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1. Introduction

The store of stability of functional equation dates back to 1925, when a
stability result appeared in the celebrated book Polya and Szego [28]. In 1940,
Ulam [36] posed the famous Ulam stability problem which was partially solved
by Heyrs [23] in the framework of Banach spaces. For more details about the
result concerning such problems, we refer the reader to ( [2], [4], [18], [19], [30]-
[35]).

Let A, B be two algebras. A mapping f : A — B is called ring homo-
morphism if f is an additive mapping satisfying f(zy) = f(z)f(y) for all
x,y € A. An additive mapping f : A — A is called a ring derivation if
fzy) = xf(y) + f(x)y holds for all z,y € A. If, in addition, f(Ax) = Af(z) for
all x € A and all A € F, then f is called a linear derivation, where F denotes
the scalar field of A. The various problems of the stability of derivations have
been studied during last few years (see for instance, [3], [14], [17], [24], [27]).

In 2003, Radu [29], employed the alternative fixed point theorem, due to Diaz
and Margolis [25], to prove the stability of the Cauchy additive function equa-
tion. Subsequently, this method was applied to investigate the Hyers-Ulam sta-
bility for the Jensen functional equation [9], as well as for the Cauchy functional
equation [8], by considering a general control function ¢(z,y) with suitable
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properties.Using such an elegant idea, several authors applied the method to in-
vestigate the stability of some functional equations (see [7], [10], [16], [20], [26]).

Recently Eshaghi and et al. introduced orthogonally sets and proved the real
generalization of Banach fixed point theorem on this sets [15], we review the
basic definitions of orthogonally sets, which can be consider the main definition
of our paper (See [1], [6], [11]- [13], [21], [22]).

Definition 1.1. Let X # () and 1. C X x X be an binary relation. If | satisfies
the following condition

Fwo; (Vy;yLzo) or (Vy;zoly),
it is called an orthogonally set (briefly O-set). We denote this O-set by (X, L).

Definition 1.2. Let (X, L) be an O-set. A sequence {z, }nen is called orthog-
onally sequence (briefly O-sequence) if

(Vn; 2 Lang1) or (Vn;x,p1laey,).

Definition 1.3. Let (X, L,d) be an orthogonally metric space ((X, L) is an
O-set and (X,d) is a metric space). Then f : X — X is L—continuous in
a € X if for each O-sequence {an}nen in X if a, — a, then f(a,) — f(a).
Also f is L—continuous on X if f is 1 —continuous on each a € X.

It is easy to see that every continuous mapping is | —continuous.

Definition 1.4. Let (X, Ll,d) be an orthogonally metric space, then X is
orthogonally complete (briefly O-complete) if every Cauchy O-sequence is con-
vergent.

It is easy to see that every complete metric space is O-complete and the
converse is not true.

Definition 1.5. Let (X, L, d) be an orthogonally metric space and 0 < A < 1.
A mapping f : X — X is said to be orthogonality contraction with Lipschitz
constant A if

d(fx, fy) < Md(z,y) if zLly.

Let H be a Hilbert space. Suppose that f: H — C is a mapping satisfying
(1) fla) = |lz|?

for all x € X. It is natural that this equation is a quadratic functional equation.
On the other hand by considering z Ly with < z,y >= 0 for ,y € H, it is easy
to see that the above function f : H — C is an orthogonally additive functional
equation, that is f(z+y) = f(x)+ f(y) if z_Ly. This means that orthogonality
may change a functional equation.

Recently, Bahraini and et al. [5], proved a fixed point theorem in O-sets as
follows:
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Theorem 1.6. Let (X,d, L) be an O-complete generalized metric space. Let
T:X — X be a L-preserving, L-continuous and L-\-contraction. Let xo € X
satisfies for ally € X, xg L y or for ally € X, y L xg, and consider the
“O-sequence of successive approximations with initial element xo ”: xg, T (o),
T?*(zg), ..., T™(z0), ... . Then, either d(T™(xq), T (z0)) = oo for all n > 0,
or there exists a positive integer ng such that d(T™(zo), T"(x0)) < oo for all
n > ng. If the second alternative holds, then

i): the O-sequence of {T™(xg)} is convergent to a fized point x* of T.

it): x* is the unique fized point of T in X* = {y € X : d(T™(x0),y) < 0o}.
iti): If y € X, then

* <7
d(y,2") < 7

d(y, T(y))-

Example 1.7. Let X = [0,1) and let the metric on X be the euclidian metric.
Define xly if xzy € {x,y} for all z,y € X. Let f : X — X be a mapping
defined by

T ifreQnX
f(x){ 02ifx€QCﬂX.

It is easy to see that X is O-complete (not complete), f is L-continuous
(not continuous on X ), L-A-contraction for X = 3 (not contraction on X ) and
L-preserving on X. By our theorem, f has a unique fized point. However, f is
not a contraction on X and so by Theorem Diaz and Margolis we cannot find
any fixed point for f.

In this paper, we prove the stability of orthogonally ring homomorphism
and orthogonally ring derivation in Banach algebras.

2. Main results

In this section, we suppose that (X, |.||1,L1) is an orthogonality Banach
algebra with 1i:= 1 (J{(z,z) : x € X}. Also, we suppose that (Y, ||.|2, L2)
is an orthogonality Banach algebra with 1o:= 1o J{(y,y):y € Y}.

Theorem 2.1. Suppose that f: X — Y is a mapping for which there exists a
function ¢ : X* — [0,00) such that

(2) 1f(x +y) + fab) = f(x) = f(y) = fla) f(D)]l2 < @(2, y,a,b),

for all x,y,a,b € X with x 11y and al1b. Suppose that there exists L < 1 such
that

)

[NIRS
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(3) @(xvyvavb) S 2L(P(§a 5
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forall z,y,a,b € X with x11y and al,b. Then there exists a unique orthogo-
nally ring homomorphism mapping H : X — 'Y such that

1
(@) 1H() ~ f@ll < - o, 7,0,0)
forallz € X.
Proof. Putting a =b =0 and = y in ((2)) by definition L;, we get

[f(22) — 2f(2)[]2 < ¢(z,2,0,0)
for all x € X. Hence we have

) 122

for all z € X. Consider the set

1
- f(x)HZ < 5@(3371;,0,0) < QO(-T,LE,0,0)

1 1
Q:={g: 9g: X=>Y, g(x) Lo 5g(2x) or 59(21‘) 1y g(x), Ve X}
For every g, h € €, define
d(g,h) =inf{K € (0,00) : |lg(x) — h(z)|]2 < Kp(z,2,0,0), Ve X}

Now, we put the L relation orthogonal continuous on €2 as follows: for all
g,h €

hlg & (h(z)Llsg(z) or g(x) Ly h(x) Ve e X)

We show that (€, d, L) is an O-complete generalized metric space.Let{ f,, }nen
be an O-cauchy sequence in (2, d, L).Then for each € > 0 ,there is some ng € N
such that

d(fnafm><€ m,n 2> ng

By the definition , for each m,n > ng ,

(6) | fn(z) = fm(2)]|2 < ep(,2,0,0) reX

Hence, for each € X, {fn(z)}nen is an O-cauchy sequence in cmplete metric
space Y. It follows that f(z) = lim, o frn(z) exists for all z € X. By ((6)) for
each n > ng

1£(2) = fale)ll2 = 1| fin(e) — fa(@)]]2 < ep(a,,0,0) reX

Therefore d(f, f,) < € for each n > ng. Hence (2,d, 1) is an O-complete
generalized metric space.
Now, we consider the J :  — € such that

T(g)(x) = 3(2r)
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for all x € X. For any g, h € Q with g L h, it follows that for all x € X
d(g,h) <K = |lg(x) — h(z)|2 < K¢(z,,0,0)

g(2z)  h(22) I < Kgo(2x,2m,0,0)
2 2 2= 2
= [IJg(x) = Jh(z)|2 < LK¢(z,2,0,0).

= |

Hence we have
d(J(g),J(h)) < Ld(g, h).
It is to show that J is a L-preserving mapping. Now, we show that J is a 1-
continuous function. To this end, let {gy }nen be a O-sequence with g, L gny1
or gn+1 L gn in (2,d, L) which convergent to g € Q and let € > 0 be given.
Then there exists N € N and K € R™ with K < e such that
lgn(z) — g(z)]l2 < K(z,2,0,0)
for all x € X and n > N, and so
gn(22)  g(22) »(2x,22,0,0)
I\ AN, <« K EAST A D T
|9 S5y, < P2
for all z € X and n > N. By inequality ((3)) and the define of J, we get
[/ (gn)(x) = J(g)(x)]2 < LKp(z,2,0,0)
for all z € X and n > N. Hence
d(J(gn), J(g9)) < LK < e

for all n > N. It follows that J is L-continuous. By definition €2, we have f L,
J(f)or J(f) Lo f, by applying the inequality ((5)), we see that d(J(f), f) < 1.
It follows from Theorem ((1.6)), that J has a unique fixed point H : X — Y
in the set A = {g € Q:d(g, f) < oo}, where H is defined by

(7) H(x):= lim w

n—oo 2N

for all z € X. By Theorem ((1.6)),

1
d(H, f) < ——.
It follow from ((3)) that
3 1 n n n n p—
(8) nl;rrgc 274,0(2 x,2"y,2"a,2"b) = 0.

Tt follow from ((2)), ((7)) and ((8)) that
[H@+9) — H) ~ H@lla = I =2+ 1)) — 1(2"2) - [

1
< lim 27@(2”37,2"@/,0,0) =0.

T n—ooo
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for all z,y € X with = L y. Also, we get
s 1 n n n
|F(ab) — H(a)H®)> = lm - [[7(4" (b)) — F(2"a)(2"D)]

1
< lim -¢(0,0,2"a,2"b) =0

T n—oo

for all a,b € X with a L b. This show that H is orthogonally ring homomor-
phism. O

Corollary 2.2. Let e € [0,00) and f: X — Y be a mapping such that

1f (2 +y) + flab) — f(z) = fy) = fla) f(b)]|2 < €

forall z,y,a,b € X with x11y and al,b. Then there exists a unique orthogo-
nally ring homomorphism mapping H : X —'Y such that

[H(z) = f(z)l2 <€
forallx € X.

Proof. Set o(z,y,a,b) = § for all z,y,a,b € X with x 1,y and aL;b and let
L = 1 in Theorem ((2.1)). Then we get the desired result. O

Corollary 2.3. Let p € (0,1) and € € [0,00). Suppose that f : X =Y is a
mapping such that

1f(z +y) + flab) — f(z) = f(y) = f(@) B2 < e(lll} + [lyllT + Nall} + 1017

for all x,y,a,b € X with x11y and al1b. Then there exists a unique orthogo-
nally ring homomorphism mapping H : X — 'Y such that

1) ~ f@)ls < 5o

[Ed5¢
forallx € X.
Proof. Set p(x,y,a.b) = (|22 + [}y + llall2 + b]}7) for all z,y,a,b € X with

xlyy and al,b and let L = 2P~1 in Theorem ((2.1)). Then we get the desired
result. O

Theorem 2.4. Suppose that f : X — X is a mapping for which there exists a
function ¢ : X* — [0,00) such that

9)  lf@+y) + flab) = f(z) = fly) —bf(a) —af (b))l < ¢(z,y,0a,b),

forall x,y,a,b € X with x L1y and alib. Suppose that there exists L < 1 such
that

(10) o(x,y,a,b) < 2L<p(g,

N =
NSNS

)

a
757
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for all x,y,a,b € X with x11y and al1b. Then there exists a unique orthogo-
nally ring derivation mapping D : X — X such that

(1) 1D() ~ F@)lh < = ole,,0,0)
forallx € X.

Proof. By the reasoning as that in the proof Theorem ((2.1)), there exists a
unique orthogonally ring derivation mapping D : X — X satisfying ((11)). The
mapping D : X — X is given by D(x) := lim, 0 27" f(2"z) for all z € X. Tt
follows from ((9)),

D(ab) ~ bD(@) ~ aD(B)]s = Tim | F(4"(a)) — 2"b(2"a) — 2"af(2"8)

1
< lim 27@(0,0, 2"a,2"b) =0

n—roo

for all a,b € X with a L b. This show that H is orthogonally ring derivation.
O

Corollary 2.5. Let e € [0,00) and f: X — X be a mapping such that

1f(x +y) + f(ab) — f(z) — f(y) — bf(a) —af(b)|l1 <€

forall x,y,a,b € X with x 11y and ali1b. Then there exists a unique orthogo-
nally ring derivation mapping D : X — X such that

I1D(x) — f(z)]ls <
for all xz € 1.

Proof. Set ¢(x,y,a,b) = § for all z,y,a,b € X and let L = % in Theorem
((2.4)). Then we get the desired result. O

Corollary 2.6. Let p € (0,1) and € € [0,00). Suppose that f : X — X is a
mapping such that
1f(@+y)+ flab) = f(z) = f(y) —bf(a) —af D)L < e(lzlf +[lylT +lallf +[1b]IT)

for all x,y,a,b € X with x11y and al,b. Then there exists a unique orthogo-
nally ring derivation mapping D : X — X such that

2e
1D@) ~ F@)lh < 5=

[Edli1

forallx € X.

Proof. Set (2, y, a,b) = e(l||[} + [ly|} + llally + [[b]}) for all z,y,a,b € X and

let L = 2P~! in Theorem (2.4). Then we get the desired result. O
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