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Abstract. We consider the locally convex product cone topologies and

prove that the product topology of weakly cone-complete locally convex

cones is weakly cone-complete. In particular, we deduce that a prod-
uct cone topology is barreled whenever its components are weakly cone-

complete and carry the countable neighborhood bases.
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1. Introduction

In theory of locally convex cones, a linear functional may take the infinite
values +∞, which is one of the most important differences in comparison with
the convex spaces. Further, we recall from [2] that any linear functional on
product cone topology is written by a finite sum of functionals on its compo-
nents. In this note, taking into account the above, we prove that under the
product topology, the weak cone-completeness of locally convex cones is pre-
served. As a specific result; we infer that if the components of product topology
are weakly-cone complete with countable bases, then it is barreled.

An ordered cone is a set P endowed with an addition (a, b) 7−→ a + b and
a scalar multiplication (α, a) 7−→ αa for real numbers α ≥ 0. The addition
is supposed to be associative and commutative, there is a neutral element
0 ∈ P, and the scalar multiplication is associative and distributive, that is,
α(βa) = (αβ)a, (α+ β)a = αa+ βa, α(a+ b) = αa+ αb, 1a = a, 0a = 0 for
all a, b ∈ P and α, β ≥ 0. In addition, the cone P carries a (partial) order, i.e., a
reflexive transitive relation ≤ that is compatible with the algebraic operations,
i.e., a ≤ b implies a + c ≤ b + c and αa ≤ αb for all a, b, c ∈ P and α ≥ 0. In
any cone P, equality is obviously such an order, hence all results about ordered
cones apply to cones without order structures as well.

A full locally convex cone (P,V) is an ordered cone P that contains an ab-
stract neighborhood system V, i.e., a subset of positive elements that is directed
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downward, closed for addition and multiplication by (strictly) positive scalars.
The elements v of V define upper (lower) neighborhoods for the elements of P
by v(a) = {b ∈ P : b ≤ a + v} ((a)v = {b ∈ P : a ≤ b + v}), creating the up-
per (lower) topologies on P. Their common refinement is called the symmetric
topology. We assume all elements of P to be bounded below, i.e., for every a ∈ P
and v ∈ V we have 0 ≤ a + ρv for some ρ > 0. Finally, a locally convex cone
(P,V) is a subcone of a full locally convex cone, not necessarily containing the
abstract neighborhood system V. For a locally convex cone (P,V) the collection
of all sets ṽ ⊆ P2, where ṽ = {(a, b) : a ≤ b+ v} for all v ∈ V, defines a convex
quasi-uniform structure on P. On the other hand, every convex quasi-uniform
structure leads to a full locally convex cone, including P as a subcone and
induces the same convex quasi-uniform structure. For details see [1, Ch I, 5.2].

For cones P and P ′, a map T : P → P ′ is called a linear operator, if
T(a + b) = T(a) + T(b) and T(αa) = αT(a) for all a, b ∈ P and α ≥ 0. If
V and W are abstract neighborhood systems on P and P ′, a linear operator
T : P → P ′ is called uniformly continuous if for every w ∈ W there is v ∈ V
such that T(a) ≤ T(b) + w whenever a ≤ b + v. Uniform continuity implies
continuity with respect to the upper, lower and symmetric topologies on P and
P ′.

Remark 1.1. In the extended real numbers R = R ∪ {+∞} we consider the
usual order and algebraic operations, in particular a+∞ = +∞ for all a ∈ R,
α·(+∞) = +∞ for all α > 0 and 0·(+∞) = 0. Endowed with the neighborhood
system V = {ε ∈ R : ε > 0}, R is a full locally convex cone. If P is a
locally convex cone, then the set of all uniformly continuous linear functionals
µ : P → R is a cone called the dual cone of P and denoted by P∗. In particular,

R∗ = {α ∈ R : α ≥ 0} ∪ {0̄}, where

0(a) =

{
0 for a ∈ R,

+∞ for a = +∞.

For details see [8, Example 2.3].

A convex set U ⊂ P × P is called barrel, if for every b ∈ P there is v ∈ V
such that for every a ∈ v(b) ∩ (b)v there is a λ > 0 such that (a, b) ∈ λU; in
addition if (a, b) 6∈ U, then there is a µ ∈ P∗ such that µ(c) ≤ µ(d) + 1 for all
(c, d) ∈ U and µ(a) > µ(b) + 1. The cone P is barreled if for every barrel U
and every element b ∈ P there is a neighborhood v ∈ V and a λ > 0 such that
(a, b) ∈ λU for all a ∈ v(b) ∩ (b)v.

2. Products, weak cone-completeness and barreledness

Locally convex cones have been investigated from the point of view of prod-
ucts in [2-5]. In this section, we intend to study the product topologies in
terms of the weak cone-completeness, which is one of the approaches in locally
convex cones presented in [7]. First, we review the concept of locally convex
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product cones: Let Pγ , γ ∈ Γ, be cones and put P = ×γ∈ΓPγ . For elements
a, b ∈ P, a = ×γ∈Γaγ , b = ×γ∈Γbγ and α ≥ 0 we set a + b = ×γ∈Γ (aγ + bγ)
and αa = ×γ∈Γ (αaγ). With these operations P is a cone which is called the
product cone of Pγ . The subcone of the product cone P spanned by ∪Pγ (more
precisely, by ∪jγ(Pγ), where jγ : Pγ → P is the injection mapping) is said
to be the direct sum cone of Pγ and denoted by Q =

∑
γ∈Γ Pγ . It is worth

remembering that here we use only positive scalars.
For a, b ∈ P, we set a ≤Γ b if aγ ≤γ bγ for all γ ∈ Γ. As required, the order

≤Γ is reflexive, transitive and compatible with the algebraic operations of P.
This is the weakest order on P = ×γ∈ΓPγ such that every projection mapping
φγ : P → Pγ , given by φγ(a) = aγ , is monotone. For each γ ∈ Γ, let (Pγ ,Vγ)
be a locally convex cone and let us denote by V =

∑
γ∈Γ Vγ , the direct sum of

the abstract neighborhoods Vγ . In fact, V is a subcone (with out zero) of the
product cone of the all corresponding full cones containing Vγ . The direct sum
V =

∑
γ∈Γ Vγ leads us to define the coarsest convex quasi-uniform structure, as

well as, the coarsest locally convex cone topology on the product cone P such
that the all projection mappings φγ are uniformly continuous:

Definition 2.1. For elements a, b ∈ P, a = ×γ∈Γaγ , b = ×γ∈Γbγ and v ∈
V, v =

∑
γ∈∆ vγ , we define

a ≤Γ b+ v if aγ ≤γ bγ + vγ (for all γ ∈ ∆)

where ∆ is a finite subset of Γ. The subsets {(a, b) ∈ P2 : a ≤Γ b + v} for all
v ∈ V form the coarsest convex quasi-uniform structure on P which makes all
the projection mappings φγ uniformly continuous. Then, according to [1, Ch
I, 5.4], there exists a full cone P ⊕ V0, with abstract neighborhood system
V = {0} ⊕ V, whose neighborhoods yield the same quasi-uniform structure on
P. The elements v ∈ V, v =

∑
γ∈∆ vγ , form a basis for V in the following sense:

For every v ∈ V there is v ∈ V such that a ≤Γ b + v for a, b ∈ P implies that
a ≤Γ b⊕ v. The locally convex cone topology on P induced by V is called the
locally convex product cone of (Pγ ,Vγ) and is denoted by (P,V) [2, Definition
2.1].

Proposition 2.2. If (P,V) = (×γ∈ΓPγ ,
∑
γ∈Γ Vγ) is the locally convex product

cone, then for each neighborhood v ∈ V, v =
∑
γ∈∆ vγ , we have∑

γ∈∆

vγ

◦ ⊆∑
γ∈∆

v◦γ ⊆ n

∑
γ∈∆

vγ

◦ for some n ∈ N,

in particular, P∗ =
∑
γ∈Γ P∗γ ; where P∗ and P∗γ are dual cones of P and Pγ ,

respectively.

Proof. See [2, Proposition 2.5]. �

Proposition 2.3. Suppose (P,V) is the locally convex product cone of (Pγ ,Vγ).
Then if (ai)i∈I ⊂ P, ai = ×γ∈Γaiγ for all i ∈ I such that (ai)i∈I converges to
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b ∈ P, b = ×γ∈Γbγ in the symmetric topology of P, then (aiγ)i∈I converges to
bγ in the symmetric topology of Pγ for all γ ∈ Γ.

Proof. Fix γ ∈ Γ. For each vγ ∈ Vγ , v := vγ ∈ V, so there is i0 ∈ I such that
ai ∈ v(b) ∩ (b)v for all i ∈ I with i ≥ i0, i.e., aiγ ∈ vγ(bγ) ∩ (bγ)vγ . That is,
(aiγ)i∈N converges to bγ in the symmetric topology of Pγ . �

A locally convex cone (P,V) is called weakly cone-complete if for all b ∈ P
and v ∈ V, every sequence (ai)i∈N in v(b) ∩ (b)v that converges to b in the
symmetric topology of P and ηi > 0 such that

∑∞
i=1 ηi = 1, there is a ∈

v(b) ∩ (b)v such that

(1) µ(a) =

∞∑
i=1

ηiµ(ai)

for all µ ∈ P∗ with µ(b) <∞ [7].

Theorem 2.4. A product cone topology (P,V) = (×γ∈ΓPγ ,
∑
γ∈Γ Vγ)) is weakly

cone-complete, whenever (Pγ ,Vγ) is weakly cone-complete for all γ ∈ Γ.

Proof. Suppose b ∈ P, b = ×γ∈Γbγ , v ∈ V, v =
∑
γ∈∆ vγ and let (ai)i∈N ⊂

v(b) ∩ (b)v, ai = ×γ∈Γaiγ for all i ∈ N such that (ai)i∈N converges to b in the
symmetric topology of P and

∑∞
i=1 ηi = 1, ηi > 0. By Proposition 2.3, for

each γ ∈ Γ, the sequence (aiγ)i∈N ⊂ vγ(bγ) ∩ (bγ)vγ converges to bγ in the
symmetric topology of Pγ , so from the weak cone-completeness of Pγ there
exists aγ ∈ vγ(bγ) ∩ (bγ)vγ such that

(2) µγ(aγ) =

∞∑
i=1

ηiaiγ for allµγ ∈ P∗γ with µγ(bγ) <∞.

Suppose a := ×γ∈Γaγ ∈ v(b)∩ (b)v. By Proposition 2.2, for every µ ∈ P∗, there
is a finite set Θ ⊂ Γ such that µ =

∑
γ∈Θ µγ , where µγ ∈ P∗γ for all γ ∈ Θ. If

µ(b) <∞, then µγ(bγ) <∞ for all γ ∈ Θ, hence (2) yields

µ(a) =
∑
γ∈Θ

∞∑
i=1

ηiµγ(aiγ) =

∞∑
i=1

ηi
∑
γ∈Θ

µγ(aiγ)

=

∞∑
i=1

ηi
∑
γ∈Θ

µγ(×γ∈Γaiγ) =

∞∑
i=1

ηiµ(ai).

That is, (P,V) is weakly cone-complete. �

A neighborhood base for a locally convex cone (P,V) is a subset U of V such
that for every v ∈ V there exists some u ∈ U with u ≤ v. We cite Theorem 2.3
from [7]:

Theorem 2.5. Every weakly cone-complete locally convex cone (P,V) with a
countable neighborhood base is barreled.

As a consequence of Theorem 2.4 and Theorem 2.5, we have:
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Corollary 2.6. If, for each γ ∈ Γ, (Pγ ,Vγ) is weakly cone-complete and carries
a countable base, then (P,V) = (×γ∈ΓPγ ,

∑
γ∈Γ Vγ) is barreled.

Example 2.7. The cone R with the neighborhood system V = {ε ∈ R : ε > 0}
is weakly cone-complete. For, let b ∈ R, ε ∈ V, (ai)i∈N ⊂ ε(b) ∩ (b)ε converges
to b in the symmetric topology of R and let

∑∞
i=1 ηi = 1, ηi > 0. If b = +∞,

then for a = +∞ the assertion holds. Let b ∈ R, a :=
∑∞
i=1 ηiai ∈ ε(b) ∩ (b)ε

and µ ∈ R∗ with µ(b) < ∞. If µ = o, then clearly (1) holds and if µ = λ for
some λ ≥ 0, then µ(a) = λ(

∑∞
i=1 ηiai) =

∑∞
i=1 ηiµ(ai).

Now, let P = ×γ∈ΓPγ and V =
∑
γ∈Γ Vγ , where Pγ = R and Vγ = {ε ∈ R :

ε > 0} for all γ ∈ Γ. We show that (P,V) is weakly cone-complete. Suppose b ∈
P, b = ×γ∈Γbγ , v ∈ V, v =

∑
γ∈∆ εγ and let (ai)i∈N ⊂ v(b)∩(b)v, ai = ×γ∈Γaiγ

for all i ∈ N such that (ai)i∈N converges to b in the symmetric topology of P
and

∑∞
i=1 ηi = 1, ηi > 0. If we set a = ×γ∈Γaγ ; where aγ :=

∑∞
i=1 ηiaiγ for all

γ ∈ Γ then a ∈ v(b) ∩ (b)v, since aγ ∈ vγ(bγ) ∩ (bγ)vγ for all γ ∈ ∆.

For every µ ∈ P∗, µ =
∑
γ∈Θ µγ where µγ ∈ R∗ for all γ ∈ Θ. If µ(b) < +∞

then Remark 1.1 yields

µγ =

{
λγ (some λγ ≥ 0) for γ ∈ Θ \Θ0,

0 for γ ∈ Θ0,

where Θ0 = {γ ∈ Θ : µγ = 0}, hence

µ(a) =
∑

γ∈Θ\Θ0

λγ

( ∞∑
i=1

ηiaiγ

)
+
∑
γ∈Θ0

0

( ∞∑
i=1

ηiaiγ

)

=

∞∑
i=1

ηi

 ∑
γ∈Θ\Θ0

λγ(aiγ )

+

∞∑
i=1

ηi

∑
γ∈Θ0

0(aiγ )


=

∞∑
i=1

ηiµ(ai).

Example 2.8. For each γ ∈ Γ, let (Eγ , ||.||γ) be a Banach space and Pγ =

Conv(Eγ) be the cone of all non-empty closed bounded convex subsets of
Eγ with the usual multiplication operation of sets by non-negative scalars,

a slightly modefied addition Aγ⊕Bγ = Aγ +Bγ and the set inclusion as order.
If Bγ denotes the unit ball of Eγ , then the neighborhood system on Pγ is given
by Vγ = {λγBγ : λγ > 0} and (Pγ ,Vγ) is a locally convex cone, which is also
weakly-cone complete [7, Example 2.2].

Now, let P = ×γ∈ΓPγ and V =
∑
γ∈Γ Vγ . For every v ∈ V, v =

∑
γ∈∆ λγBγ

the corresponding product neighborhood on P for elements A,A′ ∈ P, A =
×γ∈ΓAγ , A

′ = ×γ∈ΓA
′
γ is given by

A ≤Γ A
′⊕v if Aγ ⊂ A′γ⊕λγBγ (for all γ ∈ ∆).



66 M.R. Motallebi

We show that P is weakly-cone complete. Suppose v ∈ V, v =
∑
γ∈∆ λγBγ ,

B ∈ P, B = ×γ∈ΓBγ and let (Ai)i∈N ⊂ v(B) ∩ (B)v, Ai = ×γ∈ΓAiγ for all
i ∈ N such that (Ai)i∈N converges to B in the symmetric topology of P. For a
convergent series

∑∞
i=1 ηi = 1 in R that ηi ≥ 0 we set A = ×γ∈ΓAγ , where Aγ

is the closure of the set{ ∞∑
i=1

ηiaiγ

∣∣∣∣∣ (aiγ )i∈N ⊂ Aiγ is bounded inEγ

}
.

For every γ ∈ Γ, there is ργ > 0 such that Bγ ∩ ργBγ 6= ∅, hence Aiγ ∩
(1 + ργ)Bγ 6= ∅ for all i ∈ N. Thus we may choose a sequence (biγ )i∈N in
Aiγ ∩ (1 + ργ)Bγ which is bounded in Eγ . Then a := ×γ∈Γaγ ∈ A, where

aγ =
∑∞
i=1 ηibiγ ∈ Aγ ; hence A 6= ∅. Since Aγ is closed bounded convex for all

γ ∈ Γ, A is also closed bounded convex (cf. [6, Proposition 2.1]), so A ∈ P.
Fix γ ∈ ∆. For each aγ ∈ Aγ , there is a sequence (amγ )m∈N ⊂ Eγ , where

amγ =
∑∞
i=1 ηia

m
iγ

and (amiγ )i∈N ⊂ Aiγ for all m ∈ N such that

aγ = lim
m→∞

∞∑
i=1

ηia
m
iγ ∈ Bγ⊕λγBγ .

Consequently, A ∈ v(B) ∩ (B)v. Now, let µ ∈ P∗ with µ(B) < ∞. By Propo-
sition 2.2, µ =

∑
γ∈∆ µγ where µγ ∈ λ′γB◦γ for some λ′γ > 0 for all γ ∈ ∆. Fix

i ∈ N. If we choose ak ∈ Ak for k = 1, 2, ..., i and ak = bk for all k > i, then

×γ∈Γ

i∑
k=1

ηkakγ = ×γ∈Γ

∞∑
k=1

ηkakγ −×γ∈Γ

∞∑
k=i+1

ηkbkγ ,

so

×γ∈Γ

i∑
k=1

ηkAkγ ⊂ A⊕

{
−×γ∈Γ

∞∑
k=i+1

ηkbkγ

}

⊂ A⊕

( ∞∑
k=i+1

ηk

)1 +
∑
γ∈∆

ργ

∑
γ∈∆

λγBγ ,

hence
i∑

k=1

ηkµ(Ak) =

i∑
k=1

ηk
∑
γ∈∆

µγ(Akγ ) = ×γ∈Γ

i∑
k=1

ηkµγ(Akγ )

≤ µ(A) +

( ∞∑
k=i+1

ηk

)1 +
∑
γ∈∆

ργ

∑
γ∈∆

λγλ
′
γ .

On the other hand,

×γ∈ΓAγ ⊂ ×γ∈Γ

i∑
k=1

ηkAkγ⊕(

∞∑
k=i+1

ηk)(×γ∈ΓBγ⊕λγBγ)
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which yields

µ(A) ≤
∑
γ∈∆

µγ(

i∑
k=1

ηkµγ(Akγ )) + (

∞∑
k=i+1

ηk)(
∑
γ∈∆

µγ(Bγ) + λγλ
′
γ))

=

i∑
k=1

ηkµ(Ak) + (

∞∑
k=i+1

ηk)(µ(B) +
∑
γ∈∆

λγλ
′
γ).

Thus µ(A) =
∑∞
k=1 ηkµ(Ak).
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