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ABSTRACT. In this paper, we investigate an interesting subclass of uni-
valent functions. Also, we introduce a new subclass of meromorphic
bi-univalent functions. We obtain the estimates on the initial Taylor-
Maclurin Coefficients for functions in the interesting subclass of meromor-
phically bi-univalent functions defined on A = {2z € C: 1< |z| < oo}.
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1. Introduction

Let A denote the class of functions f(z) of the form
(1) f(z)=z+ Z anz",
n=2

which are analytic in the open unit open disk
U={z:2€C, |z| <1}.

We denote by S the subclass of A which consists of functions of the form (1),
that is, functions which are analytic and univalent in U and are normalized by
the following conditions:

f0)=0, f(0)=1.
The Koebe one-quarter theorem states that the image of U under every function
f from S contains a disk of radius %. Thus every such univalent function has
an inverse f~! which satisfies

FFHf@) =2 (€U

and )
—1
FU @) =w,  (wl<ro(f) ,  10(f) 2 )
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fHw) = e(w)
(2) = w—asw? + (243 — a3)w® — (5a3 — bagas + a)w* + . ...
which implies that f~! is analytic function.

A function f € A is said to be bi-univalent in U if both f and f~! are
univalent in U. Let X denote the class of bi-univalent functions defined in the
unit disk U.

Let f and g be analytic in U. Then f is said to be subordinate to g, written
f=<gor f(z) < g(z), if there exists a function w analytic in U, with w(0) = 0,
|w(z)| < 1 such that f(z) = g(w(z)).

If g is univalent, then f < g if and only if f(0) = 0 and f(U) C g(U).

Suppose that P denote the class of analytic functions p of the type

(3) p(z) =1+ anzn
n=2

such that Re p(z) > 0.

Lemma 1.1 ( [1]). Ifp € P and of the form 3, then forn € N = {1,2,...},
the following sharp inequality holds

(4) Ipn| < 2.

Let S, denote the class of meromorphically univalent functions g(z) of the
form:

) )=z +b+ Y,

which are defined on the domain A given by

A={zeC: 1< |z| < x}.

1

Since g € S,,, is univalent, it has an inverse g~ = h that satisfies the following

condition:
9 9(2) =2 (2€4),
and
(g7 H(w)) = w, (0< M < |w| < o0),
where

— Bn
6) g '(w)=hw)=w+By+» — (0<M < |uw| <o)
n:lw

A simple computation shows that

b+ B Bs —b1Bg+b
w+ 1 1+ 2 120 2
w w
Bg—blBl+b1Bg—2bgBo+b3 n
e

w = g(h(w)) = (bo + By) +

(7)
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Comparing the initial coefficients in (7), we find that
bop+By=0 = DBy=—-b
bi+B1 =0 = DB;=-b
By —b1By+by =0 = By = —(bs+ bob1)
B3 —b1By + b1 B2 —2byBy+bs =0 = Bz = —(bs+ 2boby + b2by + b?).
By putting these values in the equation (6), we get

g Hw) = h(w)
b by + bob bs + 2bgbs + b2by + b2
®) _ W—bo—i— 2 10001 03 + 20902 + 001 + 1

w2 w3

Recently, some researchers for example, Janani and Murugusundaramoor-
thy [5] and Hamidi et al. [2,3] introduced new subclasses of meromorphically
bi-univalent functions and obtained estimates on the initial coefficients for func-
tions in each of these subclasses.

Definition 1.2. Let S(«, ) denote the class of all functions f € A which
satisfy the following two sided inequality

ZJJ:ES)} <p (a<l, p>1).

The class S(«, 8) was introduced in [4] and studied in [7]. By observation of
subordination method and Definition 1.2, we conclude,

a<Re{

Y JJ:(()) < Pas(z) (2€D),
where
(10 Pasl®) =14 2= % 1og (11> |

The function P, (%) is convex univalent in U and has the form

(11) Pas(2) =1+ Bnz",
n=1
where
(12) B, = B*ai(1—e2mé%2) (n=1,2.)
nm

and maps U onto a convex domain
Qopg={weC: a<Rew < f}

conformally.

Recently, the function P, g(z) has been studied by many works, see for
example [4,6,7].
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Theorem 1.3 ( [4]). If the function f(z) =z + Y o0 ,anz™ € S(a, ), then
-2 4 2020 iy ma)

lan| = H (nﬂ_ 01 fa (n=2,3---).

k=2

In our present investigation, the initial coefficients for certain subclasses of
bi-univalent functions are given.

2. Coeffcient bounds for the function class S(«, )

In this section, by using the subordination method we obtain estimates on
the initial Taylor-Maclurin coefficients for functions in subclass of bi-univalent
functions with bounded real part.

Definition 2.1. A function f(z) € ¥ is said to be in the class S(a, ), if the
following conditions are satisfied:

(13) a<Re{fo;S)}<ﬂ (a<1, p>1, z€U),
and
(14) a<Re{wee(/$))} <p (a<l1, >1, wel).

where the function e is the inverse of f.
Theorem 2.2. Let f given by (1) be in the class S(a, 8). Then

(15) o) < —ABB]
~ VIBi + Bi - By

and
(16) |a3\ §2|B1|+|BQI

Proof. Let f € S(a,8) and e = f~1. Then there are analytic functions u,v :
U — U, with «(0) = 0 = v(0), satisfying

S
(17) 7~ Posulo)
and

we' (w) olw
(18) 2 — P p(otw)).

Define the functions p(z) and ¢(z) by

b
1+ u(z) 2
= =1
1+ v(z
q(z) == E % =14+qz+qz+ ..
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or, equivalently,

(19) u(z) = pz) =1 _1 [plz—i— <p2 - p%) 22+ ]

p(z)+1 2 2
and
(20) v(z) = ZZ;: = % [qlz + (qz - qj) 22+ } .

Then p(z) and ¢(z) are analytic in U with p(0) = 1 = ¢(0).

Since u,v : U — U, the functions p(z) and ¢(z) have a positive real part in U,
hence from lemmal.l we conclude, |p;| < 2 and |g;| < 2. Using (19) and (20)
in (17) and (18) respectively, we have

(21) Zj;(/g) =Pas @ {plz + (p2 - pj) 22 4 D

and

(22) w:(;(;;}) =Pap (; [qlw + (qz - q¥> w? + ]) )

By using of (1), (2), (9)—(12), from (21) and (22), also from Definition 2.1, we
have,

[\)

1 1 7,1
1+asz+ (2a3 —a3)z* +...=1+ §B1plz + [§Bl(p2 - %) + 132])?]22 + ...
and
ai

1 1 1
1 —ayw+ (203 — az)w® + ... = 1 + §qu1w + [§Bl(q2 - =)+ Zngf]wz + ...

2
wherein z,w € U.
Which yields the following relations,

1

(23) as = 531]?1,

o 1 p? 1 2
(24) 2a3 — a3 = 531(172 - 5) + 132]91,

1
(25) —az = 531(]1
and
1 2 1

(26) 2a3 — a3 = iBl(CD - %1) + ZBQQ%
From (23) and (25), it follows that
(27) pP1=—q
and

(28) 8a3 = Bi(p} + q}).
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From (24), (26) and (28), we obtain

o Bilpa+2¢]

Ao = —————F——————— .
27 6[B? + By — Bo]

Applying the properties of p(z) and ¢(z), for the coefficients ps and ¢o, we
immediately got the desired estimate on |az| as asserted in (15).

By summing up the two sides of the (24) to (26) and using (27) and (28), we
get

[B> — Bipi.

4
Applying the properties of p(z) and ¢(z), once again for the coefficients p;, po
and ga, we get the desired estimate on |as| as asserted in (16).

1
az = 631[2]92 +qo] +

]

3. Coeffcient bounds for the function class S:;(a, )

In this section, initial Taylor-Maclurin coefficients for functions in subclass
of meromorphic bi-univalent functions with bounded real part are given.

Definition 3.1. A function g(z) € ¥,, is said to be in the class S (a, ), if
the following conditions are satisfied:

(29) a<Re{Zgg;S)}<ﬁ (a<l, >1, z€ A),
and
(30) a<Re{w}Z/$))}<ﬂ (<1, B>1, weA).

where the function h is the inverse of g.
Theorem 3.2. Let g given by (5) be in the class S (a, ). Then

(31) |b0| < |Bll\/ |Bl|

|B? + By — B

and

1
(32) b1] < §|Bl\-

Proof. Let g € S(a, 3) and h = g~!. Similar considerations apply to S (a, 3).
Then there are analytic functions u,v : U — U, with »(0) = 0 = v(0), satisfying

zg'(2) _ (s
(33) L) P stu(a)
and
(3) e = Pusto(w).
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_ l4u(z) 2
p(2) —u(2) =1+piz+p2z°+ ...
_l4w(z) _ 2
q(2) : 1—v(z)71+qlz+q22 + ...
or, equivalently,
_p) -1 1 _PEY e
(35) u(z) = P12 P17z + | po 5 | ? + ..
and
_qx» -1 _ 1 o ﬁ 2
(36) v(z) = PEESIE R Y R

where p(z) and ¢(z) are analytic in U with p(0) = 1 = ¢(0). Using (35) and
(36) in (33) and (34) respectively, we have

(37) Zg;,(;) = Pag (; {plz + (p2 - pj) 22 + D
and
(38) w}?(lfg) = Pa,p <; {qlw + (qg — qj) w? + D )

By using of (5), (6), (9)—(12) from (37) and (38), also from Definition 3.1, we
have,

bo b% — 2b1 1 B1p1 1 p% 1 2 1
1—— =14 = -B — =)+ -Bapi]= + ...
st 2 T t3 +lgBilp =) + g Bapri] 5 +
and
bo b3 +2by 1By 1 R T |
1+—4+——+...=1+= -B — =)+ = Bogi]— + -
+w+ w2 + +2 w +[2 (a2 2)+4 2ql]wQ—'_
wherein z € A.
Which yields the following relations,
1
(39) —bo = §B1P1,
(40) b2—2b:13( —ﬁ)+13 2
0 1 2 1\P2 9 4 2P1;
1
(41) bo = §BICI1
and

2 1 4 1 2
(42) bO + 2b1 = 531((]2 — ?) + iqul.
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From (39) and (41), it follows that

(43) p1=-—q
and
(44) 8b5 = BI (0} + ai).

From (40), (42) and (44), we obtain

b2 — Bilp2 + ¢2]
07 4[B?+ B, — By]’

Applying the properties of p(z) and ¢(z), for the coefficients py and ¢a, we
immediately got the desired estimate on |by| as asserted in (31).
By subtracting (40) from (42) and using (43) and (44), we get

1
b1 = —=Bi[p2 — ¢2).

8
Applying the properties of p(z) and ¢(z), once again for the coefficients ps and
g2, we get the desired estimate on |b1| as asserted in (32). O

4. Conclusion

The coefficient estimates for subclasses of analytic functions have always been
the main interest of researchers in Univalent and bi-Univalent classes. Many
studies related to this problem are around analytic normalized functions. Here
the initial coefficients for certain subclasses of bi-univalent functions are given.
Also, we may obtain bounds of Hankel and Toeplitz determinant for the classes
in future.
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