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ABSTRACT. We consider the locally convex product cone topologies and
prove that the product topology of weakly cone-complete locally convex
cones is weakly cone-complete. In particular, we deduce that a prod-
uct cone topology is barreled whenever its components are weakly cone-
complete and carry the countable neighborhood bases.
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1. Introduction

In theory of locally convex cones, a linear functional may take the infinite
values +00, which is one of the most important differences in comparison with
the convex spaces. Further, we recall from [2] that any linear functional on
product cone topology is written by a finite sum of functionals on its compo-
nents. In this note, taking into account the above, we prove that under the
product topology, the weak cone-completeness of locally convex cones is pre-
served. As a specific result; we infer that if the components of product topology
are weakly-cone complete with countable bases, then it is barreled.

An ordered cone is a set P endowed with an addition (a,b) — a + b and
a scalar multiplication (a,a) — aa for real numbers o > 0. The addition
is supposed to be associative and commutative, there is a neutral element
0 € P, and the scalar multiplication is associative and distributive, that is,
a(Ba) = (af)a, (a+ B)a = aa + Ba, afa+b) = aa+ ab, la =a, 0a =0 for
all a,b € P and «, 8 > 0. In addition, the cone P carries a (partial) order, i.e., a
reflexive transitive relation < that is compatible with the algebraic operations,
ie., a < bimplies a4+ ¢ < b+ c and aa < ab for all a,b,c € P and a > 0. In
any cone P, equality is obviously such an order, hence all results about ordered
cones apply to cones without order structures as well.

A full locally convex cone (P,V) is an ordered cone P that contains an ab-
stract neighborhood system V| i.e., a subset of positive elements that is directed
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downward, closed for addition and multiplication by (strictly) positive scalars.
The elements v of V define upper (lower) neighborhoods for the elements of P
by v(a) ={beP:b<a+v} ((a)v={beP:a<b+wv}), creating the up-
per (lower) topologies on P. Their common refinement is called the symmetric
topology. We assume all elements of P to be bounded below, i.e., for every a € P
and v € V we have 0 < a + pv for some p > 0. Finally, a locally convex cone
(P,V) is a subcone of a full locally convex cone, not necessarily containing the
abstract neighborhood system V. For a locally convex cone (P, V) the collection
of all sets ¥ C P?, where ¥ = {(a,b) : @ < b+ v} for all v € V, defines a convex
quasi-uniform structure on P. On the other hand, every convex quasi-uniform
structure leads to a full locally convex cone, including P as a subcone and
induces the same convex quasi-uniform structure. For details see [1, Ch I, 5.2].

For cones P and P/, a map T : P — P’ is called a linear operator, if
T(a +b) = T(a) + T(b) and T(aa) = aT(a) for all a,b € P and a > 0. If
VY and W are abstract neighborhood systems on P and P’, a linear operator
T : P — P is called uniformly continuous if for every w € W there is v € V
such that T(a) < T(b) + w whenever a < b+ v. Uniform continuity implies
continuity with respect to the upper, lower and symmetric topologies on P and

P

Remark 1.1. In the extended real numbers R = R U {+occ0} we consider the
usual order and algebraic operations, in particular a + co = 400 for all a € R,
a-(400) = 400 for all & > 0 and 0-(+00) = 0. Endowed with the neighborhood
system V = {e € R : ¢ > 0}, R is a full locally convex cone. If P is a
locally convex cone, then the set of all uniformly continuous linear functionals
p: P — Ris a cone called the dual cone of P and denoted by P*. In particular,
R ={aeR:a>0}U{0}, where

_ 0 for a€R,
0(a) =
+o00 for a=+4o0.

For details see [8, Example 2.3].

A convex set U C P x P is called barrel, if for every b € P there is v € V
such that for every a € v(b) N (b)v there is a A > 0 such that (a,b) € AU; in
addition if (a,b) ¢ U, then there is a p € P* such that p(c) < p(d) + 1 for all
(¢,d) € U and p(a) > u(b) + 1. The cone P is barreled if for every barrel U
and every element b € P there is a neighborhood v € V and a A > 0 such that
(a,b) € AU for all a € v(b) N (b)v.

2. Products, weak cone-completeness and barreledness

Locally convex cones have been investigated from the point of view of prod-
ucts in [2-5]. In this section, we intend to study the product topologies in
terms of the weak cone-completeness, which is one of the approaches in locally
convex cones presented in [7]. First, we review the concept of locally convex
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product cones: Let Py, v € I', be cones and put P = X erP,. For elements
a,b € P, a = Xyeray, b = Xqyerby and a > 0 we set a + b = Xqer (ay + by)
and aa = Xqer (aay). With these operations P is a cone which is called the
product cone of P,. The subcone of the product cone P spanned by UP, (more
precisely, by Uj,(Py), where j, : P, — P is the injection mapping) is said
to be the direct sum cone of Py and denoted by Q = > - P,. It is worth
remembering that here we use only positive scalars.

For a,b € P, we set a <r b if ay <, by for all v € I'. As required, the order
<r is reflexive, transitive and compatible with the algebraic operations of P.
This is the weakest order on P = X, cr’P, such that every projection mapping
¢y : P — P, given by ¢,(a) = a, is monotone. For each v € T, let (P, V)
be a locally convex cone and let us denote by V = Zwel“ V,, the direct sum of
the abstract neighborhoods V,. In fact, V is a subcone (with out zero) of the
product cone of the all corresponding full cones containing V,. The direct sum
V= Ever V., leads us to define the coarsest convex quasi-uniform structure, as
well as, the coarsest locally convex cone topology on the product cone P such
that the all projection mappings ¢~ are uniformly continuous:

Definition 2.1. For elements a,b € P, a = X era,,b = X,erb, and v €
V,v= Z%A vy, we define
a<pb+v if a,<,by+v, (forallyeA)

where A is a finite subset of I'. The subsets {(a,b) € P? : a <r b+ v} for all
v € V form the coarsest convex quasi-uniform structure on P which makes all
the projection mappings ¢, uniformly continuous. Then, according to [1, Ch
I, 5.4], there exists a full cone P @ V,, with abstract neighborhood system
V = {0} & V, whose neighborhoods yield the same quasi-uniform structure on
P. The elements v € V,v = ZweA v, form a basis for V in the following sense:
For every v € V there is v € V such that a <p b+ v for a,b € P implies that
a <r b@ v. The locally convex cone topology on P induced by V is called the
locally convex product cone of (P,,V,) and is denoted by (P, V) [2, Definition
2.1].

Proposition 2.2. If (P,V) = (XyerPy, Y. o V) is the locally convez product
cone, then for each meighborhood v € V,v = Z’\/GA vy, we have

[e] o
E vy | C E vy Cn E Uny for some n €N,
YEA YEA YEA

in particular, P* = Z'VEF P3; where P* and P} are dual cones of P and P,
respectively.

Proof. See [2, Proposition 2.5]. O

Proposition 2.3. Suppose (P, V) is the locally convex product cone of (P, V).
Then if (a;)iez C P, a; = Xyeraiy for all i € T such that (a;)iez converges to
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b e P, b= xyerb, in the symmetric topology of P, then (a;y)icz converges to
b, in the symmetric topology of P~ for all v € T

Proof. Fix v € I'. For each vy € V,, v := v, € V, so there is iy € Z such that
a; € v(b) N (b)v for all i € T with ¢ > i, i.e., ajy € vy(by) N (by)vy. That is,
(@ivy)ien converges to b, in the symmetric topology of P.. O

A locally convex cone (P, V) is called weakly cone-complete if for all b € P
and v € V, every sequence (a;)ieny in v(b) N (b)v that converges to b in the
symmetric topology of P and n; > 0 such that Y., 7; = 1, there is a €
v(b) N (b)v such that

(1) p(a) = Zw(ai)

for all pn € P* with u(b) < oo [7].

Theorem 2.4. A product cone topology (P, V) = (XerPy, 3. cr Vy)) is weakly
cone-complete, whenever (P~,V,) is weakly cone-complete for all v € T\

Proof. Suppose b € P, b = Xqerby, v € V, v = > vy and let (a;)ien C
v(b) N (b)v, a; = Xyera;y for all ¢ € N such that (a;)ien converges to b in the
symmetric topology of P and Y .-, 7; = 1, n; > 0. By Proposition 2.3, for
each v € TI', the sequence (aiy)ien C vy(by) N (by)vy converges to by in the
symmetric topology of P,, so from the weak cone-completeness of P, there
exists ay € vy(by) N (by)v, such that

oo
(2) try(ay) = Zmam for all pi,, € P with p,(by) < 00.

i=1
Suppose a := X~era, € v(b)N(b)v. By Proposition 2.2, for every p € P*, there
is a finite set © C I' such that p = > _ g py, where p, € PJ for all v € ©. If
p(b) < oo, then 1y (by) < oo for all v € ©, hence (2) yields

(oo} oo
ula) = Z Zmﬂ’y(aiv) = Zni Z piy (@iy)
YEO i=1 =1 YEO
= Zm Z N’y(x'yGFaiw) = Znilu(ai)'
=1 ~€O i=1
That is, (P, V) is weakly cone-complete. a

A neighborhood base for a locally convex cone (P, V) is a subset U of V such
that for every v € V there exists some u € Y with u < v. We cite Theorem 2.3
from [7]:

Theorem 2.5. Fuvery weakly cone-complete locally convex cone (P, V) with a
countable neighborhood base is barreled.

As a consequence of Theorem 2.4 and Theorem 2.5, we have:
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Corollary 2.6. If, for eachy € T, (P,,V,) is weakly cone-complete and carries
a countable base, then (P,V) = (XyerPy, >, cr Vy) is barreled.

Example 2.7. The cone R with the neighborhood system V = {e € R : ¢ > 0}
is weakly cone-complete. For, let b € R, € € V, (a;)ien C €(b) N (b)e converges
to b in the symmetric topology of R and let Y oo, m; = 1, n; > 0. If b = +o00,
then for a = +o00 the assertion holds. Let b € R, a := >~ mia; € €(b) N (b)e
and 1 € R with u(b) < co. If 1 = o, then clearly (1) holds and if g = A for
some A > 0, then p(a) = A3272, miai) = 3072 mip(a).

Now, let P = X erPy and V =3 V,, where P, =R and V, = {e € R:
€ > 0} for all v € I". We show that (P, V) is weakly cone-complete. Suppose b €
P, b= xXqerby, v €V, v =737 €y andlet (a;)ien Cv(0)N(b)v, a; = Xyerai,
for all i € N such that (a;);eny converges to b in the symmetric topology of P
and >0 m; =1, m; > 0. If we set a = Xyepay; where ay := Y7 n;a; for all
v €T then a € v(b) N (b)v, since ay € vy(by) N (by)v, for all v € A.

For every p € P*, p=3__ g Hy Where p1, € R for all v € ©. If pu(b) < +o0
then Remark 1.1 yields

Ay (some A, >0) for €O\ O,
[y =4
! 0 for € 6Oy,

where O = {7y € © : i, = 0}, hence

pla) = Z Ay (Z 771‘%4) + Z 0 (Z Th‘%g)
v€©\Oy i=1 v€O; \i=1
= Zm Z )\'y(aiw) + Zm’ Z ﬁ(aiw)
=1 Y€EO\OF i=1 YEOG

= Y mip(ar).
=1

Example 2.8. For each v € T, let (E,,||.||,) be a Banach space and P, =
Conv(E,) be the cone of all non-empty closed bounded convex subsets of
E., with the usual multiplication operation of sets by non-negative scalars,
a slightly modefied addition A,®B, = A, + B, and the set inclusion as order.
If B, denotes the unit ball of £, then the neighborhood system on P, is given
by V, = {\,B, : A, > 0} and (P,,V,) is a locally convex cone, which is also
weakly-cone complete [7, Example 2.2].

Now, let P = XyerPy and V=3 . V,. Foreveryv €V, v =3\ \\B,
the corresponding product neighborhood on P for elements A, A’ € P, A =
Xyer Ay, A" = xyer Al is given by

A<pA'dvif A, Cc ALONB, (forally € A).
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We show that P is weakly-cone complete. Suppose v € V, v = ZveA AB.,
B € P, B = xyerB, and let (4;)ien C v(B) N (B)v, A; = Xqerd;, for all
i € N such that (A4;);en converges to B in the symmetric topology of P. For a
convergent series Zf; n; = 1 in R that n; > 0 we set A = X,erA,, where A,
is the closure of the set

{Z NiGs;.,

i=1

(a;,)ien C A, is bounded in Ew} .

For every v € T, there is p, > 0 such that B, N p,B, # 0, hence A;, N
(1 + py)B, # 0 for all i € N. Thus we may choose a sequence (b, )ien in
Ai, N (1 + p,)B, which is bounded in E,. Then a := X.cra, € A, where
ay =Y oy mibi, € Ay; hence A # (). Since A, is closed bounded convex for all
v €T, A is also closed bounded convex (cf. [6, Proposition 2.1]), so A € P.
Fix v € A. For each a, € A,, there is a sequence (a7')men C E,, where
ay = pya ma;{j and (ag)ieN C A, for all m € N such that
4y = %POOZnia;: € B,B\,B,,.
i=1

Consequently, A € v(B) N (B)v. Now, let p € P* with u(B) < co. By Propo-
sition 2.2, pp = > A py Where p1, € N)BS for some A > 0 for all v € A. Fix
1 € N. If we choose a, € Ay for k =1,2,...,7 and ap = by for all & > i, then

K3 oo o0
Xyer E NMkQk, = Xyer E MGk, — X~yer E Mk, »
k=1 k=1

k=it1
SO
Xyer Y kAR, C A@{— Xyer Y nkbkv}
k=1 k=it1
¢ a5( 3w (1450 ) S 0e,
k=i+1 yEA YEA
hence
> men(Ar) = M Y Hy(Ary) = Xqer Y nefiy(Ar,)
k=1 k=1  4eA k=1
< (3 ) (1o ) Do
k=i+1 YEA YEA

On the other hand,

oo

X yerAy C XvernkAkV@( Z M) (Xyer By &A,B)
k=1 k=it+1
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which yields
pA) <D Qo ey (Ak) + () m) (D 1y (By) + A N,)
NEA k=1 k=i+1 YyEA
= Y (A + () me)(u(B) + D AN,
=1 k=i+1 vEA
Thus pu(A) = > 70 mei(Ag).
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