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ABSTRACT. This paper investigates the existence and interval of exis-
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1. Introduction

Over the past few decades, fractional calculus, as a promising field of re-
search in mathematics, has demonstrated an outstanding advancement in terms
of its growing applications to numerous real-world problems in areas such as
viscoelasticity, rheology, continuum mechanics, electromagnetic theory, disas-
ter control and so on [16,21]. Due to the nonlinearity of problems related to
science and technology, fractional calculus has become an indispensable mathe-
matical tool in analyzing and determining the different possibilities of defining
real/complex ordered derivatives and integrals that can be of great use while
representing such problems [12,21,22]. Applying the concepts of fractional
calculus to integro-differential equations further advanced its scope of research
in mathematical modeling and control. The main difference between integro-
differential equations and fractional-order integro-differential equations lies in
the fact that while the former involves derivation and integration of integer
order, the latter involves the same in a non-integer/an arbitrary order [15,16].
This has given rise to a stiff increase in the use of these equations to model
real life problems of science and engineering over integer modeling, as it super-
sedes integer modeling in terms of its efficiency to translate realistic situations
into mathematical formulations more precisely [16,19]. In recent years, many
authors focus on the development of techniques for discussing the solutions of
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fractional differential and integro-differential equations. For instance, we can
remember the following works:

Ibrahim and Momani [15] studied the existence and uniqueness of solutions
of a class of fractional order differential equations, Karthikeyan and Trujillo [19]
proved existence and uniqueness of solutions for fractional integro-differential
equations with boundary value conditions, Bahuguna and Dabas [2] applied the
method of lines to establish the existence and uniqueness of a strong solution for
the partial integrodifferential equations, Matar [23] deliberated the existence
of solutions for nonlocal fractional semilinear integro-differential equations in
Banach spaces via Banach fixed point theorem.

Momani [18] considered the following fractional differential equations:

D%u(t) = f(t,u(t)), 0 <a <1,
u(to) = uo.
Devi and Sreedhar [4] considered the following Caputo fractional integro-
differential equation of the type:
‘D*u(t) = f(t,ult), I*u(t)), 0 < a <1,
u(0) = up.

Momani et al. [17] proved the Local and global uniqueness results by using
Bihari’s inequality for the fractional integro-differential equation:

‘Du(t) = f(t,ut)) + /t Z(t,s,u(s))ds, 0 <a<1

to

u(0) = up.

Ahmad and Sivasundaram [1] studied some existence and uniqueness results in
a Banach space for the fractional integro-differential equation:

DOult) = f(tu(t)) + /t Z(t, 5, u(s))ds, 0 < a <1
u(0) = ug — g(u), g € C([0,T7, X).

Wu and Liu [28] discussed the existence and uniqueness of solutions for frac-
tional integro-differential equations of the type:

“Du(t) = f(t,ul). /0 t Z(t,5,u(s)ds), 1€ [0.1],
u(0) = up.

Recently, in [3,7,13,14,17,27] the author’s obtained the result on existence
and uniqueness of solutions for fractional integro-differential equations by using
the fixed point theorem of Banach space with contraction mapping principle.

In this position, by utilizing and mixing interesting ideas of the above men-
tioned manuscripts, we intend to check some specific aims about the existence
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and interval of existence, uniqueness, Ulam stability of solutions for the fol-
lowing proposed initial value type problem of a Caputo fractional Volterra-
Fredholm integro-differential equation

(1) “Du(t) = fult) + £ (1, u(t), / 2t s)uls)ds, / ' 2ot s)u(s)ds).

0 0
(2) u(0) =ug, t € J:=1[0,T],6 >0,

where ¢D¢ is the Caputo’s fractional derivative, 0 < a < 1, f : JXRXRXR —
R, Z1,Z5 : J x J — R are continuous functions satisfying some conditions
which will be stated later, and ¢; := sup{|Z1(¢,s)] : 0 < s <t < T}, (o :=
sup{|Zz2(t,s)] : 0 < s <t <T}.

The main objective of the present paper is to study the new existence,
uniqueness and Ulam stability results by means of the Banach contraction
principle, Schaefer’s fixed point theorem and Pachpatte’s integral inequality
for Caputo fractional Volterra-Fredholm integro-differential equations with ini-
tial value condition.

The rest of this paper is organized as follows. In Section 2, some essential
notations, definitions and lemmas related to fractional calculus are recalled. In
Section 3, the new existence and uniqueness results of the solution for Caputo
fractional Volterra-Fredholm integro-differential equation have been proved. In
Section 4, we study the Ulam stability of the problem (1)-(2). In Section 5, an
illustrative example is presented. Finally, we will give a report on our paper
and a brief conclusion is given in Section 6.

2. Preliminaries

In this section, we outline some basic concepts of fractional calculus and
modern tools of functional analysis, and state some fixed-point theorems related
to our work. For more details, see [5,6,8-11,22-24,26].

Let C(J,R) denotes the Banach space of all continuous functions on J. For
any function h € C(J,R), ||kl = sup{|h(t)| : t € J}. L*(J) denotes the space
of all real functions defined on J which are Lebesgue integrable with the norm

T
1Al = fo [P (2)]dt.

Definition 2.1. [21] (Riemann-Liouville fractional integral). The Riemann-
Liouville fractional integral of order o > 0 of a function h is defined as

JOR(t) = F(la)/ox(x—s)a_lh(s)ds, o€ RY,
J°h(t) = h(t),

where R is the set of positive real numbers.
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Definition 2.2. [21] (Caputo fractional derivative). The fractional de-
rivative of h(t) in the Caputo sense is defined by

SDOR(t) = JMTD™A(t)

1 T m—a—19"h(s)
T'(m—a) fO (I - s) ! ds™m d

s, m—1<a<m,

(3) =
MR (t)
8t7n )
where the parameter « is the order of the derivative and is allowed to be real
or even complex. In this paper, only real and positive a will be considered.

Hence, we have the following properties:

a=m, mEeN,

(1) JoJh = Jo+h,  a,v > 0.

(2) Joh? = gttt

(3) Db = (fZEDshie a >0, B> -1,

(4) JD*h(t) = h(t) — h(a), 0 < a < 1.

(5) JODh(t) = h(t) — S LM (01 598 ¢ s,

Definition 2.3. [21] (Riemann-Liouville fractional derivative). The
Riemann Liouville fractional derivative of order v > 0 is normally defined as

(4) D%h(t) = D™ I “h(t), m—1<a<m, meN

Definition 2.4. [26] Let T : X — X be a mapping on a normed space
(X, ]I-1D)- A point x € X for which Tz = z is called a fixed point of T.

Definition 2.5. [21] The mapping T on a normed space (X, ||.||) is called
contractive if there is a non-negative real number ¢ € (0,1), such that | Tz —
Tyl < ¢|lx —y|| for all z,y € X.

Theorem 2.6. [22] (Banach fized point theorem) Let (X,].||) be a complete
normed space, and let the mapping T : X — X be a contraction mapping.
Then T has exactly one fized point.

Theorem 2.7. [21] (Schaefer’s fixed point theorem) Let X be a normed space,
T a continuous mapping of X into X which is compact on each bounded subset
FE of X. Then either

(i) The equation x = XT(x) has a solution for A =1, or

(ii) The set of all such solutions x, for 0 < A < 1, is unbounded.

Lemma 2.8. [25] (Pachpatte’s inequality) Let u(t), f(t), q(t) € C(J,Ry) and
let n(t) € C(J,Ry) be and nondecreasing for which the inequality

u(t) < n(t) + / F(s)u(s)ds + / £(s) / " g(ryu(r)drds,

holds for any t € Ry. Then

) <n®[1+ [ sy ([ 70)+atrar)as].
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3. Existence and Uniqueness Results

In this section, we shall give an existence and uniqueness results of Eq.(1),
with the initial condition (2). Before starting and proving the main results, we
introduce the following hypotheses:

(A1) There exists a constant Ly > 0, for each ¢t € J and w;,v;,y; € R, i =1, 2,
such that

1t ua,v1,91) = f(E ua, v, y0) | < Ly(flua = uall + flor = v2ll + llyn — w2l]).-
(A2) There exists a constant ay > 0, for each t € J and u,v,y € R, such that
1w, 0, 9)| < ap (X4 [[ull + [lofl + llyl])-

First, we will state the following axiom lemma.

Lemma 3.1. Let 0 < o < 1. Assume that f,Z; and Zy are continuous func-
tions. If u € C(J,R) then u satisfies the problem (1)-(2) if and only if u
satisfies the integral equation

o [ o I o
u(t) = uo—l—@/o(t—s) 1u(s)ds+m/o(t—s) !
s T
(5) x f(s,u(s), /0 Z1(t, 0)u(o)do, /O Zg(t,cr)u(a)da>ds, ted.
Theorem 3.2. If the hypotheses (A1) and (A2) hold, and

(0 + LT + Ly(G + )T
INa+1)

(6) M= [ <1

Then the problem (1)-(2) has a unique solution on J.

Proof. We transform the Cauchy problem (1)-(2) to be applicable to fixed point
problem and define the operator T : C'(J,R) — C(J,R) by

T)(t) = u0+F(Ha)/Ot(t—s)a_lu(s)ds—i-F(la)/ot(t—s)a_l
(7) f(s,u(s), /0 " 20t 0)ulo)do, /0 ’ Zg(t,a)u(a)do)ds.

Let u,v € C(J,R). Then for each ¢t € J, we have
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T (u)(8) = ()@l

< s [ =9 uts) — ()l
+ﬁ /0 t(t—s)o‘_lH 7 (5. u(s) /0 " 20t o)ulo)do, /0 ’ Zo(t,0)u(0)do)
1 (s.ets). A Zu(t, 0)0(o)do, /OT Zo(t,0)0(0)do ) ds

< Fé%[@—gwww@—w$ws
s = (1) =l + [ 12l uto) o) o

T
+ [ 12t o)) — o(o)do) s

o+Ls [* — 5)* Y u(s) — v(s)||ds
< Sl [e= 9 u — o)l

L@+ QT (% amtjius) — ofs))ds
g, i =l

[(9 + LT + Ly(G + )T
INa+1)

Il = vl
Thus,
1) = Y@)lloe < Mlfu = vl

Since M < 1, we conclude that Y is a contraction map. By Banach contraction
principle, we deduce that T has a unique fixed point which is a solution of the
problem (1)-(2). O

Next, we will prove the existence of solution for the problem (1)-(2) in the
space C(J, X) by means of Schaefer’s fixed point theorem.

Theorem 3.3. If the hypotheses (A1) and (A2) hold. Then the problem (1)-(2)
has at least one solution on J.

Proof. The proof will be given in some steps.
Step 1. The operator T is continuous.
Let {u,} be a sequence such that u,, — u in C(J,R). Then for each ¢t € J
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17 (un ) (&) = T () (@)]|

0 t =1y () — u(s)|ds
r(a)/O“*” lun(s) — u(s) |d

sup Hf(s, Un($), /05 Zi1(t, 0)uy(0)do, /OT Zs(t, U)un(a)dor)

teJ

IA

s T
- f(s,u(s), / Z1(t, 0)u(o)do, / Zol(t, J)U(U)da) Hds,
0 0
since f, Z; and Zs are continuous functions and u, — u, then we have
1T (un) — T(u)|loo — 0, as n — 0.

Step 2. The operator T maps bounded sets into bounded sets in C(J, R).

We need to show that for any p > 0, there exists a positive constant r such
that for each v € B, = {u € C(J,R) : ||u]lo < p}, we have ||T(u)]|oo < 7
Thus, for each t € J, we have

T ()@

< ol + g [ 6= o) s
1 e
iy f, -9
| (s.uts) /0 " 20t o)u(o)do, /O Za(t,0)u(o)do ) |ds
0pT I w1
< ol + g + e 9 e (1 o)) +
| 1zaluto)lde+ [ 12:(0.0) uto) i) as
0pT*  ar(l+p+p(G+)T)T
= H“OHJFF(QH) T(a+1)

Thus
1T (w)][oo <.

Step 3. The operator T maps bounded sets into equicontinuous sets of
C(J,R).



86 A.A. Hamoud, A.A. Sharif, K.P. Ghadle

Let t1,t2 € (0,T], t1 < ta, B, be a bounded set of C(J,R) as in step 2, and
let v € B,. Then

[T () (t1) = T(u) ()|

< &;A%m—w“—@—ﬁammw@
+ﬁ/o 1[(t1 - 8)0‘_1 — (ta — S)Q_l]
s T
H f(s,u(s), /0 Z1(t, 0)u(o)do, /0 Zg(t,a)u(a)dcr) Hds
i [ s
ey ),
s T
H f(s,u(s), /0 Zu(t, 0)u(o)do, /0 Zg(t,o)u(o)da) Hds
< Fe(g)/o (b — )1 — (ta — 5)°~1ds
a(L+p+ (G +0)PT) (M et gatig
. s |t =9t =5
+F‘?Z)/t 2(t2 _ S)a—lds + af<1 + p‘;((ii; + C2)pT) /t 2(t2 _ S)a—lds
S 9p—|—af(1—|—p+(C1+<2)PT) [2(t2—t1)°‘+(t?—tg)]

INa+1)
— 0 as t1 — to.
As a consequence of steps 1 to 3 together with the Arzela-Ascoli theorem,
we can conclude that Y : C(J,R) — C(J,R) is continuous and completely
continuous.
Step 4. A priori bounds.
Now it remains to show that the set

N={ueCJ,R):u=0Y(u), for some o € (0,1)},
is bounded. Let u € {2, then u = oY (u), for some o € (0,1). Thus, for each
t € J we have

t

ult) = ﬂw+ﬁgﬁb—ﬁaw@@+§®4u_gal
f(s,u(s),/os Z1(t,0)u(o)do, /OT Zg(t,a)u(a)da>ds]
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This implies by (A1) and (A2) that for each t € J we have

o7 ay(1+p+p(Gu+ C)T)T®
T(a+1) T(a+1)

IT@)@OI < luoll +
= L.
Thus
[T (u)]oe < L.

This shows that the set 2 is bounded. Now applying Schaefer’s fixed point
theorem, we deduce that Y has a fixed point which is a solution of the problem

(1)-(2).
O

4. Stability Results

In this part, we study the Ulam stability of the problem (1)-(2). Now we
consider the Ulam stability for the following problem
cD(t) = Ou(t)+
F(tut), Jy 2t s)u(s)ds, [ Za(t,s)u(s)ds), ¢ €

and the following inequalities:

o) | Dot~ ou(t) - f(t, v(t), [ 20t s)o(s)ds, [ Za(t, s)v(s)ds)
<e teJ,

10) “Deu(t) — Gu(t) — f(t, v(t), [ 2t s)o(s)ds, [ Za(t, s)v(s)ds)
< ep(t), t €,

¢ Ha t T

(1) | Do) = ou(t) - f(m(t), Itz s)o(s)ds, [ Za(t, s)v(s)ds)
<p(t), ted

Definition 4.1. [20] The Eq. (8) is Ulam-Hyers stable if there exists a real

number Cy > 0 such that for each ¢ > 0 and for each solution v € C(J,R) of
inequality (9) there exists a solution u € C(J,R) of equation (8) with

o(t) — u(t)| < eCyt € J.

Definition 4.2. [20] The Eq. (8) is generalized Ulam-Hyers stable if there
exists 1y € C([0,00),[0,00)), ¥;(0) = 0 such that for each solution v € C(J,R)
of inequality (9) there exists a solution v € C(J,R) of equation (8) with

lo(t) —u(t)] < ey, t e
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Definition 4.3. [20] The Eq. (8) is Ulam-Hyers-Rassias stable with respect
to ¢ € C(J,R) if there exists a real number Cy > 0 such that for each e > 0
and for each solution v € C(J,R) of inequality (10) there exists a solution
u € C(J,R) of equation (8) with

[v(t) —u(t)] < eCrp(t), teJ.

Theorem 4.4. Assumes that (A1), (A2) and (6) are fulfilled. Then the prob-
lem (1)-(2) is Ulam-Hyers stable.

Proof. Let € > 0 and let v € C(J,R) be a function which satisfies inequality
(9) and let u € C(J,R) be the unique solution of the following problem

(12)  “Du(t) = u(t) + f(t,u(t), /0 Zy(t, s)u(s)ds, /0 Zu(t, s)u(s)ds>7
(13)  v(0)=wg.teJ 0<a<l.

Using Lemma 3.1, we obtain

0 ! a—1
u(t) = wup+ @/@ (t—s)*  u(s)ds

+ ﬁ /Ot(t - S)a_lf(s, u(s), /OS Z1(t,0)u(o)do, /OT Zs(t, U)u(U)da) ds.
By integrating (9), we obtain:
(14) Hv(t) g — Ffa) /Ot(t — 5)* Ty(s)ds — L) /Ot(t et

< et
“I(a+1)
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Using (A1), (A2) and the inequality (14), for every ¢ € J, we have:

lo(t) —u(®)]| < Hv(t)—uo—F(ea)/ot(t_s)a—ly(s)ds—F(la)/ot(t—s)a—l

f(s, v(s), /0 " 2t o Yo(o)do, /0 ' Zol(t, U)v(a)da) dsH

9 ! a—1
e / (t - )2 lo(s) - u(s)llds

Jrﬁ /Ot(t _ S)aqu(s, v(s), /OS Z1(t,o)v(o)do,
/T Zg(t,a)v(o)do) Hds
0

“ sl t —5)2 Yu(s) — u(s)|ds
Tt T /O<t 1 o(s) — u(s)d

L
+f(1€1(;C2/ —s5)*! /Hv —u(o)||de +

T
[ 1) - utoas)as
0

A

+

IN

Thus

€t 9+Lf ¢ a1
@ -] = o+ S / (t = 5" o(s) - u(s)|ds

Ly(C1+ G yor
+I‘(o¢/ - 1 / lv(o) —u(o)|do +

/||v —u(o ||d0 ds

0+Lf o1
F(a+1)+/ ) L9 [Ilo(s) = u(s)]

Li(&+G2)
=y ) - u(a)||do} ds

(15)
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By applying Pachpatte’s inequality given in Theorem 3.2 to the inequality (15),
we obtain

o)) =ul < e[+ | et

Na+1 T'()
10+ Ly a1, Li(G+G)
xexp(/o [ o) (T -o0) 1+m}d0)ds}
€T To+L; w1
< vl T
10+ Ly a1, LG +C)
xexp(/o [ (@) (T —o) 1+79+Lf }da)ds}
= €Cy.
Thus the problem (1)-(2) is Ulam-Hyers stable. O

Corollary 4.5. If f and g in the nonlocal problem (1)-(2) satisfy the conditions
(A1), (A2) and the inequality (6) hold, then the nonlocal problem (1)-(2) is
generalized Ulam-Hyers stable.

Theorem 4.6. Assumes that (A1), (A2) and (6) are fulfilled. Further sup-
pose there exist an increasing function ¢ € C(J,R;) and ¥, > 0 such that
I%o(t) < Wop(t), for any t € J. Then the nonlocal problem (1)-(2) is Ulam-
Hyers-Rassias stable.

Proof. Under the assumptions of Theorem 4.4, we consider problem (1)-(2) and
inequality (11). One can repeat the same process to verify that problem (1)-(2)
is Ulam-Hyers-Rassias stable. O

5. An Example

We consider the following nonlocal Cauchy problem of Caputo fractional
Volterra-Fredholm integro-differential equation

c10.5 — }u e’ _fu®l L f_e u(s)|ds
16) D) = Full+ {5l 45 [ gl
1 [t et
+5/0 (3+t)2|u(s)|ds,
(17) uw(0) = 1, teJ:=][0,1].

From equations (16)-(17) and inequality (6), we have
(O+Lp)T*+ Ly(G + C2)Ta+1}
I'a+1)

i+ %)}

v |
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Then the problem (16)-(17) has a unique solution on J, and by Theorem 4.4,
the problem (16)-(17) is Ulam-Hyers stable.

6. Conclusion

The main purpose of this paper was to present new existence, uniqueness
and Ulam-Hyers stability results of the solution for Caputo fractional Volterra-
Fredholm integro-differential. The techniques used to prove our results are
a variety of tools such as Banach contraction principle, Schaefer’s fixed point
theorem and Pachpatte’s integral inequality. Moreover, the results of references
[1,18,28] appear as a special case of our results.
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