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ABSTRACT. In this paper, we define and investigate a new class of spiral-
like harmonic functions defined by a Salagean differential operator and we
obtain a coefficient inequality for the functions in this class. Following, we
investigated convolution and obtain the order of convolution consistence
for certain spirallike harmonic univalent functions with negative coeffi-
cients
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1. Introduction

A continuous complex-valued function f = w + iv defined in a unite disk
D ={z € C: |z <1} is said to be harmonic in D if both u and v are real
harmonic in D. In simply connected domain, we can write

(1) f=h+3,

where the analytic functions A and g by the following power series expansions:

(2) h(z)=z+ Z amz™,  g(z) = Z bmz™, |b1| < 1.
m=2 m=1

We call h the analytic part and g the co-analytic part of f. A necessary and
sufficient condition for f to be locally univalent and orientation preserving in D
is that |¢'(z)] < |M/(2)] in D. The class of harmonic univalent functions f from
(1) is denoted by Sg. Duren in [9] investigated some properties of the class
of harmonic univalent functions. Let S};, Ky and Cy denote the subclass of
Sy consisting of harmonic univalent functions which are, respectively, starlike,
convex, and close-to-convex in D. The reader is referred to [10,14,19] for many
interesting results and expositions on planar univalent harmonic mappings.
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If f is given by (1), it was shown in [17] that |a,| < (n+1)(2n+1)/6, |b,| <
(n —1)(2n — 1)/6 for every f € S}. It was shown in [8] that |a,| < (n +
1)/2, |bn| < (n—1)/2 for f € Ky. After a appearance of this paper [2—4,7]
investigate a coefficient bounds for a new subclass of harmonic starlike, convex
and close-to-convex functions.

If f is given by (1), the modified Salagean operator of f is defined by

(3) D" f(z) = D"h(z) + (=1)"D"g(2),

where D"h(z) = z+ > °_,m"a,z™ and D"g(z) = > °_ m"b,2™. The
operator D™ i.e. differential Salagean operator, is introduced and investigated
by Salagean [16] for the case of analytic functions.

If the co-analytic part of f = h 4 g is identically zero and

Re{ei’\M} > Ccos A,

f(2)
for A € (—7w/2,7/2) and 0 < « < 1, then the class of such functions f is
denoted by SP,()), introduced and investigated by Libra [11] for the analytic
case.
If f is given by (1) and

Fz)=H+G=z+ iAmzm—k i3m5m7
m=2 m=1

the convolution of two complex-valued harmonic functions f and F' is defined
by

[e%S) [eS)
f(Z);F(Z) =z+ Z amAmZm + Z BmBmZm-
m=2 m=1

Clearly, f(2)*%F(z) = F(2)*f(z). In the case of conformal mappings, the liter-
ature on convolution theory is exhaustive. For example, we have [15]

KH;KHCKH, SE;KHCS;I, CH;KHCKH,

For some related containment relations, we refer to [1,12,13] and other later
works of Ruscheweyh.
We let the subclass NSy of Sy consist of harmonic functions

(4) fn:h+gna

where h and g, are of the form

(5) h(z)=z-— Z amz™, gn(z) = (—1)" Z by 2™, @ >0, by >0.

m=2 m=1

Silverman [18] studied the harmonic univalent functions with negative coeffi-
cients.
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If the co-analytic part of f = h + g is identically zero, the Salagean integral
operator ( [5,16]) I° : S — Sp, s € R is defined by

(o]
(6) If(z (z—l—Zamz )=z+ %zm.
m=2
Bednarz and Sokol in [6], by using the Salagean integral operator, studied the
properties of the convolution for a certain class of univalent functions.

In the present paper, we define a special subclass of spirallike harmonic func-
tions by Salagean integral operator. In the following, we study the coefficient
bounds and terms of convolution. Following, we define the order of convolution
consistence for the functions in this class. Furthermore, we obtain the order of
convolution consistence for the subclass of spirallike harmonic functions with
negative coefficients.

2. Coefficient bounds

Definition 2.1. For 0 < o < 1, n € N, A € (—n/2,7/2) and z € D, let
SPH () n), be the class of (A, n)-spirallike harmonic functions of order a consist
of harmonic univalent functions f of the form (1) such that

L D S\ DPFU(E) — (1) D)

Ref o U (D) - (1) DY)
Drf(z) Dnh(z) + (=1)"Drg(2)

Note that, for n = 0, SPH()\) is the class of A-spirallke harmonic functions

of order a and for n = 1, CSPH () is the class of convex A-spirallike harmonic
functions of order o .

} > acos .

Definition 2.2. For 0 < a < 1,n € N, XA € (—7/2,7/2) and z € D, we let
NSPH(X, n) consist the harmonic univalent functions f,, = h+g, in SPH(\, n)
so that h and g, are of the form (5).

Note that, for n = 0, NSPH ()), is the class of A-spirallke harmonic functions
of order a with negative coefficients and for n = 1, NCSPH()), is the class of
convex A-spirallike harmonic functions of order a with negative coefficients.

Theorem 2.3. Let \ € (—7/2,7/2), 0 < a < 1 such that /2 — 2acos A > 0
and f be the function given by (1). If

Z ap | (2m 4 2 4 2accos \) i | (2m + 2 4 2accos A)
m | Qm m m
V2 = 2accos A V2 — 2accos A

m=2

where a1 = 1, then f is the orientation preserving harmonic univalent in D,
and f € SPH(X\ n).



98 E. Amini

Proof. If z1 # 29 and h, g and g given by (2), then

f(z1) = f(z2) 1— ‘g(m)—g(m) ) o S bm (21" = 25")
h(z1) — h(z2) h(z1) — h(z2) (71— 22) + 200y am (2" — 25%)
oo n 2m+2+4+2a cos A
> 1-— ’?7?:1 mlbm‘ _ Zm:l m |bm| V2—2a cos A >1
T I ETamlen] T 1o S mnfam 2R e 00 =

which shows that f is a univalent function. Note that f is orientation preserving
in D. This is because

e oo
WG > 1= mam|le"™ > 1= Y pr 2t 2H 20c0sd
m=2 m=2 V2 — 2cos A

[bml2]™ "

L

n2m+ 2+ 2acos A . .2m 424 2acos A
A2 HIACOSN ) |G Zm 2 2acos A
V2 — 2accos A P V2 — 2accos A

m=1

m—1
mbm ||z > g’ (2)]-

Nk

1

3
I

Using the fact that Re{e*w} > a cos ), if and only if |w+cos A —i sin \|+ |w| >
1+ 2« cos A, it suffices to show that

(8) |D™f(2) + (cos X —isin \)D" f(2)| + | D" f(2)| > (1 + 2a) cos A| D" f(2)].
Substituting D" f and D"t f in (8), yields

‘D”'Hf(z) + (cos A — isin \)D" f(2)| + | D" f(2)] — |(1 + 2a.cos \) D™ f(2)

oo oo
— ’Z-‘r Z mn+1amz7n _ (_1)n Z mn+lgmz7n
m=2

m=1
+(cos A —isin\)z — Z m™am(cos A —isin \)z™ — (=1)" Z m"™(cos A — isin /\)Emém‘
m=2 m=1

oo o0
+‘z + Z m" e, z™ — (=1)" Z m""’lgmim‘
m=2 m=1

oo o0
—‘(1 + 2acos \)z + Z m"™(1+4 2acos N)amz" — (—1)" Z m™(1 + 2a cos A)Emfm’ > 0.

m=2 m=1
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The above inequality is equivalent to

‘(1 +cos A —isinA)z + Z Mm@y (m + cos A —isin A)z™
m=2
Zm (m+cosA —isin \)z m‘

o0
+‘z + Z m"ta,, 2™ — (=1)" Z m" i,z
m=2

m=1

- ‘(1 + 2acos \)z
o0 o0 _
+ Z m"™ (1 + 2acos N)a,, 2" — (—1)" Z m"™(1 4 2acos A\)b, 2™
m=2 m=1

oo
> |14 cos A —isin Al|z] — Z m"|am,||m + cos A — isin A||z|™

m=2

- Z m" by, ||m 4 cos A — isin A|[z|™

m=1

oo (oo}
+|z] — Z m"Hap,||2|™ — Z m™" b, |12|™ — (1 + 2accos V)|
o -

— Z m"™ (1 + 2accos A)|am||2|™ — Z(l + 20 cos A) [ b || 2™
m=2 m=1

> (V2 — 2cccos \)|z| — Zm"\am\(2m+2+2acos)\)|z\m

m=2

- Z m" |bm|(2m + 2 + 2acos N |z|™

m=1
(2m + 2 4 2acos A) _
\[—204005)\ z{l— m”|am, z|m !
> e = 3 e 222
n (2m+242acos )| .1
72 b Elad
V2 — 2accos A

2m + 2 + 2a.cos \)
> (V2 — 2acos A z{l— m”am(
> ( )l mZ | S

= (2m + 2 4 2accos A)
—Zm |61 | }
V2 — 2a.cos A

This last expression is non-negative by (7), and so the proof is complete. [
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The (\, n)-spirallike harmonic function of order «

o0

V2 — 2accos A — 2 cos A
=) Ty - 7"
m=1

(2m + 2 4 2acos ) (2m—|—2+2acos)\)ym

where > o |@m| + > oro_; [ym| = 1, shows that the coefficient bounds in (7)
is sharp.

Corollary 2.4. Let A € (—7/2,7/2), 0 < a < 1 such that v/2 — 2a.cos A > 0
and f given by (1). If

o

2m—|—2+20¢c05/\ (2m + 2 4 2accos \)
Z o’ + 2 Il <
V2 — 2accos A

where a1 = 1, then f is the orientation preserving harmonic univalent in D
and f € SPH()).

Corollary 2.5. Let A € (—7/2,7/2), 0 < a < 1 such that v/2 — 2acos A > 0
and f be the function given by (1). If

o0

Zm‘am| 2m+2+2acos)\ Zm\bm| (2m 4 2 4+ 2accos \) <
V2 — 2a.cos V2 — 2accos A

where a1 = 1, then f is the orientation preserving harmonic univalent in D

and f € CSPH()).

Theorem 2.6. For 0 < o < 1, n € N, \ € (—=7/2,7/2) such that /2 —
2accos A > 0 and f,, = h+3y, be the function given by (4), then f, € NSPH(\ n),
if and only if

(9) imna (2m + 2+ 2cccos \) im"b (2m+2+2acos)\)<1
"™ V2 = 2acos A — "2 —2acos A

Proof. Since NSPH(\,n) C SPH (), n), we need to prove the sufficient part of
the theorem. To prove this, for the function f,, of the form (4), we notice that
the condition

Re{eM D fn(z)

D F(2) }>acos)\

is equivalent to
(10) _
R { (e —acos Nz — 32_, m™(me'* — acosN)amz™ — (—=1)2" %0_, m"™ (me'* + acos A\)by, 2™ } >0
e .
z — Zﬁ:Q mma,z™ + (71)271 Zﬁ:l mnb,,z" -

(2N

The above condition (10) must hold for all values of z in D. Upon choosing
the value of z on the positive real axis where 0 < z = r < 1, we most have

ix ) ix . m—1 2 ) i m—1
Re{ (" —acosA) = >0 o m"(me'” — acos N)ap,r™ T — (=1)%" 3% m™ (me' + acos X)by,r™ }

> 0.
1=3% ,mrayrm=1 4+ (=1)2n 3% mnby,rm—1
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The above equation is equivalent to

(11)
cos A ((1 —a) =32 _ mt(m = a)anr™ =300 m™(m+ a)bmrT”l)
>0

o0 — [ee) —
L S, ™ S, mibrd

If the condition (11) does not hold, we get

o0 e}
(12) Z m"(m — a)amr™ ' + Z m"(m + a)by,r™ > 1—a.
m=2

m=1

By applying the condition (12), we concluded that the numerator in (9) is
negative for r sufficiently close to 1. This contradicts the required condition
for f € NSPH(),n), and so the proof is complete. O

By simple computation, we shown that the extremal function
V2 — 2a.cos \ 9 " V2 — 2c.cos \ 9
) =2 - 22— (1) 2,

27+2(3 + acos \) 27t2(3 + acos A)

satisfying the condition of Theorem 2.6, hence f € NSPH () n).

3. Convolutoin condition

Definition 3.1. If f given by (1), we expand the Salagean integral operator
defined in (6) can be extended for harmonic univalent functions, i.e. I° :
Sy — Sg, such that

I’f(z) = [S<z—|— Z amz™ + Z Emzm) =z+ Z %zm + Z %Zm,
m=2 m=1 m=2

m=1

where s € R and z € D.

Definition 3.2. Let f, € NSPX(\ n) given by (4) and F,, € NSPH(\,n)
given by

(13) Fu(2) =24 > Apz™+(=1)" Y Bnz™.
m=2 m=1

The modified &®-convolution of two functions f,, and F,, € NSy is the function
(fa®F,) defined by

(aBF) =24 3 amAnz™+ 3 b B

m=2 m=1

Definition 3.3. The order of ®-convolution consistence of the triple (X, Y, Z),
where X', Y, and Z are subclasses of NSy, is denoted by Sg, where

S&(X,Y,Z) =min{s € R: [*(f&F) € Z, Vf € X, VF € V}.
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Theorem 3.4. Let |z| < R<1, n €N, A real with |A\| <7/2,0< <1 and
f given by (1), then

i)\Dn+1f(Z)} > BCOS)\

(14) Re{e D)

if and only if

n (zfl)ﬁ;,i: —1)22
}[h*z <2<(11 f)z)n; )2 ]

where |z] =1,  # —1 and z € D.

[Q*H(ZM%O%]

(15) (1 _ z)n+2

7507

z

Proof. The inequality (14) is equivalent to

ixD" T f(z) \ -
(16) R {e W—ﬁcos/\—zmn/\}>o
(1 —p)cos A '

Since %{g) =1at z =0, (16) is equivalent to

eMD;I;{S) —fBcosA —isin\ 1

(1 —)cosA z+1’
where |z| = 1,z # —1 and 0 < |z| < 1, which simplifies to

eMaz+1)DMH f(2)— ((33+1)(ﬁ cos A—isin A\)+(x—1)(cos A—p3 cos /\)) D" f(z) # 0.
The above equation is equivalent to

(17) eMa+1)D" 1 f(2) —i(x4+1)sin AD" f(2) — (x+2B—1) cos \D™ f(2) # 0.
By applying (3) in (17), we obtain

Mz + 1) (D““h(z) - (—1)”Wg(z)) —i(z+1) sin)\(D"h(z) + (-1)”@)

(18) —(z 428 — 1) cos A(D”h(z) + (—1)"D”g(z)) £0.
Setting h and g by (2), we have
D" h(z) = ESE * D"h(z), D"h(z) = D"h(z) * T
D) = iR D), DPgl) = Dgle)x

So that the inequality (18) may be expressed as

2+ (x+28—1) cos \—i(z+1) sin A 52

1 2(1—p) cos A
—<D"h
z{ (2) x (1—2)2
1 B z(:f;(t_l) sil)n A)\+(2a_:(4232,37)1) cc))\sAZQ
(-1 ",{Dnj Z+1)etr +2(B—1) cos } .
(-1 D) R 40
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The above equation simplifies to

(z4+1)e” 2
1 n z+ (2(1—,8)(:05)\ _1)Z
E{D h(z) * (1-2) }
(Z+1)eir 2
n 1 z+ (2(i+1)e’7>‘+2(671) cos\ 1)2
(1" {D) + e }#o0.

Since D™(f * g)(2) = D" f(z) * g(2) = f(z) * D"g(z), we obtain that
1 " z (Z + 1)e*? n 22
Z{h(z) * (D ((1 72)2) T B - Deosr 1)D ((1 - z)2)>}

n z T +1)ei? G
—-(-1) %{Q(Z) * (D"((l - z)2> + (2(55 + l)e(m-:l2(ﬁ —1)cosx 1>Dn((1 - 2)2>> } 7

Since D"(ﬁ) = Y m"Tz™ and D”(%) = S ymnTizm —

oo n,n
Yoo M 2", we get

ntl_m (x+1)e o~ ntlm = n_m
{h*(z-‘rz T (m—l)(ZmJAz — m' z ))}

m=2 m=2
-(=1 g{g*(z-i-mz::zm +1iz +(2(§?+1)_2(1_5)COS>\—1)<mz::zm +1z —MZZ:Qm z ))}#O,

which simplifies to
1 (z+1De ™ & L (z+ e >
z{h*< Bcos)\Z _(2(1 B)cos A )Zmz
_1 (i‘ + 1)61} .- n+1,m
Z{g*<2(a‘3+1)ei/\—2(1—ﬁ)c0s)\mz_m N

(T4 1)er o
_(2(f+1)6i>‘—2(1—ﬁ cosA )Zmz >}7é0

m=1

Since > o°_ m"tm = a5z and Yo mmE™ = 5=, we have
1 (x4 1)e™™ z (= 1)e™ z
z{h* (2( —B)cos A (1 —z)n+2 +(1 2(1—6)008)\)(1—2)"+1
(T 4+ 1)e z
T+ 1)er —2(1 — B)cos A (1 — z)»+2

(:E+ 1)6”‘ z
(19) +(1- 2(z + e —2(1 — B cosA ) (1 —2)m+t ) } 0

Thus the inequality (19) is equivalent to (15), and this completes the proof of
theorem. 0
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Theorem 3.5. Let 0 < a < 1,n € N, A € (—7/2,7/2) such that V2 —
2accos A > 0 and f,,F, € NSPH(\ n) given by (4) and (13), respectively.
Then I°(f,®F,) € NSPH(\ n),s € R and

6 + 2cccos A
20 s>n+logy ———.
(20) G2 V2 — 2accos A
This result is sharp, and we have
: H H H - 64200054
21)  Ss (NSPa (A1), NSPE (X, n), NSPE (), n)) =t logy o

Proof. If f,, and F,, are of forms (4) and (13), respectively, we have

i " 2m+2+2acos)\+§: np 2m + 2 + 2a.cos A
m"a m
—, " V2 — 2acos A — " V2 — 2acos A

and

imnAQOJr2+2acos)\ iman2m+2+2acos/\§1.
m=2

V2 — 2accos A V2 — 2accos A

m=1

By applying the Cauchy-Schwarz inequality, we obtain

oo o0
2m + 2 + 2 cos A 2m + 2 4+ 2acos A
22 m' """V amAm + m' """ VbBn < 1.
22) mZ:Q V2 — 2acos A mz_l V2 — 2acos A

We need to find condition on s such that

oo

2 2 + 2a.cos > 2 2 + 2accos
Zmn,s m+ 2+ acos}\amAm—&—Zm"ﬂ m + 2 + 2acos A

b’l’LB77L < 1'
— V2 — 2accos A = V2 — 2accos A -
Thus, it is sufficient to show that
2 2+2 2 2+2
nes2m + 2+ acos/\amAm < mn m+ 2+ 2cccos A T
V2 — 2accos A V2 — 2accos A
for m = 2,3, ..., and
n782m+2+2acos)\mem < mn2m—|—2—|—2acos)\ b B..
V2 — 2a.cos ) V2 — 2a.cos \
for m =1,2,3, ... that is
(23) v am Ay, < m?, by B < m®.

From (22), we know that

V2 = 2a.cos A
24 vVamAy <m™" , =23,4,...,
(24) @ =m 2m + 2 4+ 2c.cos A mn

and

(25) b B <m" V2 — 2accos A

=1,2,3,...
- 2m + 2 4+ 2accos \’ m T
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Clearly, for m = 1 in the inequality (25), we obtain b Bs < 1. Furthermore,
for m = {2,3,4, ...} in (24) and (25), it is sufficient to have

V2 — 2acos A <m®, m=234,..,
2m + 2+ 2acos A

—n

or equivalently

V2 = 2a.cos A
2 —n—s <1 —2.3,4,...
(26) m 2m + 2+ 2accos A T mn ’

—(n+9) (/3
Now, letting ¢(z) = = 2“_;‘@@ 3?:;\’5 N for 2 > 2, we obtain

(v/2 = 2acos /\)( —(n4 8z~ (22 4+ 24 2acos ) — 2_(”+s))
(22 + 2+ 2accos N)?

¢(z) =

Hence, ¢/'(z) < 0 for all z > 2, or ¢(x) is a decreasing function on x, conse-
quently, from (26) it is sufficient to have

(27) g-(nts) V2= 2008 A
6 4 2 cos A
But the inequality (27) holds for s satisfying (20) and this shows that
(28) S5 (NSP (), NSPY (A, n), NSP (A n)) < n +log, 6+2acosA
V2 — 2acos A

Finally, by using the extremal function
F2) = 2 — V2 — 2accos A 2L (Cq)n V2 — 2accos A 52
27+2(3 — acos A) 2t2n(3 —acos\)
from (3.2), we obtain that

~ — A ?
IP(fof)(z) =2+ Qz(rgJ\rngsé,a—cfco)s A)

But from (9) in Theorem 2.6, we deduced
(29)

IP(fef)(z) =z -

(V2 —2acos\)?
22(n+2)+5(3 4 acos \)2 "

2
5%+

V2 — 2accos A V2 — 2accos A 52
27+2(3 — acos A) 27+2(3 — acos A)

and (29) shows that the inequality (20) is sharp and we have

22— (=1)" € SPX(\n),

6 + 2accos A
\f—2acos)\.

Therefore for from (28) and (30), the relation (21) holds true and the proof of
the theorem is complete. O

(30) Sg (NSPf (\,n), NSPH (X n), NSPH ()\,n)) > n+log,

Corollary 3.6. Let 0 < a < 1, A € (—7/2,m/2) such that v/2 — 2acos A > 0.
We have the following ®-convolution consistences

6 + 2cccos A

Sz (NSPH(N), NSPT(\),NSPE()\)) = log, ————— ",
@( a() a() a()) ng\/i—20éCOS)\
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and

Ss (NCSP;’ (\), NCSPH()), NCSPH ()\)) =1+ log,

(1]

—
=

6 4+ 2cccos A
\/§—20éCOS/\.
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