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ABSTRACT. Let M, be the set of all n-by-n real matrices, and let R™ be
the set of all n-by-1 real (column) vectors. An n-by-n matrix R = [r;;]
with nonnegative entries is called row stochastic, if >_7_; 7k is equal to
1 for all i (1 <i < n). In fact, Re = e, where e = (1,...,1)! € R™.
A matrix R € M, is called integral row stochastic, if each row has ex-
actly one nonzero entry, +1, and other entries are zero. In the present
paper, we provide an algorithm for constructing integral row stochastic
matrices, and also we show the relationship between this algorithm and
majorization theory.
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1. Introduction

Let M, be the set of all n-by-n real matrices, and R™ be the set of all n-by-1
real column vectors. A matrix R € M,, with nonnegative entries is called row
stochastic if Re = e, where e = (1,...,1)" € R™. If each row of a matrix R
has exactly a nonzero entry, 4+1, and its other entries zero, R is called integral

row stochastic. The collection of all n-by-n integral row stochastic matrices is
denoted by R(n).

The X-ray is inspired by a region of discrete radiology that is used in
medicine. The X-rays are vectors of dimension 2n — 1 defined by summing
entries a long diagonals or anti-diagonals of a matrix of order n. See [2]- [4].
The term L-ray is inspired by the notion of X-ray in area of discrete tomog-
raphy [9]. They are interesting in mass distribution problems. The sets L)
are shaped like an L (backward). The L-ray is defined in terms of sums of
the entries in the blocks of a certain ”L-shaped” partition of the positions of a
matrix A € M,,.

For each 1 < k <n let

L®) = {(k, 1), (k,2),...,(k k), (k—1,k),...,(1,k)}.
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We observe that L(¥) consists of the first k positions in row k and column .
Suppose as an example n = 5.

LW = {(1,1)},

L® = {(2,1),(2,2),(1,2)},

LB = {(3,1),(3,2),(3,3),(2,3), (1,3)},

LW = {(4,1),(4,2),(4,3),(4,4),(3,4),(2,4),(1,9)},

LO) = {(5,1),(5,2),(53),(54), (5,5), (4,5), (3,5), (2,5), (1,5)}.

by

(i,j)eL®)
o(A) is called the L-ray of A.

In this paper, we give an algorithm for constructing integral row stochastic
matrices. A main reference concerning majorization is [10]. For more informa-
tion about majorization see [1], [6], [7], and [8].

2. Integral row stochastic matrices

In this section, we provide an algorithm for constructing integral row sto-
chastic matrices.

Note that z = (21, xa,...,2,) € {0,1,2,...,n}" means that z; € {0,1,2,...,n}
for each 1 < i <n.

Following [5] we use the following variation of majorization.

Definition 2.1. Let 2 = (z1,22,...,2,)% v = (Y1,92,.--,yn)? € R™. Then
I k
r=<*yif > <> yifork<nand Y. xi=> "y

Consider the following Algorithm. Theorem 2.2 ensures that Algorithm
offers an integral row stochastic matrix A with o(A) = z. e denotes an all ones
vector.

Algorithm
Input: A vector x = (z1,Z2,...,2,) € {0,1,2,...,n}" with x <* e.
1. Initialize: Let A = (ai;) = 0,, (the zero matrix).
2. for k=1,2,...,n do
(a) If . =1, let ag = 1.
Do not use the used rows.
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(b) If 2 = 2, let I be maximal with [ < k and o;(A) = 0.
Let Al = Qi = 1.
(¢) If x4, = j whenever j = 3,4,...,n, let [ be maximal with [ < k and

01(A) =0, and let i1, 149, . ..,4;_2 be the largest indices with i1, 4a,...,ij_9 <
k, il,ig,...,ij_g 7é l, and $i1,l‘i1,...,l‘ij72 =0.
Let ap = aix = @k = Qipp = -+ = a4;_,x = 1.
Output: A.

Theorem 2.2. Letx € {0,1,2,...,n}" and x <* e. Then Algorithm offers an
integral row stochastic matriz A with o(A) = x.

Proof. Suppose that € {0,1,2,...,n}™ and  <* e. We claim that Algorithm
constructs some A € R(n) such that z = o(A).

Claim: After each iteration k (of step 2) the present matrix A has the
property o;(A) = x; for each : =1,2,... k.

Proof of Claim: Use induction on k. For k = 1 there is nothing to prove.
Suppose that k¥ < n and the statement holds for k&’ < k.

If 2, = 0, then A is not modified. So o1 (A) = 0, and the induction statement
holds in this case. We consider three cases.

Case 1. If z; = 1, then agr = 1, and so o (A) = xk.

Case 2. If 2, = 2, as x <* e, we see that Zle z; < k, and hence Zi.:ll i <
k—2.

If for each 1 < i < k — 1 we have 0;(A) # 0, the hypothesis induction
ensures that x; # 0. Since z € {0,1,2,...,n}", we observe that 1 < x;, for
each 1 <i<k-—1.

Then

>
\

—_

IN

k—1
dic1 Ti
S k — 27

which is a contradiction. This means that there is some 1 <3 < k — 1 such
that O'l(A) =0.
Let I be maximal with | < k, and 0;(A) = 0. Algorithm ensures that

ar = Al = 1.

Thus o (A) = 2, as desired.
Case 3. If x, = j for 3 < j < n, then

k-1 k-1
Diic1 i = D Ti
< k—uxp
= k _j7

because x <* e.
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If for each 1 <i < k — 1 we have 0;(A4) # 0, then 1 < z; and so
k-1 < Yila

< ki]a

a contradiction. It follows that o;(A) = 0 for some 1 <i <k — 1.
Suppose that [ is maximal with [ < k, and 0;(A4) = 0. Algorithm states that

ap, = ayp = 1.

We claim that there exist

11,89, ..., 050 <k, d1,49,...,%-0 #,
with
Ty s Tiyy e oy Tiz_p = 0.
Define
L={1<i<k-1|i#lz;, =0},
and

L={1<i<k-1]i#1lz; #0}.
We observe that
LUuL={1,2....k—1}\ {i},
and so
| + 2| =k —2.
We should prove that |I1]| > j — 2. If |I;| < j — 2; it implies that |[I3] > k — j.
On the other hand,

k=i > Y@

= Zi:ii;éz Ti + T

= Zie]l i + Zieh Ti

= Dicn i

> |

> k-7,
a contradiction. So |I;| > j — 2. This shows the existence of i1,142,...,7;_2 in
step 2, and by putting

ik = Qigk = *** = Qj;_,k = 1,

we have o, (A) = z. So the statement holds by the induction.
If k =n, then 01(A) = 21, 02(A) = x9,...,0,(4) = z,, and so c(4) = z.

It remains to prove that A € R(n). That is, every row of A has exactly a
nonzero entry, +1, and the other entries are zero.
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Algorithm ensures that A is (0, 1)-matrix. It is enough to show that
7“1:7“2:'~':Tn=1.

We claim that for each 1 < ¢ < n the case r; = 0 can not be happen.
If r;; = 0 for some 1 < i’ < n, then z;; = 0, because if x;; # 0;

e for z;; = 1 we see a;» = 1, and so r; # 0, a contradiction.

o for z;; # 1, there exists some 1 < ig <4’ — 1 such that z;, = 0 (because if
for each 1 <7 <4’ — 1 we have x; # 0, then

v

i > Zzzlxi

i’ —1
= Ty+ 21‘:1 T

> i+ 1,

a contradiction). In this case, let 1 < I < ¢’ — 1 be the maximal such that
x; = 0. So, a;; = 1, and then r; # 0, a contradiction.

We saw if there exists some 1 < k < n such that r, = 0, then x;, = 0, and
hence o (A) = 0. It shows that

k—1 k
D Ti = D

< k.
Ifay,.. .., 26-1,Cks1, ..., Ty <1, then
no= 3l
< n-1,

which is a contradiction.

So there is some t € {1,...,k—1,k+ 1,...,n} such that x; > 2. We claim
that there exists some ¢ > k such that x; > 2. Otherwise, for each i > k we
see x; =0 or x; = 1. Hence

k—1 n
no= Y T+ Zi:k+1 i
< k-1+ Z?:k+1 1
= n-—1.

It is a contradiction. It follows that there is ¢ > k such that x; > 2. Let ¢ be
maximal with ¢ > k, and x; > 2. Algorithm states that ay; = 1, and so ry # 0,
a contradiction. Thus,

T1,72,...,Tn % Oa
and hence

1,72, ..., T > 1.
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If r, > 1 for some 1 < k < n; then
n = E?:l 1
< Z?:l T
= n7

a contradiction. So, r; <1 for each 1 <7 < n.
Now, we conclude that

7"1:7"2:'“:7'“:1,

as desired. Therefore, A € R(n).
O

Algorithm constructs an integral row stochastic matrix A with o(A4) = =.
This A is shown by A(z) and it is called the canonical integral row stochastic
matrix with L-ray x.

Example 2.3. (i) Consider x = (1,0,1,2). We see x <* e. Algorithm offers
the following matriz.

Az) =

SO o=
— O O O
o= oo
S O = O

(i7) Let z = (0,0,2,1,2). We observe that x <* e and the matriz constructed
by Algorithm is

00 0 01
0 01 0 O
A@) =010 0 0
00 0 1 0
1 0 0 0 O
(#4i) Let x = (0,1,2,0,0,0,0,5,1). So & <* e and the desired matriz is

o

oSO oo oOo O

[ elNolNoNoNoNall e
SO DD DODOO OO
(o e R e B e B e B e M el e B an)
(==l e R e Bien B e B s N el e B @n)
O OO OO OO oo
O OO O
OO R KRR~ OOO
O OO0 oo oo

(i) If x = (0,0,4,1,1), then Algorithm stops in iteration k = 3.



An algorithm for constructing integral row stochastic matrices — JMMRC Vol. 11, No. 1 (2022) 75

We now want to talk about the eigenvalues of the canonical integral row
stochastic matrices.

Define Ij as the k-by-k identity matrix, and

1
0 1 0 0 1 1
L2:(1 0>,L3: 00 1], Ly=| o :|eMy
010 1

10

Suppose that A(A) is the set of eigenvalues of matrix A.
e Corresponding to any 1 in the vector x € o(R(n)), we have 1 € A(A(z)).

e Corresponding to any (0,*,0,%,...,%,0,% k), k — 1 zeros, in the vector
z € 0(R(n)), we have {1,—1,0,...,0} C A(A(z)), k — 2 zeros.

¢ A(z) is similar (after simultaneous row and column permutations) to a
direct sum of a k-by-k identity matrix I and @2:1 Lj,, where

k=Hi:z =1}t =iz ai > 1 {zi s 2 > 1} = {1, g2, - e}

Example 2.4. (i) Let x = (0,1,1,2). Then

= O O O
OO = O
o= O O
oS O O

OO RO OO O

OO O O O O
— OO o OO o
(=N N eNel el =)

[
N
D
h
i~}
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(i) Consider x = (0,2,0,1,0,3). We observe that
00

e}
o

Ax) =

_ o0 O o oo

0
0
1
0
1
0

oo oo
[N eloNoNol S
o O o oo
SO = OO

SO OO+ OO0 OoOOoO

S OO OO OO OoOOoO
_ oo OO oo —_0 O O OO
OR PR OOO O FLOOoOOo

DO DODOHFR O OO0 O
OO OO OO OO

o

= LypLPLs.

Finally, we will make an interesting point about L; in the form of an example.

0 0 1
0 0 1 , .

Example 2.5. Forn = 4, L, = 00 1 and its eigenvalues are
010

{0,0,1,—1}, whereas for Ly = its eigenvalues are {0,1,—1}.

o - o000 o

o O O
= O O

This shows that as the dimension of the matriz increases, only the number of
zeros of the eigenvalues increases. The two values of 1 and -1 will have the
same number of repetitions as 1.

The eigenvectors of this matriz are interesting. For n = 4, the matriz of eigen-
vectors is as follows.

1 01 -1
1 1 0 -1
1 0 0 -1
1 0 0 1
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