0,f€A,@7éOf0rallz€ID), and

O (R () <
f(2) > "

z
(8) are principle ones.

then —1=<4q(z), and q(2) is the best dominant of (3). All powers in

Proof. Consider the functions 6(w) = , then the

w 1
d = —_—
1+w and ¢(w) 1+w
functions 6 and ¢ are analytic in the domain D = C — {—1}, which contains
q(D) and p(w) # 0 for w € ¢q(D). We have

Q2) = 2¢(2)plg(2)) = L)

1 +q(2)

which is starlike, since

QE) (L W) )
o) ¢ (” 7 T+

- )+ )
Also, for the function h(z) = 6(q(2)) + Q(2) = 1+ q(2)

() 2q"(z)  z2q'(z) — 1
re = (14 TG ) e

)

and p(z) # —1 for all z € D (which is equivalent to p(D) C D). A simple

Re

>>0; (z eD).

, we have;

Now, we choose the function p(z) = —1. p(z) is analyticin D, p(0) =0



14 H. Rahimpoor and P. Arjomandinia

calculation shows that subordinations (3) and 6(p(z)) + 2p'(2)e(p(2)) < h(2)
are equivalent. So, by Lemma 1.3, we conclude that

(ﬂz))a —1=p(2) < q(2),

z
and ¢(z) is the best dominant. O
Differential subordination (3) in Theorem 2.1 is a generalization of the basic
/
Briot-Bouquet differential subordination, p(z)+ _E) =< h(z), in [2], where
Ba(z) +

h(z) is univalent in D. In this theorem, first we select the dominant ¢(z) and

then find the appropriate h(z) correspondingto this ¢, i.e. we find the largest

class of univalent function h(z) such that the relation (3) in Theorem 2.1 holds.
Let us examine the conditions of Theorem 2.1 by an example.

Example 2.2. Suppose that q(z) = e* — 1, f(2) = ze* and a = L. Then q(2)

2
is univalent in D, ¢(0) =0, q(z) # —1. Also we have,
, 2q"(2) 2q'(2) ze*  ze®
1 — = 1 — =1
© Re( T Trem) T e T -
2q"(2)  2q'(2)

1
1) Re | 1+ — )—i—Re () = 1+Re(e™ %) = 1+e *cosy >
e (1005 - FL ) e ( 7
0 where, z = x + iy € D. For the function f(z) = ze*, we have f € A,

M:ez#o, and
2

) (ZJ{;S) a 1> +1- (f(;)a = %z—kl e b,

zq'(2) + q(z)
1+4q(2)

=z4+1-—e%
So, we obtain

1
§Z+1—67%Z<Z+1—67'z

and the condition (3) of Tehorem 2.1 is also satisfied. Therefore, we conclude

1
3
that <f(2)> —1=<q(z), and q(z) is the best dominant of (3). O
z

Taking o = 1 in Theorem 2.1, we obtain the result given in [5].
Now, we study the modulus of the expression (1) and obtain conclusions over

« 7 @
(f(z)) and o (Zf — 1) +1— <Z> that will lead to sufficient conditions
z f f(z)

for starlikeness and univalence. Applying Theorem 2.1 we obtain the following
result.
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Corollary 2.3. Suppose that o > 0, f € A, M # 0 for all z € D and
0<A<1.If ‘
z2f'(2) z \" 2z
W (T -1)+1- () <im—mo
then
(5) <f(j)>a —-1=<Az
and Az is the best dominant of (4). In addition
(6) ‘(f(j)) —1‘<)\ (z € D).

and this inequality is sharp, i.e., in (6) X cannot be replaced by a smaller number
so that the implication holds.

Proof. The function ¢(z) = Az satisfies all conditions of Theorem 2.1, and

the subordinations (3) and (4) are equivalent. So, (5) follows directly from

Theorem 2.1. For the sharpness part assume that (4) and (f(;)) -1
f(2)

A1; (2 €D), e, (z> — 1 < A1z hold. Because Az is the best dominant

<

of (4), we have that Az < A1z, or equivalently A < ). O

2
1 —:\iz with 0 < A < 1, hy(D) is an open disk

hi(1) +hi(—=1)  —2)2 ) 2\
=1 and radius r = h1(1) —c = T

2
and that for A\ = 1 is a half plane containing all points (x,y) , with z < 1.
Therefore, we can rewrite Corollary 2.3 in the following equivalent form.

Tt is easy to see that for hy(z) =

with center ¢ =

Corollary 2.4. Suppose that f € A and @ #0 in D.
) ! “ 22 2\
(i) If0 < A <1 and a(?ﬂ?— )—i—l—(f(zz)) +1_>\2 <{ o (z €
D) then
(7) ’(f(;)>a—1‘<A, (z € D).
(ii) If aRe (foég) - 1) < Re (f(zz))a then

(8) '<M>a—1‘<1; (z € D).

z
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Also, both of the inequalities (7) and (8) are sharp i.e., in each case the ra-
dius of the open disk from the conclusion is the smallest possible so that the
corresponding implication holds.

Corollary 2.5. Let a >0 and 0 < XA < 1. If for the function f € A, we have,
2f'(2) > < z )a

@ -1)+1—(—

‘ < f(z) f(2)

’(@)a—1‘<2_/\/\5% (z € D).

<A (zeD)

then

Proof. In the case 0 < A < 1 (i.e., 0 < v < 1) we have

2 (FE ) - () -

that leads to

() () +i

Now, the result follows from Corollary 2.4 (i). On the other hand, for A = v =1,

we have
) Gi)

/ [e%
which gives « (Re (zf (2)> — 1) < Re (2) and the result follows from

2
<
1+~

2 22 2
v 2 Y

< =
1+ 1—72 1-172

<1

f(2) f(z)
Corollary 2.4 (ii). O
Example 2.6. For the function f(z) = : —, with o > 0 and 0 < ¢ <
(14 c2)~
33—V
2f7 we obtain the maximum modulus over expressions

() o () (1)

as following:

zf'(2) z \* . —cz
Ir?l—la(f(z) _1>+1_<(2)> _Irilli}i 1—|—cz+1_(1+cz)
B cz(2+ cz)
_|I?|i)§ 1+cz
_ 229 _y 0]

1—c¢
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and
max <f<z)>a—1’: ax =
|z|=1 z lz]=1|1+ cz
¢ A
1o "7 T2
c(2—-¢)
2 —4c+2

O

From the Example 2.6 raises a question that whether the result obtained in

such that the

A
Corollary 2.5 is sharp or not, i.e., does there exist v < 7\
implication from the corollary holds? This is still an open problem.

Making use of Corollary 2.5 we obtain the following implications.

Corollary 2.7. Suppose that f € A, a >0 and0 < A< 1. If

(T 1)1 () [ < cem

then
‘(ﬂj))a (a <Z}“€i§) _ 1> +1> - 1‘ < %; (z e D)

and

z2f'(2) _5)\—)\2. .
Re(f(z))>1 5o (z € D).

Proof. All conditions of Corollary 2.5 are satisfied, so we have
f2)\* A
— ) 1< —==7; D
‘(Z <55 =7 (2€D)

which gives,

<l+7v (2€D)

and

0§1—7<Re<fiz))a<1+v; (z € D).

v (i) =) T ()
1 1—v

S EA i e

Also,
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From here, we conclude that
[e%
() (55 ) )
z f(z
) G ) G

<AMl47) = A<1+2 )\> 2_)\.

Also, we have:

(o (G5 ) =) e o G =) - (i) ) o)

1—7
> —A+

(1+7)2

1—=M)(2-— 2_ 2
=—A+( /\)2( /\):)\ 2/\+7

and finally, from the last relations, we obtain

()25

Combining Lemma 1.2 and Corollary 2.7, we obtain the following result.

Corollary 2.8. Let fe A, 0<p<1 and

NP
5+ 4cos(g,u)
If
2 O\
) (F2) (= (1) =) 1| < i [(72)

)
I

Proof. Using A =

> < ( (g)1>+1>dt€55*(u).
)

in Corollary 2.7, we obtain

(t)
t
2M(w)
+ A(u)

’(fi@)a@(]]:(i)) 1>+1)— ‘<22A)\—A(u); (z € D).

An application of Schwartz Lemma shows that

(ﬂ)) (a (J{(<)> _ 1) ; 1> - 1‘ < AWzl (2 € D).
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Finally, taking b(z) = z in Lemma 1.2 we conclude that
2l _ 1

1
c= sup/ |b(tz)| dt = sup — = =
zeD Jo 2eD 2 2

/oz (chfﬂ) (‘“ (t;’ié? - 1) + 1) dt € S5%(u).

and

O
Example 2.9. Let f(z) = ze*, z € D and p = 1, then we obtain:
s
T m V6 24+ Ap) 2
5+ 4cos (g) V5 )
Let n € N. An easy computation shows that
. 1 z
limpy—s 400 ﬁz—k 1—e n | =0.
So, we can find N € N, such that
z
1 - -1
1 .
Now, let « = —, then we obtain that:
z2f'(2) z \“ 1 = V5 —1
! -1 Jrl() =|—z+1-¢ N|<
‘ ( f(z) > f(2) N 2
So, we conclude that
z
z t « t ! t -
/ (ﬂ)) (a( 40 —1) —|—1>dt:zeN €55"(1) =5".
0 t f()
O

Remark 2.10. In Example 2.6 we conclude that Corollary 2.5 is not sharp. This
implies that Corollaries 2.7 and 2.8 are not sharp too.

In the following example, we obtain conclusions that can be obtained from
the previous results by taking the special values for aw and .

Example 2.11. Let f € A.
, 2f'(2) = \"
(i) If 0 < o <2 and a<f(z) 1>+1<f(z)> <

I
Re <ZJJ:((§)> > 0 in D, which implies that f(z) is starlike, hence univalent,
z

5 — /25— 8«
2

, then
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_ /95 _
= w in Corollary 2.7).
. ! a—1 1 / / « Zf//(z)
(i) If |(f'(2))* ez f" (2) + f'(2)) = 1] < |f'(2)|*, then Re(1+ ) )>1-
1!
g, (z € D), which for o > g implies that Re (1 + Z;((ZZ)) > —%, (z € D),
and f is close-to-convex, hence univalent. (Taking zf'(z) instead of f(z) and
A =1 in Corollary 2.7). O
Next, we obtain some results over the real part of
2f'(2) ) ( z )a
« -1)+1- i (zeD).
(% @) e
Taking ¢q(z) = fﬁzz, in Theorem 2.1 we obtain the following result.
Corollary 2.12. For o > 0, f € A, @ 20D and 0 < pu < 1, assume
that
2f'(2) > ( z )a
9 @ —1)+1—(—-—=] <ha(z
?) (7 1) )
. 2uz 1
= - 1 _—
with ha(z) (-2 ( + = z) then
HOMN 2uz
1 ZASZAS I .
(10) ( z = 1—-2
2uz . . "
d T, the best dominant of (9). In addition
(11) Re (f(;;)) >1—pu; (z€D)

and the number 1 — u obtained in (11) is sharp, i.e., in (11) 1 — u cannot be
replaced by a larger number such that the implication holds.

2

Proof. Tt is claer that ¢(z) = 1 P2 i univalent in D, ¢(0) = 0 and ¢(z) # -1
—z

for all z € D. Now, for z€ D and —1 <A =1—2u < 1 we obtain:

zq" (2) zq'(2) z 1
he <1+ 7(z) 1+q(z)> :Re<1z+ 1)\,2)
L S SR N
2 14N 21+A)
and so, condition (i) in Theorem 2.1 is satisfied. Also, it is easy to see that
condition (ii) from Theorem 2.1 is also satisfied:

2q"(2)  2¢'(2) -1
q(z) B 1+ q(2) > > I

>0,

Re<1+ e(qu(Z)>>0(zem>).
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Finally, easy computations show that
2q'(2) +q(2)
1+4(2)

Therefore, all conditions of Theorem 2.1 are satisfied and (10) follows directly.
Further, inequality (11) follows easily from the subordination condition (10) by

writing:
@ 2
Re(f(z)> >R6< MZ>+1>1/L.
z 1-=2

Now, we investigate the sharpness of (11). Assume that (9) and Re(@)a >
1 — py for all z € D, hold. Equivalently, we have

(f(z)> _qx 2z

z 1-=2
2uz : e 2pz - 2z
But 1 is the best dominant of (9), which implies that ] =< T , L.e.,
—z —z —z

—p1 < —pand 1—p; <1—p. 0

Now using the definition of subordination and the properties of hs(D) and
q¢(D) in Corollary 2.12, we obtain some results over the real part of

() ()

Before to state the next corollary, note that for the function hs(z) defined
by expression (9) we have:

1 1 1 1
1 - = —=2)—— A L
YU B /\+<)\ >1—/\z’ #0,(or p# 3)
Q(Z) 1

— 14z /\:O,(oru:%)

1—=2
where 0 <y <land A=1-—2pu.

1
Example 2.13. Let o« = pu = 7 and f(z) = ﬁ be the "Koebe” function
-z

[1,2]. It is easy to see that :
@ o) () T e

So, we conclude that
(f(Z)) —1 < c ,
z 1—=z

is the best dominant of (12). O

z
d
and 7
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Corollary 2.14. Let f € A, M #0 forallzeD and 0 < p < % If
z
(13)
1 1
/ o 1——; O0<pu<-
Re(a(zf(z)—1>+1—<z ) )>C:3 L=y i
1) 7@ 2\ L Lo,
3p 4~ 72

then Re (@)a >1—p.
Proof. We use Corollary 2.12 by showing that the inequality (13) implies sub-
ordination (9). The definition of ha(z) shows that hy(0) = 0, and that ha(z)
is close-to-convex (hence univalent) in ID. This is easy to check, because the

/
proofs of Corollary 2.12 and Theorem 2.1 show that Q(z) = 1211 ((]2) is starlike
and Re o) > 0 in D. Therefore the subordination (9) is equivalent to the
z

following condition:

a (Zj‘cé? - 1) +1- (f(i))a € ho(D); (z € D).

Now, we analyze ho(ID). For A # 0, we have:

; 1 1 1 1
0\ _ 1 _ - - -
Rehy (¢”) =1 A+Re<1_em) + (A 2) Re(l—/\e“’)

Note that
1
— < < .
0< R<1—Aei9>— — 0<A<1
1 . 1 1 .
So, for 0 < A < —; (i.e.,, — < pu < =), we obtain:
2 4 2
; 3 1 1 1
60 >7_7 7_2 -
feeha () 2 5 )\+<>\ 1+ A
3 2\ 3 1
2 1+X) 2 1—pu
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Therefore we have:

ki =

N W

1 LY. 0< <1
3u)’ H=7

1) oo
=) 1SS

For the imaginary part of hy (e'?), we know that the image of the function

Rehs (ew) >
ko =

N W
N~

-z 1—2 2
Imhsy(z) takes values within the whole set of real numbers.

The previous calculations over real and imaginary parts of hg (ew) yield
that:

1 1
for all z € D is a half plane with Re ( ) > —. So, we conclude that

{z+iy:z>Cr,y e R} C hey(D)
where C; = max{k1,k2}. Finally note that, by easy computations we can

1 1 1
show that, C; = C < 0for 0 < pu < X max{ki, ka} = kq, for 1 <p< 3 and

1
max{ky, ko} = ko when 0 < p < T which proves that (13) implies (9). Now

we see that all conditions of (Corollary 2.12) are satisfied and we conclude that

Re <f(z)> >1—p. g
z
Finally, taking ¢ = 1 in Corollary 2.12, we obtain the following result.
f(z)
Corollary 2.15. Let f € A, . #0 forall zeD. Ifa>0 and

a(i{ég) —1)+1—<f(zz))ae((2\{1+iy:yeR,|y|2\@}EQ, (z e D)

[e%
then Re <f(z)> > 0, and the result is sharp, i.e., the number zero in the
z
conclusion cannot be replaced by a larger number such that the implication

holds.

1
Proof. To prove the result, it is sufficient to show that he(D) = Q. For p # 3
we have
1 1 1 1

hz(z):1+1—z_x+(x_2)1—)\z’

(A=1-2p)

So, taking u = 1; (or A = —1) in ho(z) we obtain:
1 3

1—2 14z

hQ(Z) =2+
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Now, by simple calculations we determine ho (ew):

1—e™®  3(14e7%)

hy (e9) =2+ —

2 (") =it |14 e
_2+1—0059+z’sin9 3(1+cosf —isinf)
B 2(1 — cos®) 2(1+ cosb)

=1+ 1Sin@ ( 3 + ! ) 7.
2 1+cosf 1—cosb
Analyzing Rehs (ew) and Imho (ew), we obtain: Rehsy (ew) =1 and
. 1. 3 1
J(0) = Imhs <629) T2 sinf (1 +cos 0 + 1- COSG)
2 —cos b
sinf
Determining the maximum and minimum of f(6) we have ‘I mhsy (ei‘g)‘ > /3.

So, for u = 1, he(D) = £, and all conditions of Corollary 2.12 are satisfied.
f=)\*
z

Therefore the implication Re > 0; (2 € D) and its sharpness part

follow directly from Corollary 2.12. |
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