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ABSTRACT. In this paper, we use the definition of fuzzy normed spaces given
by Bag and Samanta and the behaviors of solutions of the additive functional
equation are described. The Hyers-Ulam stability problem of this equation
is discussed and theorems concerning the Hyers-Ulam-Rassias stability of the

equation are proved on fuzzy normed linear space.
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1. INTRODUCTION

In 1992, Felbin [6] has offered an alternative definition of a fuzzy norm on a
linear space with an associated metric of the Kaleva and Seikkala type [10]. He has
shown that every finite dimensional normed linear space has a completion. Then
Xiao and Zhu [16] have modified the definition of this fuzzy norm and studied the
topological properties of fuzzy normed linear spaces. Another fuzzy norm is defined
by Bag and Samanta [3]. Bag and Samanta [4] have defined concepts of weakly

fuzzy boundedness, strongly fuzzy boundedness, fuzzy continuity, strongly fuzzy
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continuity, weakly fuzzy continuity, sequentially fuzzy continuity and fuzzy norm of
linear operators with an associated fuzzy norm defined in [3].

Defining, in some way, the class of approximate solutions of the given functional
equation one can ask whether each mapping from this class can be somehow ap-
proximated by an exact solution of the considered equation. Such a problem was
formulated by Ulam in 1940 (cf. [15]) and solved in the next year for the Cauchy
functional equation by Hyers [8]. In 1950, Aoki [1] and in 1978, Rassias [13] proved

a generalization of Hyers theorem for additive and linear mappings, respectively:

Theorem 1.1. Let f be an approxzimately additive mapping from a normed vector

space X into a Banach space Y, i.e. f satisfies the inequality

1f(z+y) = f(2) = FWIl < e(lz]” + [lyl*)

for all x,y € X, where € and p are constants with € > 0 and 0 < p < 1. Then the
mapping A : X —'Y defined by A(z) = lim, o, 27" f(2"2) is the unique additive

mapping which satisfies
[A(z) = f(2)]| < (22/2 = 2°)[|=]”
forallz e X.

The result of Rassias has influenced the development of what is now called the
Hyers-Ulam-Rassias stability theory for functional equations. In 1994, a general-
ization of Rassias theorem was obtained by Gavruta [7] by replacing the bound
e(|z||” + |ly||?) by a general control function p(z,y).

Moreover, some authors introduce some reasonable versions of fuzzy approximately
additive functions on fuzzy normed spaces.(see [2, 5, 11, 12]).

In this paper, we use the definition of fuzzy normed spaces given in [14] to exhibit
some reasonable notions of fuzzy approximately additive functions in fuzzy normed
spaces and prove that under some suitable conditions, an approximately additive
function f from a fuzzy normed space X into a fuzzy Banach space Y can be ap-
proximated in a fuzzy sense by an additive mapping A from X to Y. This will able
us to establish some versions of (generalized) Hyers-Ulam-Rassias stability in the

fuzzy normed linear space setting.



HYERS-ULAM-RASSIAS STABILITY ... —JMMRC VOL. 2, NUMBER 2 (2013) 41

2. PRELIMINARIES

We give below some basic preliminaries required for this paper.

Definition 2.1. (Xiao and Zhu [9]) A mapping 77 : R — [0, 1] is called a fuzzy real
number with a-level set [7], = {t : 7(t) > a}, if it satisfies the following conditions:
(N1) there exists tg € R such that 7(tg) = 1.

(N2) for each o € (0,1], there exist real numbers 7, < nt such that the a—level
set [7j]a is equal to the closed interval [n; ,nT].

The set of all fuzzy real numbers is denoted by F(R). Since each r € R can be
considered as the fuzzy real number 7 € F(R) defined by

1, t=
(1) = )
0 , t#n,
it follows that R can be embedded in F(R).

Definition 2.2. (Kaleva and Seikkala [10]) The arithmetic operations +, —, x and
/ on F(R) x F(R) are defined by

(+3)@) = sup (min(i(r). 3(1)))
(=7 = s (min(i(r). 7))
(X)) = sup (min(i(r). 3(1)))
@/3)(0) = s (minGila). )

which are special cases of Zadeh’s extension principle.

Definition 2.3. (Kaleva and Seikkala [10]) Let 77 € F(R). If 5(t) = 0, for all ¢t < 0,
then 77 is called a positive fuzzy real number. The set of all positive fuzzy real
numbers is denoted by F*(R).

Lemma 2.4. (Kaleva and Seikkala [10]) Let 7,7 € F(R) and [7]la = [n,,n1],
Mo = lva 7] Then
i) 1+ Aa = e +7am3 +7d]
i) [1=Ha = Ma = Ya>Ma = Va
i) [} X Yo :En;vla,nim for ij,7 € F*(R)
) [1/7a = [—, —=] ifng >0
Na

(0%
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Definition 2.5. (Kaleva and Seikkala [10]) Let 7,5 € F(R) and [f]o = [n,, 7],
Vo =[5 ,72], for all a € (0,1]. Define a partial ordering by 77 < 7 if and only if
ne <, and nt < At for all @ € (0,1]. Strict inequality in F(R) is defined by
7 < 7 if and only if n, <~y, and 57 <~7F, for all a € (0, 1].

Lemma 2.6. Let 7j € F(R). Then 7 € FY(R) if and only if 0 < 7.

Definition 2.7. (Bag and Samanta ) Let X be a linear space over R (real number).
Let N be a fuzzy subset of X x R such that for all z,u € X and ¢ € R

(N1) N(z,t) =0, for all ¢ <0,

(N2) z =0 if and only if N(x,t) =1, for all ¢ > 0,

(N3) If ¢ # 0 then N(cx,t) = N(x,t/|c|), for all t € R,

(N4) N(z +u,s+t) > min{N(x,s), N(u,t)}, for all s,t € R,

(N5) N(z,.) is a nondecreasing function of R and lim; o, N(xz,t) = 1.

Then N is called a fuzzy norm on X.

We assume that
(N6) N(z,t) >0, for all ¢ > 0 implies z = 0,
(N7) For x # 0, N(z,.) is a continuous function of R and strictly increasing on the
subset {¢t:0 < N(x,t) <1} of R,

Definition 2.8. (Bag and Samanta [4]) Let (X, V) be a fuzzy normed linear space.
i) A sequence {z,} C X is said to converge to x € X (nh_{rolo Tp = ), if nh—>ngo N(xp —
x,t) =1, for all t > 0.

ii) A sequence {z,} C X is called Cauchy, if lim N(z,—2m,t) =1, forall ¢t > 0.

n,Mm—00

3. FuNcTIONAL EQUATIONS

In this section, we study four types of fuzzy versions of the Hyers-Ulam-Rassias

theorems(3.1.,3.4.,3.8.,3.11.) and some corollaries.

Theorem 3.1. Let (X, Ny) and (Y, Na) be fuzzy Banach spaces and f : X — Y

be a function such that
No(f(x+y)— flx) — f(y),0;) > a, forall z,y € X,
for some 0 < & € F(R). Then the limit

A(z) = lim 27" f(2"z),

n— oo
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exists for each x € X and A: X — Y is the unique additive function such that
(1) No(A(z) — f(x),0,) > o, for all z € X.

Moreover, if f(tx) is continuous in t for each fized x € X then A is linear.
Proof. We have

No(f(x+y) — f(x) — f(y),0,) > a, for all z,y € X.

Hence Na(f(2x) — 2f(x),d,) > «, for all x € X. Replacing x by z/2 in this

ke’

inequality, we obtain that

Na(2(1/2f(x) = f(2/2)),04)
No(f(x) = 2f(2/2),6,)

> a, forall z € X.

No(1/2f(x) — f(x/2),6, /2)

By induction on n, we have

No(27"f(z) — f(27"x),(1 —27™)6,)) > «v, forall x € X.
So

No(27"f(2%x) — f(x), (1 —=27™)0,) > «, forall x € X.

We obtain that No(27™f(2"x) — 27™ f(2™Mx), (2™ —27")0, ) > a, for all z € X,
n>m and a € (0,1).
Let ¢t > 0 and « € (0, 1) be given. Hence there is K > 0 such that

Na(27" f(2"a) — 277 f(270), 1) > Na(27" f(2"a) — 27" f(27a), (27 — 27™)3;)

> a, for all n,m > K.

So {27 f(2"z)} is a Cauchy sequence for each x € X. Hence the limit

A(z) = lim 27" f(2"x)

n—0o0

exists for each z € X.

Let z,y € X. Suppose that ¢t > 0 and « € (0,1). We have

No(27"f(2"x +2"x) — 27" f(2"x) — 27" f(2"y),27 "0, ) > «, for all n € N.
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Then there is K > 0 such that

No(27"f(2"x + 27x) — 27" f(27x) — 27" F(27y), 1)

v

No(27"f(2"x + 2"x) — 27" f(2"x) — 27" f(2"y),27"5,) > «, foralln > K.

So
nh_}rrgo No(27"f(2"x + 2"x) — 27" f(2"x) — 27" f(2"y),t) =1, for all £ > 0.
Since
nh_)rrgo No(27"f(2"x) + 27" f(2"y) — A(x) — A(y),t) =1, for all ¢ > 0,
and

No(27"f(2"x + 2"x) — A(z) — A(y),t) > min{No (27" f(2"x + 2"x) — 27" f(2"x) —
27" f(2"y),t/2), No(A(z) + A(y) — 27" f(2"x) — 27" f(2"y),t/2)}, for all ¢ > 0,
it follows that

lim No(27"f(2"x + 2"z) — A(x) — A(y),t) =1 for all £ > 0.

n— oo

Now we have

No(A(z +y) — Az) = Ay), 1) >
min{N,(27" f(2" 2 +2"2) — A(z +y),1/2), Na(A(z) + A(y) 27" f(2"x+2"2),1/2)},
for all t > 0. As n — 00, we get

No(A(x +y) — A(z) — A(y),t) =1, for all ¢t > 0.

Hence A(x +y) = A(z) + A(y), so A is an additive function.
Let z € X. We have

No(27"f(2"x) — A(x),27 "0, ) >

min{No (27" f(2™x) — A(x),27"5, —€), No(27" f(2"x) — 27 f(2™x),€)},

for all m,n € N. Since {27 f(2"z)} is Cuachy and A(z) = lim, . 27" f(2"z),
there is K > 0 such that No(27" f(2"z) — A(z),27 "0, ) > «, for all n > K. Hence

No(f(x) = A(x), 65 ) =

min{Ny (27" f(2"x) — A(x),27"6, ), Na (27" f(2"2) — f(2), (1 = 277)d,)} = a,

for all n > K. Thus Na(f(z) — A(z),0,) > .
Let A’ : X — Y be another additive function satisfying in (1) and A(y) # A’(y)
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for some y € X. Then there exists ¢y > 0 such that Na(A(y) — A'(y),to) < 1.
Suppose that No(A(y) — A'(y),t0) < a < 1. For any integer n > 2§ /to, we see
that

a > No(A(y) — A'(y),to)

> Ny(A(y) — A'(y), 26, /n)

= Na(A(ny) — A'(ny),26,)

> min{No(A(ny) — f(ny),d,, ), Na(f(ny) — A (ny),d,)}
> Q,

this is contradiction. Hence, A is the unique additive function satisfying the in-
equality (1).

Assume that f is continuous at y. If A is not continuous at a point y, then there
exist tg > 0, 0 < € < 1 and a sequence {z,} C X converging to zero such that
No(A(xy),t0) < 1—c¢, for all n € N. Let m be an integer greater than 3d;__/to.
Then

Na(A(mz,),367_) = Na(A(24),367_./m) < Na(A(wn),to) <1 —e, for all n € N.
On the other hand,
l—e > Nay(A(mzn),36,_,)
= Nao(A(man +y) — Ay),301_.)
min{No(A(ma, +y) = f(ma, +9),5; ) Na(f (mea +y) = F().6;0).

Na(Ay) = f(y), 01 0)}
> min{l — €, No(f(mz, +y) — f(y),0;_.)}, forall n € N.

Y

Since f(mz, +y) — f(y) as n — co. This contradiction means that the conti-
nuity of f at a point in X implies the continuity of A on X. For a fixed x € X, if
f(tx) is continuous in ¢, then it follows from the above consideration that A(tx) is

continuous in ¢, hence A is linear. O

Example 3.2. Let (X, ||.||) be a Banach spaces and f : X — X be a function
such that

[f(z+y) = flz) = fy)ll <6, forall 2,y € X,
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for some 0 < § € R. Define a fuzzy norms N as follows:

el 0<t <]
N(z,t) =4 1 ;o =l <t
0 . t<o.
Let 6 € F(R) and [0], = [ad,8]. Suppose that 2,y € X and a € (0,1). If
1z +9) — F@) — F@)]| < a8 then N(f(z +3y) — /(z) — fy),a6) = 1 > a. It

If(z+y) = f(z) = f(y)]| = ad then
N(f(@+y) - (&) - £(5),a0) = ad/|[f (& +y) - F(z) — FW)l| =
Hence N(f(z+y) — f(z) — f(y),ad) > a, for all z,y € X. Then the limit
Alx) = lim 27" f(2"a),
exists for each x € X and A: X — Y is the unique additive function such that
N(A(z) — f(x),ad) > «, for all x € X.

Moreover, if f(tz) is continuous in ¢ for each fixed z € X then A is linear.

Corollary 3.3. Under the hypotheses of Theorem 3.1, if f is continuous at a single

point of X, then A is continuous everywhere in X .

Theorem 3.4. Let (X, N1) and (Y, N2) be fuzzy Banach spaces and f: X — Y

be a function such that
Ni(z,t/P) > o and Ni(y,s'/P) >« implies that
No(f(x+y) = fl@) = f(¥),0,(t+5) = a foradlzyeX,

for some 0 < 0 € F(R), p € [0,1). Then there exists a unique additive function
A: X —Y such that

Ny (z,tYP) > o implies that No(A(z) — f(x), (205 /2 — 2P)t)) > «, for all z € X.
Moreover, if f is continuous at 0 € X then A is linear.

Proof. Let x € X. If Ny(z,t'/P) > « then No(f(2x) — 2f(x),0;(2t)) > «, thus
No(271f(2x) — f(x),0,t) > a, by induction on n, we have

n—1
No(27"f(2"x) — f(x), 0t Z 2m(P=1) > @, for all n € N,

m=0
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hence
No(27"f(2"x) — f(x), (20, /(2 —2P))t) > a, for all n € N.
Thus
No(27™ f(2mx) — 27" f(20x), 2P~ 1) (205 /(2 — 2P))t) > «, for all m > n > 0.

Let s > 0 and 0 < € < 1. Then there is K > 0 such that s > 2"(*=1 (20 /(2—2P))t,
for all n > K. Hence

No(27™f(2Mx) — 27" f(2"x),s) > a, for all m >n > K.
So {27 f(2"x)} is a Cauchy sequence for each z € X. Hence the limit
A(x) :nh%rr;o 27" f(2"x)

exists for each xr € X.

Moreover, we have

No(A(z) = f(2), (20, /(2 = 2°))t) =

n—1
min{Na(27" f(2"2) — f(a), 05t 32X D) Np(2 " f(2") — 277 F(27a) ),
k=0

No(27™f(2™x) — A(x), (205 /(2 — 2P))t — Q;tnf 2k(P=1) _ &)}, for all m,n € N.
k=0
Since {27 f(2"x)} is a Cauchy sequence and A(z) = lim, o 27" f(2"x),
No(A() — (), (207 /(2 = 2°))t) > o
Hence
Ny (z,tY/P) > o implies that Na(A(z) — f(z), (205 /2 — 2P)t)) > a, for all z € X.
Let ¢t > 0 and 0 < € < 1 be given. Hence there is K > 0 such that
Ny (=, 2("(1*”)*1)/%1/”) >1— e and Ny(y, 2(”(1*”)*1)/%1/”) >1—¢ foralln> K.

So

Np(27z, 20~ D/Pgt/Py > 1 — e and Ny (27y, 20" V/PE/P) > 1 — ¢, for all n > K.
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Thus
Na(f(2"0 +2"2) — [(2"a) — [(2"y),2") =
No(27"f(2"x + 2"x) — 27" f(2"x) — 27" f(2"y),t) > 11—k,
for all n > K. Hence
lim No(27"f(2"x + 2"x) — 27" f(2"x) — 27" f(2"y),t) =1, for all £ > 0.

n—oo

‘We have

Na(A(x +y) — Alx) — Aly).1) >
min{No (27" f(2"z + 2"z) — A(z +y),1/3),
Na(27" f(2" +2"2) — 27" f(2"a) — 27" £(2"y),1/3),
Na(27" f(2") + 27" F(2"y) — A(x) — Aly).t/3)},

for all t > 0, as n — oo, we obtain that
Ny(A(z +y) — A(x) — Ay),t) =1, for all ¢t > 0.

Hence A(x +y) = A(z) + A(y), so A is an additive function.
‘We now want to prove that A is such a unique additive function. Assume that there

exists another one, denoted by A’ : X — Y such that
Ni(z,tY/P) > o implies that Na(A'(z) — f(z), (205 /(2 — 2P))t)) > a, for all z € X.

Let z € X, t > 0 and o € (0,1). Since lim;_,o, N1(z,t) = 1, there exists K > 0
such that Ny (z, (((2 — 2P) /465 )n'~Pt)1/P) > qa, for all n > K. Hence

Ni(nz, (((2 = 2P) /407 )nt)Y/P) > a, for all n > K.

No(A(nz) — f(na),nt/2)) > a and Ny(A'(nz) — f(nz),nt/2)) > a, for all n > K.
So
No(1/n(A(nz) — f(nz)),t/2)) > a and Na(1/n(A'(nx) — f(nx)),t/2)) > a,
for all n > K. Now we get
Na(A(z) = A'(2)),1)) = Nao(1/n(A(nz) — A'(nx)),t)) >

min{ Nz (1/n(A(nz) — f(nz)),t/2)), N2(1/n(f (nx) — A'(nx)),t/2))} = a,
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for all n > K. Thus Ny(A(z) — A'(x),t) > a. As a — 17, we get No(A(x) —
A'(x),t) =1. So A(x) = A'(x). then A = A’

Let f be continuous at 0 € X. Suppose that {z,} € X and x,, — 0. Let ¢t > 0
and € € (0,1). Then there exists K > 0 such that

No(f(@n),t/2) > 1 — € and Ny (@, (2 — 27)/467_)t)/P) > 1 —¢, for all n > K.
Thus
No(f(zn),t/2) > 1 — ¢ and No(A(zn) — f(zn),t/2) > 1 — ¢, for all n > K.
Now we have
Na(Aen),t) > min{Na(A(wa) — F(),t/2), Na(f (), £/2)}
> 1l—¢ foralln> K.

So limy, 00 No(A(x,),t) = 1. Then A is continuous at 0, which implies that A is

linear. O

Example 3.5. Let (X, |.||) be a Banach spaces and f : X — X be a function
such that

1f (2 +y) = @) = F)ll < O(l]” + [[yl]*), for all z,y € X,

for some 0 < 6 € R. Define a fuzzy norms N as follows:

el o<t < ||
N(z,t)={ 1 2l <t
0 , t<O0.

Let 6 € F(R) and [9~]a = [a'7P0,0]. Suppose that z,y € X, s,t € R, a € (0,1),
N(z,t/?) > a and N(y,s'/?) > a. Now we show that

N(f(z+y) = f(z) = f(y), ' POt + 5)) > a.
If || f(x +y) — f(z) = f(y)ll < a'"PO(t + s) then
N(f(z+y) = f(z) = f(y),a' PO(t+5)) =1 > a.

It o 7P0(t + 5) < | f(z +y) — f(2) = FW)I-
Case 1: Let t'/? < ||z|| and s¥/? < ||y||. We have t'/?/||z| = N(x,t'/?) > a and
sY? /||yl = N(y, s'/P) > a. Hence o?||z||? < t and oP|y||? < s. So

a|[f(x+y) = fx) = F@Il < POl + [[y][") < O(t+s).
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Thus

N(f(z+y) = f(@) = fy),a'PO(t+5)) = o' P(t+s)/| fx+y) = f@) = FW)] > o

Case 2: Let ||z|| < t}/P and s'/? < ||y||. We have o?||z||? < ||z||P <t and s'/?/|y| =
N(y,s'/?) > a. Hence o?||z||? < t and oP||y||? < s. Similar to case 1, we obtain

that
N(f(z+y) — f(z) = f(y),a'P0(t+5)) > o

Case 3: Let |lz|| < t'/? and |y|| < s'/P. So a®|jz|? < ||z||P < t and o?||y||P <

[ly]|P < s. Similar to case 1, We get
N(f(@+5) — F() = F(y),0l6(t + 5)) > a.
Then there exists a unique additive function A : X — Y such that
N(z,t'/?) > a implies that N(A(z) — f(z), (201 7P0/2 — 2P)t)) > «, for all z € X.
Moreover, if f is continuous at 0 € X then A is linear.

Corollary 3.6. Let (X, N1) and (Y, N2) be fuzzy Banach spaces and f: X — Y

be a function such that

Na(f(z +y) = f(z) = f(y), 65 (t +5)) = 1/2(N1(,t1/7) + Ni(y, s'/7)),

for all z,y € X, for some 0 < 6 € F(R) and p € [0,1). Then there exists a unique
additive function A : X — Y such that

No(A(z) — f(x), (205 /2 — 2°)t)) > Ny(x,t'/P), for all z € X.
Moreover, if f is continuous at 0 € X then A is linear.

Corollary 3.7. Let (X, N1) and (Y, N2) be fuzzy Banach spaces and f: X — Y

be a function such that

Ng(f(.%' + y) - f(l’) - f(y)7 9; (t + S)) > min{Nl(x7t1/p)v Nl(y7 Sl/p)}J

for all z,y € X, for some 0 < 6 € F(R) and p € [0,1). Then there exists a unique
additive function A: X — Y such that

No(A(z) — f(x), (205 /2 — 2°)t)) > Ny(x,t/P), for all x € X.

Moreover, if f is continuous at 0 € X then A is linear.
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Theorem 3.8. Let (X, Ny) and (Y, N3) be fuzzy Banach spaces satisfying (NT7)
and ¢ : X x X — F*(R) be a function such that

oo
dla,y) =Y 27 p(2Fx, 2%y),
k=0

is convergent for all z,y € X. Also let f: X — Y be a function satisfying

No(f(z +y) = f(z) = f(y), (p(2,9))) = @, foralz,yec X

Then there exists a unique additive function A : X — Y such that
No(A(z) = f(), (8(z,2))q) = o, for all z € X.
Proof. Let a € (0,1) and z,y € X. We have

No(f(x+y) — f(z) = f(y), (p(z,9))s) = @,

then
No((1/2)f(22) — f(2), (1/2)(p(2, ) o) = o
By induction on n, we obtain that
No((27™) f(2"z) — f(2), nf 271 (p(2%z, 2%2));) > a, for all n > 0.
Hence -

n—1
No(27™f(2™z) — 27" f(2"x), Z 27 (p(2%x, 2%2));) > a, for all n > m > 0.
k=m

Let ¢ > 0. Since ¢(z,x) = > po (27" 1p(2%2,2%z) is convergent for all z € X, for
every € > 0, there exists K. > 0 such that

No(2 ™ f(27) — 27 (20, 1) >
n—1
No(27™f(2Mz) — 27" f(2"x), Z 27k (2%, 2%2)) ) > a, for all n > m > K..
k=m
Thus {277 f(2"x)} is a Cauchy sequence for each x € X. Hence the limit

A(z) = lim 27" f(2"x)

n—oo
exists for each z € X.
Let x € X. Then

No(A(z) = f(2), (62, 2))) =
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n—1

min{Ny(f(z) — 27" f(2"2), Y 27} (p(2"z, 252)),),
k=0

Na(A(x) =277 f(2"x), (o(x, 7)) — ?2_’“‘1@(2% 282)), — o),
Na(27™ f(2™x) — 2*";(2%)6))}.
Since {277 f(2"z)} is a Cauchy sequence and A(z) = limy_o 2~ f(2"2),
No(A(z) = f(2), (¢(z,7))y) = o
Let 2,y € X. We have
No(27"f (2% + 2%2) — 27" f(2"2) = 27" f(2"y), 27" ((2"2,2"y))o ) 2 @,

for all & € (0,1) and all n € N. Since ¢(z,y) = > pe 2 " 1p(2%z, 2%y) is conver-
gent, lim, o 27" (¢(2"2,2"y)), = 0. Let ¢ > 0 and 0 < a < 1 be given. Hence
there is K > 0 such that

No(27"f(2"w 4 2"2) — 27" f(2"x) — 27" f(2"y), 1)

v

N> (2" (2" + 2") — 2" f(275) — 27 F(27y), 2 (92", 2")7) >
for all n > K. Hence

Hm No(27"f(2"x + 2"a) — 27" f(2"a) — 27" f(2"y), 1) = 1, for all t > 0.

n—oo

We have
Na(Az +y) — A(z) — A(y), 1) >
min{ Ny (27" f(2"x + 2"x) — A(z +y),t/3),
N (27" (2" + 2") — 27" f(27) — 27" £(27y), /3),
No(27"f(2"x) + 27" f(2"y) — A(z) — A(y), t/3)},
for all £ > 0, as n — oo, we obtain that
No(A(z +y) — Az) — A(y),t) = 1, for all £ > 0.

Hence A(xz +y) = A(z) + A(y), so A is an additive function.
We now want to prove that A is such a unique additive function. Assume that there

exists another one, denoted by A’ : X — Y such that

No(A'(z) — f(z), (¢(z,)),) > a, for all z € X.
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Let z € X and ¢ > 0. Then there exists K > Osuch that ¢ > > 72 27 %o (2Fz, 2%2)
for all n > K. So

Ny(A'(z) — A(z), Z 2 % (2%, 2 2)7)
k=n

Na(A'(x) = Ax), 1/2"(2(¢(2"x,2"7)) )

Ny(A'(x) — A(x),t)

Y

Na(A'(2"2) — A(2"2), 2(6(2"x, 2" 7))

> min{Na(A'(2"z) — f(2"2), ¢(2"2,2" 7)), N2 (f (2"2) — A(2"2), (2", 2"2), )}
> a, foralln > K.
Asa — 1 we get
No(A(z) — A'(z),t) = 1.

So A(x) = A'(x), for all z € X. then A = A’.
|

Example 3.9. Let (X, ||.]]) be a Banach spaces and ¢g : X x X — [0,+00) be a

function satisfying
do(z,y) = > 27 g (2¥z, 2%y) < +oo,
k=0

for all x,y € X. Suppose that a function f: X — X satisfies the inequality

/(2 +y) = &) = Wl < pol@,y), forall z,y € X.

Define a fuzzy norms N as follows:

t/llzl , 0<t< ||z
N(z,t)=4q 1 el <t
0 . t<0.

Let ¢ : X x X — FT(R) and [o(z,y)]a = [apo(z,y),0o(z,y)]. Suppose that
z,y € X and a € (0,1). If || f(x +y) — f(x) — f(v)] < ago(z,y) then

N(f(z+y) = f(z) = f(y), apo(z,y) =1 > a.
If | f(z+y) — f(x) = f(W)] > apo(z,y) then

N(f(x+y) = f(@) = f(y), apo(r,y) = apo(z,y) /|| f(x +y) — f(x) = f(y)|| > .
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Hence N(f(z+y)— f(x)— f(y), apo(z,y)) > a, for all z,y € X. Then there exists
a unique additive function A : X — Y with

N(A(z) — f(z),a¢o(z,z)) > «, for all z € X.
Theorem 3.10. Let (X, N1) and (Y, N2) be fuzzy Banach spaces satisfying (N7)
and ¢ : X x X — F*(R) be a function such that

d(w,y) =Y 2502 z,27Fy),
k=0
is convergent for all x,y € X. Also let f : X — Y be a function satisfying
No(f(z+y) — f(@) = f(y), (p(z,9))a) = o foralzyeX.

Then there exists a unique additive function A : X — 'Y such that

NQ(A(f)—f(I),(QS(f,JI));) > a, fO?" allz € X.
Proof. Proof is similar to proof of Theorem 3.8. 0

Theorem 3.11. Let (X, Ny) and (Y, N3) be fuzzy Banach spaces satisfying (NT)
and ¢ : X x X — F*(R) be a function such that

dx) = 27 (p(2" 2, 0) + (0,2 1) + (2w, 2 ),
i=1

is convergent for all x € X, and

lim 272"z, 2"y) =0, for all z,y € X.

n— 00

Also let f,g,h : X — Y be functions satisfying

No(f(z +y) —g(x) = h(y), (p(2,9))a) = a forallz,yeX.

Then there eists a unique additive function A: X — Y such that
N2(g(0),t) > a, No(h(0),s) > a,
implies that
Ny(A(z) = f(@),t + s+ (6(2))a) = o,
Na(A(x) = g(2),t + 25 + (p(2)) 5 + (p(2,0))5) = o,
Na(A(@) = h(2),2t + s+ (¢(2))q + (0(0,2))5) = a,
forallz € X.
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Proof. Let x € X and N2(g(0),t) > «, N2(h(0),s) > a. We have

Hence

and

We define

No(f(22) = g(x) = h(2), (p(2,2))0) = @,

Na(f(x) - g() — h(0), (p(2,0))3) > o,
Na(A(z) - 9(0) - h(a), ((0,2));) > o

No(f(22) — g(2) = h(2), (p(z,9))s) = @,

No(f () = h(x),t + (0(0, 7)) =
min{ Na(f(z) — g(0) — h(x), (#(0, 7)), Na2(9(0), 1) } = o

w(z) =t+ s+ (¢(x,0)), + (¢(0,2)) + (¢(z,2)),, for all z,€ X.

Now we obtain that

No(f(22) = 2f(x), u(x)) = min{Na(f(2z) — g(z) — h(z), (p(z,¥))a),
No(f(z) = g(x), 5 + (p(2,0))q ), Na(f(2) — h(z), t + (£(0,2)) )} = e,

for all z € X. Thus

(t+s5) 22-1 e 22-1 H(p(2'2,0))5 + (#(0,2°0))g + (p(2'w,2'0))3)) =

No (27" f(2"x) = 27 f(2M),

i=m

Np(27"f(2"2) =27 f (2™ ),

32 ek s (6(2%,0)7 + (000,27 + (0(2'8,29))7)) =

No(27" f(2"2) — 27 ™ f(27x) Zz—l Lu(20a)
min{ Ny (2™ f(2™x) — 27"~ 1f(2m+1 ), 27 u(2m)), ..oy

No(2~ (=D f(an=1y) — 27 f(27x), 27w (2" 12))} > «,

55
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for all n > m > 0. Since
Zz P(2' 712, 0) + (0,2 a) + (21w, 2 ),

is convergent for all z € X it follows that {27 f(2"z)} is a Cauchy sequence for
each z € X. Hence the limit

A(z) = lim 27" f(2"x)

n—oo
exists for each z € X.
Let z € X, r > 0, N2(g(0),t) > o and Nz(h(0),s) > «. Since

Na(A(x) —27"g(2"x), ) = min{Na (27" f(2"x) — A(z),7 = 27"(s + (¢(,0)),)),
No(27"f(2"x) —27"g(2"x), 27" (s + (p(z,0))3))}, for all n € N.
Then A(z) = limy 00 2 "g(2"z). Similarly, A(z) = limy_e0 2~ "h(2"z), for all
xz € X. Let z,y € X and r > 0, we have
No(A(z+y) — A(z) = Ay), r) = min{Na(A(z) + A(y) —27"g(2"x) = 27"h(2"y), €),
No(A(z +y) — 27" f(2 2 +2"y),r — 27" (p(2"2,2%y))o —©),

Np(27"f (2" +2"y) —27"g(2"x) — 27"h(2"y), 27" (0 (2", 2"y)) o)}

for all n € N and all € > 0. As n — oo, then
No(A(z +y) — A(x) — Ay),r) > a, for all a € (0,1).

Hence A(x +vy) = A(z) + A(y), for all x,y € X, so A is an additive function.

Let z € X and N2(g(0),t) > «, Na(h(0),s) > «. Applying an induction argument

on n, we get that
No(f(2"z) — 2" f(x), Y 2 u(2"'x)) > o, for all z € X.
i=1
Thus

No(A(z) = f(x),t + 5+ o(x )*)
min{ Ny (A(x) — 27" f(2"z),t + s + ¢(x ZT L=y (27~ 1z)),

No(f(z) =277 f(2"), Y 27 u(2" )} >
i=1
min{a, Na(A(z) — 27" f(2"2), (1= Y 2771 7")(t + 5)+

=1
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22 P2 2,0)5 + (90,277 2))g + (02 e 2 0)) ),

for all n € N. As n —» oo, then
No(A(z) = f(z),t + 5+ d(x),) =

similarly

Y

Na(A(z) — g(x),t + 25 + (6(2)), + (¢(,0)),)
No(A(z) = h(2), 2t + 5 + (¢(7))o + (0(0,2)),)

«,

Y

Q,

for all z € X.

We now want to prove that A is such a unique additive function. Assume that there

exists another one, denoted by A’ : X — Y such that

implies that
No(A'(z) = f(z), t+ s+ ((x))a) = a,
g(x

Ny(A'(z) = g(x),t + 25 + (6(2)) + (2(2,0))5) = v,
Na(A'(z) = h(@), 2t + s+ (9(2))o + ((0,2))5) = @,
for all z € X. Let x € X, r > 0 and N3(g(0),t) > a, Na(h(0),s)

is K > 0 such that

Ny(A'(z) — A(x),r) > No(A'(z) — A(z),

> «. Then there

2 )42 Y 2 (02, 00); + (00,27 1)) + (02, 2 1)) ) 2

1=n+1
min{Ny(27"A'(2"x) — 27" f(2"x),
1/2"(t + s) Z 27 ((p(27 12, 0)5 + (9(0,27 M) + (0(27 12,27 ))3),
i=n+1
Na(27"f(2"2) — 27" A(2" %),

/28t + )+ Y 27 (927 e, 0))5 + (000,27 a))g + (927 1,27 M) )} =

1=n—+1

min{N, (27" A'(2"2) — 27" f(2"2), 1/2"(t + s + (6(2"2))),

No(27"f(2"x) — 27" A(2"%2),1/2"(t + s + (¢(2"2))5 )} > «, for all n > K.

Thus

Ny(A(z) — A'(z),r) > a, for all a € (0,1).
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As a — 17 we get
Noy(A(z) — A'(z),t) = 1.
So A(z) = A'(z), for all z € X. then A= A'. O

Example 3.12. Let (X, |.||) be a Banach spaces and ¢q : X x X — [0,400) be
a function satisfying
po(x) = iQ‘i(gpo(Qi_lm,O) + 900,27 ) + o (207 1z, 277 2)) < +o0,
i=1
for all z € X, and
nlgl;o 272"z, 2"y) =0, for all z,y € X.

Suppose that functions f,g,h : X — X satisfy the inequality

1f(x+y) = g(@) = hY)| < po(z,y), for all z,y € X.

Define a fuzzy norms N as follows:

t/zll , 0<t<|z|
N(z,t)=<¢ 1 s x|l <t
0 , t<o.

Let p : X x X — FT(R) and [o(z,9)]a = [apo(z,y),0o(z,y)]. Suppose that
z,y € X and a € (0,1). If || f(z + y) — g(x) — h(y)|| < agpo(z,y) then

N(f(z+y) = g(x) = h(y), apo(2,y)) =1 > a.
If | f(z+y) —g(z) = h(y)|| = apo(x,y) then

N(f(x+y) = f(z) = f(y), apo(w,9) = apol(z,y) /| f(z +y) — g(x) = h(y)[| = a.
Hence N(f(z+y) —g(z) — h(y), apo(z,y)) > «, for all z,y € X. Then there exists

a unique additive function A : X — Y such that

N(g(0),t) > «, N(h(0),s) > «,

implies that
N(A(z) = f(x), t + 5+ ago(z)) = a,
N(A(z) = g(x),t + 25 + a(do(z) + wo(2,0)) = a,
N(A(z) = h(z),2t + s + a¢o() + o(0, 7)) > a,
for all x € X.
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Corollary 3.13. Let (X,Ni) and (Y, N3) be fuzzy Banach spaces and 0 € F*(R)
and p € [0,1) be constants. Also let f,g,h: X — Y be functions such that
Nl(x,tl/p) > « and Nl(y,sl/p) >« implies that

No(f(z+y) —g(z) — h(y),0,(t+s)) > «, foralz,yeX,

Then there exists a unique linear function A : X — Y such that

Na(g(0),t) > o, No(h(0),s) >« and Ny(x,r/?) > a,

implies that
Noy(A(z) — f(z),t+s+(4/2-27)0_r))
Ny(A(z) — g(z)),t +2s+ (6 — 2P /2 = 2P)0 1)) > a,
Na(A(e) — h@)), b+ 5+ (6 — 22/2 — 2)057)) > a,

Y

Q,

forallx € X.

4. CONCLUSION

We use the definition of fuzzy normed spaces given in [3] to study some appro-
priate notions of fuzzy approximately additive functions in fuzzy normed spaces
and prove that under some suitable conditions, an approximately additive function
f from a fuzzy Banach space (X, N7) into a fuzzy Banach space (Y, N3) can be
approximated in a fuzzy sense by an additive mapping A. We discuss four types of
fuzzy versions of the Hyers-Ulam-Rassias theorems and some corollaries. Also by
example we show that these theorems are extension of classical analysis to fuzzy
analysis. Moreover, there are very functional equation which are not studied in

fuzzy normed linear spaces.
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