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ABSTRACT. Analysis of variance (ANOVA) is an important method in
exploratory and confirmatory data analysis when explanatory variables
are discrete and response variables are continues and independent from
each other. The simplest type of ANOVA is one-way analysis of variance
for comparison among means of several populations. In this paper, we
extend one-way analysis of variance to a case where observed data are
non-symmetric triangular or normal fuzzy observations rather than real
numbers. Meanwhile, a case study on the car battery length-life is pro-
vided on the basis on the proposed method.

Keywords: Fuzzy decision, Non-symmetric fuzzy data, Arithmetic fuzzy
numbers, Analysis of variance.
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1. The place and importance of fuzzy ANOVA in manufac-
turing and literature

Analysis of variance (ANOVA) is concerned with analyzing variation in
the means of several independent populations. The central point in classi-
cal ANOVA is a test about the significance of the difference among population
means, which allows us to conclude whether or not the differences among the
means of several populations are too deviated to be attributed to the sampling
error [6]. There are several real-life populations in which imprecise values can
be assigned to their experimental outcomes. In such cases, the fuzzy num-
bers are suitable models to formalize and handle these populations, such as
the monthly income of a taxi driver, the desirability amount of life and the
battery lifetime. The Fuzzy ANOVA (FANOVA) model can be realistically
used in numerous industries and applications in which the data observed as
fuzzy numbers. To show the importance of FANOVA, we present some applied
examples as follows:
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(1) Comparing the amount of gas usage for the different vehicles, or the
same vehicle under different fuel types, or road types,

(2) Comparison the quality of the produced product under different condi-
tions (such as different weathers, different personnel, different material
requirements, assemble lines in a workshop/faculty,

(3) Investigation on the pressure or chemical concentration on some chem-
ical reaction (power reactors, chemical plants, etc),

(4) The amount of interest/satisfaction of the workers in different parts of
a factory,

(5) Studying whether the different kinds of product advertisements can
cause to different selling amounts, and

(6) Comparison the amount of exited gas volume from the volcano crater
(per hour, or per day) for different active volcanoes.

Montenegro et al. [11] have presented an exact one-way ANOVA testing
procedure for the case in which the involved fuzzy random variables are assumed
normal as intended by Puri and Ralescu [19]. On the other hand, Montenegro
et al. [10] demonstrated the convenience of incorporating bootstrap method
to approximate the asymptotic one-sample tests with fuzzy random variables.
A one-way ANOVA study has been developed by Cuevas et al. [2] for the
functional data on a given Hilbert space. An introduction to the asymptotic
multi-sample testing of means for simple fuzzy random variables is also was also
sketched by Gil et al. [6], where a bootstrap approach to the multi-sample test
of means for the significance of the difference among population means on the
basis of the evidence supplied by a set of sample fuzzy data is studied. Also one-
way ANOVA with fuzzy data was studied by Wu [23], where the cuts of fuzzy
random variables, optimistic, pessimistic degrees and solving an optimization
problem are used. Lee et al. [9] discussed on the analysis of variance with fuzzy
data based on permutation method as a non-parametric approach.

In this paper a simple method for a fuzzy one-way ANOVA, as an extension
for classical ANOVA, is presented where the observations are non-symmetric
triangular and normal fuzzy numbers. The organization of this paper is as
follows: In section 2, preliminaries on fuzzy concepts and some arithmetic
operations are stated. In the section 3, fuzzy ANOVA is explained for fuzzy
data. Meanwhile in section 3, the decision rule for testing hypothesis of equality
of means of populations data are discussed for FANOVA model, where the
observations are reported by non-symmetric triangular and normal fuzzy. In
section 4 a real applied example on vehicle battery manufacturing is presented
to reveal the ideas of this paper. Conclusion part is given in the final section.

2. Preliminaries

Let X be a universal set and F(X) ={A| A: X —[0,1]}. Any A € F(X)
is called a fuzzy set on X. In particular, let R be the set of all real numbers.
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We will use Fr(R) = {T | a,sl,s" € R; s\,s" > O} , Where

a’®a a’a
woats, if a—s <z<a
st a = )
= 1 o
(1) T(x) =T(a,s,,s,)(x) = a+z,“; z if a<z<a+sh,
0 elsewhere.

Any T € Fr(R) is called a triangular fuzzy number (TFN), where a is center
point, s, and s” are the left and right widths of TFN and it may written as
T(a,s',s"). We assume T'(a,0,0) be I14}, the indicator function of a.

rYarva

Also, we will show Fy(R) = {]\7 | a,sl,s" € R; sl,s" > O} , where

rYarTa a
2
) exps — (%) if  z<a,
2) N(z) = N(a,s',s")(z) = ‘
a’a 2
exrp 7<1:a> if T > a.

Any N € Fy(R) is called a normal fuzzy number (NFN), where a is center
point, s, and s’ are the left and right widths of NFN and it may written as
N(a,s!,s"). If N is a fuzzy number, the a-cut of N is a closed and bounded

interval, for a € (0,1], which denoted by N, = [n1(a), na(a)].
Definition 2.1 (24). Let A, B € F(R). Then

® aen={[ o) 18] }

is called distance between A and B, in which for any o € [0,1]

1
2

@) Au()Ba = {[ar(@) — by (@) + [az(a) - ba(a))*}

measured the distance between A, = [a;(),as()] and By = [bi(a), ba(a)],

a1(0), b1(0), a2(0), b2(0) are taken as finite real numbers and ¢ is a real valued

non-decreasing function on [0, 1] with g(0) = 0 and fol g(c) da = % (for instance
_ m+1

g(a) = ™=a™ where m = 1,2,3,---).

It must be mentioned that the distance & is a metric on the set of all fuzzy
numbers which has been proved in Theorem 4.1 of [17].

Remark 2.2. In Definition 2.1, a1 (o) —b1(«) and az(a) —ba(e) are the distance
between the left and the right end points of the a-cut of A and B, respectively.
2

The value of g(a) can be understood as the weight of {fla(—)Ba] , and the

non-decreasing property of g means that the higher the membership of a-cut,
the more important it is in determining the distance between A and B. This
defined operation synthetically reflects the information on every membership
degree. The advantage of this arithmetic operation on fuzzy numbers is that
they can let different a-cuts have different weights.
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Remark 2.3. The introduced distance in Definition 2.1 coincides to the absolute
deviation of a and b, when two numbers A and B are real numbers a and b,
respectively (see [16], for proof).

Theorem 2.4. The distance between two TFNs A = T(a,s.,s") and B =
T(b, sk, sp) is

m [(52 —s3)” + (s, — sp)°]

(5) [(sh = s8) = (s = s3)]

where the weighted function g is defined by g(a) = mTHam form=1,2,3,---.

{A@Br = (a—b)?+
Jrafb
m-+1

Proof. The a-cuts of TFNs A and B are A, = [a — s,(1 —a),a+ s, (1 — a)]
and B, = [b—si(1—a),b+s}(1 —a)] for any a € [0,1]. Therefore by Defi-
nition 2.1,

o] -

= [al(a)—bl( )* + [az(a )—52(2)]2
= [a—si(1—a)—b+sy(l—a) —|—[a+s (1-—a)—b-—s(1—a)
= [OL(SZ*Sé)Jr(a*b) (sh = sh)]* + [als — s7) + (a — b) — (s — s}))
= 2(a—b)2+ (a—1)2(s,, —s}) +2(a—b)(s, — s))(a—1)

+(a = 1)%(s = sp) +2(a = b)(sy, — s7) (e — 1)

m+1

2

and so, we will have g(a) = ™ and

e8] - /m“ ™ Llar(@) ~ bi (@) + [aa(a) — ba(e)]*}

1 T T
(Z - b) + (m ¥ 2)(m + 3) [(sz - 32)2 + (Sa - sb)Q]
a—b r r
m+1 [(Sa - Sb) (Sé - Slb)] )
form=1,2,3,---. O
Theorem 2.5. The distance between two NFNs A = N(a,s!,s”) and B =
N (b, s, sh) is
.12
[A@B} = (a—0b)*+ 2( [(sh = sb)” + (sl — sp)°]

+1)
/ a— l—s 5 — S
(6) 4 m+1 b [ Sa 2b b)]7

where the weighted function g is defined by g(a) = mTHam form=1,2,3,---.
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Proof. The a-cuts of NFNs A and B are A, = la—shv=Ina,a+ shvV—Ina

and B, = [bf sé\/flna,bJrsg\/flna] for any o € [0,1]. Therefore by
Definition 2.1,

[Aa()B]" = [mn(e) ~ by(@)? + [as()  bo(a)]?
= fa-slv o bt sy Tna]
+[a+3gm_b—sgm}2
= [(a=b) - V=Tna(s, - g)}2+[(a—b)+m(sg—sg)r
= 20—~ na[(s] s} + (5] 5})]

—2(a—b)V—Ina [(sfl ) (sh — sg)Q]

and so, we will have g(a) = o™

EE 3]2 _ /01 ’"T“am {[al(a) ~ by(@)]* +[as(a) — ba(a)]*}
= (a—b)?+ [s —sb)% 4 (s” —52)2]
l

T (a b) [( —s3) — (s, — sp)]
m+1 2 ’
form=1,2,3,---. O

and

_|_

3. Fuzzy analysis of variance (FANOVA)

The classical ANOVA model can be consulted in any book on linear models
as well as well-known references, e.g. [7, 11]. We have been reviewed classical
ANOVA model in our previously works [14, 15, 16] with similar notations and
we refer the readers to these references.

In real world, the fuzziness of an observed variable often happens in two
cases. The first case is due to technical conditions of measurements where the
response variable cannot be measured exactly and so in this case data cannot
be recorded clearly with precise numbers but only in linguistic terms to justify
the required tolerance of the errors in measurements. The second case is due
to the fact that the response variable will be given in terms of linguistic forms,
such as linguistic report of experts or report of a farmer about his products,
which are not numeric. In both cases, the data could be represented by the
notion of fuzzy sets to analyze the experiment [14]. To explain this situation, an
example from [23] is quoted. The water level of a river cannot be measured in
an exact way because of the fluctuation; therefore, fuzzy sets naturally provide
an appropriate tool in processing the imprecise data. Under this consideration,
the more appropriate way to describe the water level is to say that the water
level is “around 3 meters”. The phrase around 3 meters should be regarded as a
fuzzy number 3. So here, only the observed values of a classical random variable
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can be considered as a fuzzy number while the model for observed values is still
precise. Note that a similar idea is used by authors in [5, 20]. In this case,
observations and recorded data are considered as TFNs ;; = T'(yj, s i sy”)
or NFNs g;; = N (ylj, Sy sy ) where ;5 is interpreted as “approximately y;;”.

By the above discussion, in this section and hereafter, it is assumed that
we are concerned with a classical ANOVA, where the entiretheoretical elements
of the model such as random variables, statistical hypothesis and populations
parameter are crisp and hence the model is considered as Y;; = p; + €;5, with
gij ~ N(0,0?) in which Y;;’s are ordinary random variables and the statistical

hypotheses are considered as classical ones:

Ho =+ =pe=-=pr

(7) Hy : not all u;’s are equal (at least one pair with unequal means).
But, just one point that will departed from classical ANOVA assumptions in
classical ANOVA model is that the sampled observations are STFNs or SNFNs
rather than being real numbers and nothing else is altered in the ANOVA model
prior to collecting the data. Regarding to the Definition 2.1, the observed values
of the statistics SST, SSTR, SSE, MSTR, MSFE and F can be obtained as
follows:

(8) s”stzzzij(@ij@?)Q,

i=1j=1

9) sstr=> n (7. ©7.)"

=1

and

(10) sge=3" (300",
i=1 j=1

when ¢;;’s are TFNs then

(11) i = — Zyu—T(yz, sl sy, )
1j 1

(12) 7zzyz7_T(y’y’y)

and if g;;’s are NFNs, then

= 1 —
(13) ¥i. = nZyw—N(yz,y,yl)
74]1

(1) T i =N ().

i=1 j=1
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T = # and 7 = %ﬁyﬂ Then, we have
(15) e = 2
mstr = )
r—1
(16) . _ _S%e ,
ng —r
and
~  mstr  ng—rsstr
(17) f= = =

mse r—1 sse’
The decision rule: Let f be the observed value of the test statistic and
Fi_ayr—1,n,—r be the a-th quantile of the Fisher distribution with r — 1 and
ng — 1 degrees of freedom. At the given significance level «, we accept the
null hypothesis Hy if f < Fi_q;r—1,n,—r; Otherwise we accept the alternative
hypothesis H;.
In testing ANOVA based on fuzzy numbers the p-value can be calculated by

p-value= P (F > f) in which fis introduced by (17) as the observed value of

the test statistic on the basis of fuzzy observations.

Remark 3.1. Considering Remark , when the observed data are precise numbers
Yij, that is they are indicator functions I, fori=1,--- ,rand j=1,--- ,n,,
then all the introduced extended statistics in equations (8)(17) coincide to
statistics of classical ANOVA.

Remark 3.2. Although the observed data are considered fuzzy in this paper,
but it must be highlighted that all fuzzy observed data are from a crisp random
variable and so this fact causes to achieve the precise Fisher distribution with
r — 1 and n; — r degrees of freedom for the test statistic; see [16].

In continue of this section, we are going to obtain several fast computation
formulas for FANOVA test.

3.1. FANOVA for non-symmetric TFNs. In this subsection, we assume
all observations are TFNs. Then fuzzy statistics obtains as following theorems.

Theorem 3.3. In ANOVA model, suppose the observed data are
Uij = T(yij,séij,sgﬁ) € Fr(R) ,i=1,---,r, j = 1,--- ,n; then observed

values of sst, sstr and sse are as following real values:

—~ 1 r
(18) sst = Ssty —+ m _Sstsz —+ Sstsél:| y
(19) sstr = sstry, + : [sstry: + sst }
SSIr = SSir < [S8SlTrgr SSirg |,
VT mt2)(m+3) L v
(20) S5 + : ssesy + ssey |
sse = sse < |S8S€gr ssegl |,
Tt 2)(m+3) v
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where sst,, sstry, and ssey are the crisp values of sst, sstr and sse for the

centre points of §i; = T(yij, s y”,sy ), and and the crisp values of sst, sstr

and sse for the left widths of §;; = T (yi;, s yu,s; ), and and the crisp values

of sst, sstr and sse for the right widths of y;; = T(ym, vis ), respectively.

’Z/z

Proof. From (8), Definition 2.1 and Theorem 2.4, and assumption g(a) =

m“a m=1,2,3,---, we have
N T Uz ~ _ 9
st = 3.> (o)
i=1 j=1
roon; 19
= Y [T s, 55,) TG H )]
i=1j=1
T ng
_ - —\2 1 1 T 2 r 7 2
= ;; {(yZ] -7)" + (m+2)m+3) [(sy” - ST) + (sy” - sf)
Wi =) [(a _ T v
2 [(sy - ST) + (Syij - ST)}
= 2> o —m)’
i=1 j=1
r — 9 roon; . .2
(m+2 (m +3) (yw*ST) *ZZ(%’ST) +0
i=1 j=1 i=1j=1
= S8sty+ —— = [sstsr + sst, ] .
v (m+2)(m+3) z
Similarly, one can prove (19) and (20). O

Remark 3.4. Under the same assumption of Theorem 3.3, the observed values
of the mean squares mstr, mse and the test statistic f are respectively as
follows:

— t 1
(21) mstr = sstr mstry + —————— [mstrsz —|—m8t7‘sr} ,
r—1 (m+2)(m+3) v v
__ sse 1
(22) mse = ey = mse, + CEDICEE) [mseszy + msesg} ,
and
(23) f— mstr B mstry + m {mstrszy + mstrsg}

mse 1 .
msey + CES =) [mses;y + msesg]

3.2. FANOVA for non-symmetric NFNs. In this subsection, we assume
all observations are TFNs. Then fuzzy statistics obtains as following theorems.
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Theorem 3.5. In ANOVA model, suppose the observed data are
Uij = N(y”, y”,szw) € Fy(R) ,i=1,---,r, j = 1,--+,n; then observed

values of sst, sstr and $3e are as following real values:

— 1 -
(24) sst = ssty + m _Sstsly + 88t52:| s
— 1 -
(25) sstr = sstry, + mT D) sstrg + sstrsg} ,
26 Fe = L
(26) sse = sse, + w1 |s5€4t, + 5565;] .
Proof. From (8), Definition 2.1 and Theorem 2.5, and assumption g(«) =
MT'HO/", m=1,2,3,---, we have
- . o ~ -\ 2
ssto= ) > (55 o7.)
i=1 ] 1
" - 72
= 3D Ml 5, © N )
i=1 j=1

i=1 j=1
=7 (4, = 5) + (5, - 5)]
m+1 2
roong
= 3> i -7)°
i=1 j=1
1 T T 2 T n; ., . 2
m—|—1 Z <911_8T> +ZZ(Syu‘_STyf) +0

i=1 1 i=1 j=1

j=
1
ssty + m [sstsg,y + ssts;} .
Similarly, one can prove (25) and (26). O

Theorem 3.6. Under the same assumption of Theorem 3.5, the observed val-
ues of the mean squares mstr and mse are as follows:

(27) mstr = mstry, + [mstrsé + mstrsg} ,

1
2(m+1)

(28) mse = mse, + mseg + mses;} .

T |
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Proof. Tt is obvious that

— sstr sstr, 1 sstrg  sstrer
mstr = =
r—1 r—1 2m+1)|[r—-1 r-—1
1
= mstry + 2m+1) [mstrs;y + mstrs;} ,

~ sse _ ssey 1 SS€st SS€gr

ng—r ng—r 2m4+1)|(ng—r mng—r

= msey + m {mses;y + mses;} .

]

Remark 3.7. Under the same assumption of Theorem 3.5, the observed values
of the test statistic f in analysis of variance is as following:

~  mstr mstry+ m {mstrsg + mstrsd
(29) f=== : :
mse mse, + m [mses;y + msesﬂ

4. Case study: FANOVA application on the average length
of car battery life

Under ideal conditions, the average length of car battery life manufactured
by an Iranian factory is estimated to be about 3 to 4 years. In addition to
the quality of battery building, factors such as the amount of battery usage,
maintenance, ambient temperature, vibration, audio system usage, charging
and discharging can also affect the length life of the batteries used. Consider
this fact that the length of car battery life does not end at a moment and its
useful life/capability will down slowly over the time. Therefore, the length of
car battery life can be recorded by a non-precise / fuzzy number. On the other
hand, on most car batteries, an visual marker is Embedded to measure the
electrolyte concentration of the battery (which is in fact a simple hydrometer /
acidometer) and shows the battery status to the user by displaying one of the
three following colors:

(1) the green color means a healthy battery

(2) the black (or red) color means the battery is lower than the standard
and needs to be charged, but the car is still able to start, and

(3) the white color means the battery is completely discharged and the car
can not start.

Therefore, in this research, asymmetric triangular numbers are used to record
the data on the battery lifetime. Three assembly lines at an Iranian factory
are simultaneously producing car batteries with a similar brand. Recently, a
claim has been made that the length of battery life is different in these three
assembly lines. Therefore, in order to check the independency of the produced
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batteries lifetime from the production line number, the factory wish to test
whether the batteries lifetime from the different production line number are
the same or not. In other words, we are going to test

Hy @ p1=p2=ps

H; : not all u;’s are equal, for i=1,2,3.
To this lifetime test, 29 triangular fuzzy batteries lifetimes are selected as the

experimental units in FANOVA test with sample sizes n; = 10 , ny = 8 and
n3 = 11, respectively (see Table 1).

00 02 04 06 08 1.0

00 02 04 06 08 1.0

00 02 04 06 08 1.0

1.0 1.5 2.0 25 3.0 3.5 4.0

FI1GURE 1. Triangular fuzzy observed data for the batteries
lifetime in assembly lines 1, 2 and 3 (from above figure to
bellow figure).

Considering Theorem 3.3 and Result 3.4, one can obtain the observed values
of FANOVA statistics which are reported in Table 2, based on the given non-
symmetric TFNs. For instance, the total sum of squares is calculated for m =1
by Theorem3.3 in bellow
1

st o= sstyb———0
S8 88y+(m+2)(m+3)

sstsz + sstsg
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TABLE 1. Fuzzy observed data for the length of car battery
life in three factory assembly lines.

’ Observation # \ Line 1 \ Line 2 \ Line 3 ‘
1 T(1.60, 0.79, 0.56) | T(2.06, 0.86, 0.80) | T(2.13, 0.54, 1.17)
2 T(2.73, 1.21, 1.25) | T(3.30, 0.87, 0.36) | T(2.76, 0.53, 1.07)
3 T(2.91, 0.78, 0.42) | T(3.28, 1.11, 0.50) | T(2.14, 1.08, 0.47)
4 T(1.90, 0.78, 1.15) | T(3.15, 1.04, 1.31) | T(2.16, 0.72, 1.20)
5 T(1.75, 0.66, 0.56) | T(2.80, 1.57, 0.81) | T(2.26, 1.09, 0.90)
6 T(1.55, 0.84, 0.62) | T(3.39, 0.64, 0.77) | T(2.54, 0.68, 1.27)
7 T(1.77, 0.86, 0.91) | T(2.92, 1.41, 0.85) | T(2.42, 1.04, 0.44)
8 T(2.46, 0.94, 0.53) | T(3.20, 0.51, 0.72) | T(1.95, 0.95, 0.57)
9 T(1.53, 1.07, 0.83) T(2.77, 0.75, 1.09)
10 T(1.51, 0.51, 1.10) T(2.13, 0.68, 0.59)
11 T(1.74, 1.26, 0.36)
3 n; 1 3 n; 92 3 n; 2
- Z (Yij = I)Q + 12 Z Z (S;ij 8.5!) + Z Z (8211 - S?TJ)
i=1j=1 i=1j=1 i=1j=1
= [(1.60 —2.37)* 4 -+ (1.74 — 2.37)?]
1

+35 {(0.79-0.89)% + -+ + (1.26 - 0.89)}

+ {(0.56 — 0.80)* + - - - + (036 — 0.80)" }]

8.68.

And, also by Eq. (23) from Result 3.4 the observed value of FANOVA test
statistic is f = 17.09 for m = 1 (see Table 2). Moreover, all computations of

this paper are done by R software [20].

TABLE 2. Details of ANOVA for the length of car battery.

Source of variation ‘ S8 ‘ Degrees of freedom ‘ ms ‘ f ‘
Between treatments 4.93 2 2.49
Within treatments (error) | 3.75 26 0.14 | 17.09
Total 8.68 28

By comparing the computed FANOVA test statistic, one can accept the al-
ternative hypothesis at significance level 0.05. The critical value of ANOVA test
is F1—ar—1.n,—r = Fo.95.2.26 = 3.37 and also the computed p-value= 1.82x10~°
indicates very weak evidence in favour of null hypothesis. Therefore, we con-
clude that there is a relation between produced batteries lifetime and the pro-
duction line number at the considered significance level, based on the recorded
fuzzy data in Table 1. It must be emphasised that the obtained p-value result
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is related to both randomness uncertainty and fuzziness uncertainty. In other
words, the proposed decision rule is a function of the stochastic uncertainty
due to the random sample, and also, is a function of the vagueness uncertainty
due to the fuzzy observations.

5. Conclusion

In applied sciences such as economics, agriculture and social sciences, it may
be confront with vague / fuzzy concepts, such as the threshold of patient tol-
erance, the degree of utility of life and the monthly income of a Taxi driver. In
such situations, the classical ANOVA can not solve the vague test and it need
to generalize based on fuzzy data. The proposed fuzzy ANOVA (FANOVA)
model is a generalized version of the classical ANOVA using non-symmetric
triangular and normal fuzzy observations, such that when all observations are
real numbers, FANOVA reduces to ANOVA because vagueness of the fuzzy sta-
tistics are removed and what remain is only the center point of them. FANOVA
is easy to be implemented as it is almost developed similar to classical ANOVA
for its components, and it is easy to be used by professional clients who are
familiar with ANOVA. For future works, one can try to use the approach of this
paper to extend other experimental designs such as random block design, Latin
square design and etc., for the case where the observations are fuzzy numbers
rather than being numbers. As, the observations in this paper are assumed to
be non-symmetric triangular / normal fuzzy numbers, another interesting issue
is to extend the results of this paper to trapezoidal fuzzy numbers, and in gen-
eral LR fuzzy numbers. Building user-friendly software packages for FANOVA
based on fuzzy data is another field for future works.
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