/M Journal of Mahani Mathematical Research Center

University of Kerman

Print ISSN: 2251-7952 Online ISSN: 2645-4505

SOME CONNECTIONS BETWEEN VARIOUS SUBCLASSES
OF UNIVALENT FUNCTIONS INVOLVING PASCAL
DISTRIBUTION SERIES

R. VALIZADE *, SH. NAJAFZADEH" , A. RAHIMI , AND B. DARABY

Article type: Research Article
(Received: 12 May 2021, Accepted: 19 November 2021)
(Available Online: 06 January 2022)

(Communicated by S.N. Hosseini)

ABSTRACT. The main object of this paper is to define a new class of uni-
valent functions and two subclasses of this class along with the Pascal
distribution associated with convolution and subordination structures.
We obtained a number of useful properties such as, coefficient bound,
convolution preserving and some other geometric properties.
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1. Introduction

Let A denote the family of functions f of the type

+oo
(1) F) =2+ arzt,
k=2

which are analytic in the open unit disk
(2) U={zeC: |z| <1}.

Also N be the main subclass of A consisting the functions of the type
+o00

(3) f(z)zz—Zakzk, (ap >0,z € U).
k=2

See [2]. For parameters r,p and k € {0,1,2,...} we consider a non-negative
discrete random variable X with a Pascal probability generating function

k+r—1\ 4 r
0 Ple=n= -
r—1
() O
*Corresponding author, ORCID: 0000-0002-8124-8344 @ BY__NC
E-mail: najafzadeh1234@yahoo.ie
DOI: 10.22103/jmmrc.2021.17574.1149 © the Authors

How to cite: R. Valizadeh, S. Najafzadeh, A. Rahimi and B. Daraby, Some Connections
Between Various Subclasses of Univalent Functions Involving Pascal Distribution Series, J.
Mahani Math. Res. Cent. 2022; 11(1): 39-46.

39


https://orcid.org/0000-0003-1327-2745
https://orcid.org/0000-0002-8124-8344
https://orcid.org/0000-0003-2095-6811
https://orcid.org/0000-0001-6872-8661

40 R. Valizadeh, S. Najafzadeh, A. Rahimi and B. Daraby

Now we consider a power series whose coefficients are probabilities of the Pascal
distribution as follows:

= <k+r2

CHOEEES Sl G

)p’”(l—p)’"z’“, (r=10<p<lzeC).
k=2

It is easy to see that by using ration test, the radius of convergence of the power
series given in (5) is infinity. For more details see [1,4-6].

—+oo
For f given by (1) and g(z) = 2z + Y b,2*, the Hadamard product (or
k=2
convolution) of f and g denote by f * g is defined

“+oo
(6) (frg) =2+ arbez’ = (g% f) (2).
k=2

Now we consider the function

(7) Ps(z) = [(22 - P;(z)) * f] (2),

where P/ (z) and f given by (5) and (3) respectively.
A function f € A is a member of Y (a, 8,7) if

2 (Py(2)"

®) ZA (Pf(z))/ —a(l+pB)A

<7

where «, 8,7y € [0,1) and Py(z) is given by (7).

2. Main Results

In this section we obtain a sharp coefficient bound for functions in the class
Y7§‘ (a, B,7). Also convolution preserving properties are investigated.

Theorem 2.1. Let f € N, then f € Y3 (a,3,7) if and only if

+oo
(9D k(k—1+2\7) (k ji; Q)pk_l (1-p)ar <M (2-al+4).
k=2

The result is sharp for the function

_ ME2-al+8)
(10) o= v —p ™




Some Connections Between Various Subclasses ... — JMMRC Vol. 11, No. 1 (2022) 41

Proof. Let the inequality (9) holds true and suppose z € U = {2 € C: |z| = 1}.
Then we obtain

|2 (P(2))" = 7] =7 [2A (Ps(2)) = a(1+ B)A|

+oo

k+r—A\ 5 . _

:‘—Zk(k—l)( . )pk 11— p)ragzht
k=2

E+r—2

P et e

—7‘2)\ — 2/\(

= k+r—2\ 11
= Sk-vezo) (T 0 - e -aa s ) <0
k=2

Hence by maximum modulus theorem, we conclude that f € Y7§‘ (a, B,7).
conversely, let f be in the class Y (a, 3,7), so the condition (8) yields

z (Ps(2))" ‘
2A (Pr(2)) — a(1+ B)A

+oo
kZ k(k = 1)V pE (1 = p)ragzh
=2

= <.
+oo
A2—a(l+8)—-21> k(kji;2)pk*1(1 —p)ragzh-1
k=2
Since for any z, |Re z| < |z|, then
+oo
5 k(- (AL - p)ra!
Re h=2 <7,

A2 —a(l+p)) -2 JFZO:O k(kjﬁf)pk—l(l —p)ragzk-1
k=2

by letting z — 1 through real values, we have

+oo
St (" T )
k=2

r—1
X fk+r—2 k1 -
§A7(2—a(1+ﬂ))—2x\vkz_2k( . >p (1 —p)"ay,
and this completes the proof. O
Theorem 2.2. Let f(z) = z — :Zo:oakzk and g(z) = z — ;iobkzk belong to
=2 =2

Y2 (o, B7). Then
(i) (f *g) (2) belong to Y2 (cv, Bo, ), where

M (2 —a(l+ 5))2
1) <io (1 F R T2 P —p>*> |

r—1
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(ii) (f * g)(2) belong to Y (g, B,7), where
o< 2 My (2 — a1+ 8))°
T8 (L4 Bk (k- 1+ 20 (e (L - )

Proof. (i). It is sufficient to show that

(12)

+EOO k(k—1+2xy) ("I 2)pP~ 11 —p)"
k=2
M (2—a(1+5))

By using Cauchy-Schwartz inequality from (9), we obtain

+o0 k(k 14 2A,Y)(k+r 2)pk71(1 7p)r

apby < 1.

Z; (2 - a(l+p)) kb = 1
Hence we find the largest 5y such that
S k(e =1+ 22) (M) 1 )
2 2 —a(l+B) b
. +o00 k(k—1 _|_2)\,y)(k+r 2)pk—1(1 —p) et
Pt M (2=a(l+8))

or equivalently
2 — (X(l —|— ﬁo)
Jarb 2 TR0
WS 2 (It p)
This inequality holds if
M (2= a(l+ 8)) _2-a(l+5)
k(k—1+2X) ("I 2)pk—t1 —p)r ~ 2—a(l+5)’

or equivalently

Ay (2 —a(1+5))2
Bo < P <1+ ok (k— 1+ 2)\) (k-’r’f 2)pk1(1p)r>.

(ii) With a same calculation of (i), we obtain the result, hence the details are
omitted. ]

3. Geometric properties of subclasses of Yﬁ(a,ﬁ,q/)

In this section we introduce two subclasses of Y7§‘(a, B,7) and conclude some
geometric properties.

Let f and g be analytic in U. Then f is said to be subordinate to g written
f=gor f(z) < g(z) if there exists a function w analytic in U, with w(0) =0
and |w(z)| < 1, such that f(z) = g (w(z)) (see [3]).

If g is univalent, then f < g if and only if f(0) = ¢(0) and f(U) C g(U).
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Let U(m,n,s) consists of all analytic functions g(z) in U for which g(0) =1
and

1+ (n+(m—n)(1-29))z
14+nz

(13) 9(2) <

)

where —1 <m<n<1,0<n<land 0<s<1.
Let V(m,n, s) denote the class of all functions f(z2) € Y2 («, B,7) for which

) 2 (Ps(=))

Pro) e U(m,n,s).

Theorem 3.1. f(z) € V(m,n,s) if and only if

(15) f [1 + ("“)M} (k e 2>p’“(1 —p)ax < 1.

= (n—m)(1—s) r—1
Proof. Let f € V(m,n,s). Then by (8), (13) and (14) we have

Pr(z) = 2 (P(2))
nz (Py(2) = (n+ (m = n)(1 = 5)) (Py(2))

<,

which implies that

+oo

> (k=1)(Mr (1 - p)ragzh
k=2
i) ktr—2y k-1 k-1 <t
(n—m)(1—s)— kZ [n(k = 1) + (n = m)(1 = )] (*777)pF (1 — p)rarzh—
=2
Since Re z < |z] for all z € U, so we conclude that
Py ktr—2
> (k=1 (1 - p)ragF
Re =2
e k+r—2\, k—1 . k—1
(n=m)(1=s) = 3 [n(k = 1)+ (n—m)(1 = s)] (]77)p" (1 = p)ragzh=
k=2

Choose the values of z on the real axis and letting z — 17, we obtain

+oo

3 (k=T ) e

(n—m)(1—s) - +z:f [k — 1) + (0 —m)(1 — )] (7211~ p)ray

<1,

after a simple calculation, we obtain the result.

< 1.
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Conversely, assume that the condition (15) holds true. We must show that
f € V(m,n,s), or equivalently
c Pr() = = (Ps(2)) .
- !
nz (Ps(2)) = (n+ (n —m)(1 = s))Ps(2)
+oo

> (k=D () - p)ragk?
k=2

(n—m)(1—s)— ZZ::O: [n(k —1) + (n —m)(1 = s)] (“I77?)pF= 1 (1 = p)ragzb-?

+oo

S (k—1)(F )1 - p)ray,
k=2

(n—m)(1—s) - z:o ik — 1) + (0 —m)(1 — )] (77211~ p)ray

But by applying (15), we conclude that £ < 1, so the proof is complete. O

Theorem 3.2. Letn#1, f € V(m,n,s) and W =z +iy = 2(Ps(z)

Then
P(z)
the values of W are in the circle
Proof. By (13) and (14), we have
14t m-m(-9)J()
W=x+iy= T (2) , [J(2)] < 1.
Then
(x4+iy)(1+nJ(z)=14+n+(m—n)1—2s))J(Z),
or

(z—12 4y < (n+(m—n)1—s)—zn) +y*n?

After a simple calculation, we obtain

( 1—(n2+n(m—n)(l—s))>2+2 ((n—m)(l—s)>2
T — < [ ———2) .

1—n2 1—n2

—(n2 _ _
Hence the values of W lie in the circle with center at < 1- ("~ ?(m 3 DICL) ) 0)
-n

(n—m)(l—s). 0

and radius
1—n2

Theorem 3.3. Let f € V(m,n,s), then

B Fl—(n+(m—n)(1—s)H(t)
Pr(2) = exp (/O L H(D) dt),

where |H(z)| < 1.
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/
Proof. Set W = M, since f € V(m,n,s), so

Py (2)
w-l <1
Wn—(n+ (m-—n)(l-2s)) ’
therefore
Wl —H(z),  |H(x)| < L.

Wn—(n+ (m—n)(1-23s))

Hence, we can write
(Ps(2)) _1—(n+(m—n)(1—s)H(2)
Pr(2) 2(1 —nH(2) '

After integration, we conclude the required result. O

Theorem 3.4. Let 0 < s < 1 < 1, then V(m,n,s;) C V(m,n,ss).

Proof. Suppose that f € V(m,n,s1). Then by (1) we have
+oo

[ A DR (k=2 by
Z;}+(”—mﬂﬂ—ﬁk< r_1>p (1-p)ar < 1.
We have to prove
+oo _
(n+D)(k=1) 7 (k+r—2\ , )
kZ_Q_H_(n—m)(l—sz)_< o1 )pk (1—p)ap < 1.

But the last inequality holds true if

(n+1)(k—-1) <1 (n+1)(k—-1)
—m—s) = n—m)(1—s1)’

and this inequality by 0 < s < 51 < 1 definitely holds true. O

1+
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