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ABSTRACT. The aim of this paper is to define the concepts of remotest
points and approximate remotest points in G—metric spaces and ob-
tain some existence results on these concepts. In particular, we define
G—remotest points and G — e—approximate remotest points by consider-
ing a cyclic map and prove some results in G—metric spaces.
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1. Introduction

Recently, Mustafa and Sims [10] introduced a new generalized metric space
structure and called it, G—metric space, in which every triplet of elements is
assigned to a non-negative real number. Physically, this is a measure of mutual
distance between three elements taken together. A metric space is a special
case of a G—metric space. Analysis of the structure of this space was done in
some detail in Mustafa and Sims [10]. Several studies relevant to metric spaces
have been and are being extended to G—metric spaces (see, for instances, [7,
8, 9, 10)).

On the other hand, the problem of characterizing remotest points is an inter-
esting problem, it has its applications in approximation theory and geometry of
Banach spaces. We can find some results about remotest points in [1, 2, 3, 4, 5,
6, 11, 12]. Motivated by the growing interest in G—metric spaces as the context
of studies originally related to ordinary metric spaces, here we formulate the
remotest point problem in the context of G—metric spaces.

Let (X, G) be a G—metric space and A, B and C non-empty bounded subsets
of X. If there is a triplet (xo,y0,20) € A x B x C for which d(zo,yo,20) =
0(A, B,(C), that 6(A, B,(C) is remotest distance of A, B and C, define by

0(A,B,C) =sup{G(z,y,2) :x € A,y € B,z € C}.
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The triplet (xo,yo, 20) is called a G—remotest triplet for A, B and C' and put
F(A4,B,C) = {(z,,5) € Ax Bx C: Gla,y,2) = 8(4, B,C)}

as the set of all G—remotest triplet (A, B,C). In this paper, we obtain the
G—remotest points of the non-empty bounded subsets A, B and C' of a G—metric
space X, by considering a cyclic map T : AUBUC — AU BUUC ie.
T(A) € B, T(B) C C and T(C) C A. We also define G — e—approximate
remotes points for such maps. In particular, we introduce a concept of G —
e—approximate remotest triplet that is stronger than G—remotest triplet. Fur-
thermore, we obtain existence and convergence results of G—remotest points
and GG — e—approximate remotest points in a G—metric space X. We recall
some definitions and preliminaries that are needed for main results as follows.

Definition 1.1. [10] Let X be a non-empty set and G: X x X x X — R*
a function satisfying the following properties:

(Gl) G(z,y,2z) =0 if and only if z = y = z;

(G2) 0 < Gz, z,y) for all x,y € X with x # y;

(G3) G(z,x,y) < G(a,y, z) for all z,y,z € Xwith z # y;

(G4) G(z,y,2) = G(z,2,y) = G(y, z,xz) = - -+ (symmetry in all three
variables);

(G5) G(z,y,2) < G(z,a,a) + G(a,y, z) for all x,y,z,a € X (rectangle
inequality).

Then, the function G is called a G—metric on X and the pair (X, G) is called
a G—metric space.

Definition 1.2. [10] Let (X, G) be a G—metric space and {x,} a sequence of
points of X. A point z € X is said to be the limit of the sequence {x,} if

limn,m—)ooG((E7 Tn, mm) =0

and one says that the sequence {z,} is G — convergent to x. Thus, if z,, — z
in a G—metric space (X, G), then for any € > 0, there exists a positive integer
N such that G(z, 2, x.,) < € for all n,m > N.

Proposition 1.3. [10] Let (X,G) be a G—metric space. Then the followings
are equivalent:

(a) {zn} is G—convergent to x;

(b) G(zp,zpn,z) — 0 as n — o0;

(¢) G(n,z,2) — 0 as n — o0;

(d) G(Tpn, Tm,x) — 0 as n,m — .

Proposition 1.4. [10] Let (X,G) be a G—metric space. Then the function
G(z,y,2) is jointly continuous in all three of its variables.

Definition 1.5. [10] Let (X,G) and (X',G’) be G—metric spaces. A map
f:(X,G) — (X',G") is said to be G—continuous at a point ¢ € X if and
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only if, given € > 0, there exists 6 > 0 such that z,y € X and G(a,z,y) < ¢
implies G/(f(a), f(@), f(y)) < e. A map f is G—continuous on X if and only if
it is G—continuous at all a € X.

2. G—-remotest Points

In this section, we obtain existence and convergence results of the G—remotest
points by considering the cyclic map 7T': AUBUC — AU B U C on subsets
of a G—metric space.

Definition 2.1. Let A, B and C be non-empty bounded subsets of a G—metric
space X and T : AUBUC — AUBUC be a cyclic map. The point x € AUBUC'
is a G—remotest point of the map T, if G(x, Tz, T?x) = §(A, B, C).

Example 2.2. Let (X, d) be a metric space. The function G : X x X x X — Rt
defined by G(z,y,z) = max{d(z,y),d(y, 2),d(z,2)}, for all x,y,z € X, is a
G—metric on X (see [10]). Suppose A = [0,1], B = [2,3] and C = [4,5] are
subsets of a G—metric space X :=R, defineT: AUBUC — AUBUC, by

3 if c=0
r+2 if0<z<1

T(x) = r+2 if2<zx<3
r—4 if4<zx<5hH
0 if ©=5.

Clearly, T is cyclic map. Then 6(A, B,C) =5 and G(0,3,5) = G(0,7T0,T20) =
5. Hence x = 0 is a G—remotest point of the map T.

Theorem 2.3. Let A, B and C be non-empty bounded subsets of a G—metric
space X. Suppose that the G—continuous cyclic mapping T : AUBUC —
AU BUC satisfying

G(Tx,Ty,Tz) > aGlr,y,2) + BlG(x, o, T?x) + Gly, Ty, T)
(1) + G(Z,TZ,TQZ)] +v0(A,B,C)

for all x,y,z € AUBUC, where o, 3,7 >0 and o+ 25+~ = 1. For xg € A,
define xp11 = Ty, for everyn € NU{0}. If {x3,} has a convergent subsequence
in A, then there exists x € A with G(z, Tx,T?z) = (A, B, C).
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Proof. By inequality (1

3

G(Tpn, Tnt1, Tny2) = aG(Tp_1,Tn, Tni1) + BlG(Xn—1,Tn, Tni1)
+  G(@n, Tnt1,Tn2) + G(Tnt1, Tng2, Tngs)]
+ 7(A4,B,C)
> (a+PB)G(xn-1,Tn,Tnt1) + BIG(Tpi2, Tn, Tni2)
+ G($n+27 Tn+1, xn+2)]
+ 74(A,B,C)
> (a+B)G(Tn-1,Tn, Tnt1) + BG(Tpi1, Tn, Tnia)
+ v4(A,B,C),

which implies that
(1 _B)G<xn7$n+1amn+2) Z (a+ﬁ)G(mn,1,wn,xn+1) +76(AaB7C)
= (]- _ﬁ)G((Enflaxnaantl)'

Put G, = G(zp—1, Tpny Tnt1). S0 Gpy1 > Gy. The sequence {G,,} is increasing
and above bounded, hence G, is a convergent sequence. Let lim,,_, ., G,, = tg.
Hence

(1-75) ILm Gny1 > (a+8) ILm G, + (A, B,C).
So

(1-Bte > (a+P)to+0(4,B,C)

= (a+Pto+(1—a—26)0(A,B,C).

Therefore ty > 0(A, B,C). Since G,, < §(A,B,C), hence ty < §(A,B,C).
So tg = 0(A,B,C). Let {x3,,} be a subsequence of {x3,} with x3,, — =

for all k& > 1. Since limy o0 G(23n,, TT3n,, T?23n,) = 6(A,B,C) and T is a
G—continuous map, we have G(x, Tz, T?z) = §(A, B,C). O

Theorem 2.4. Let A, B and C' be non-empty bounded subsets of a G—metric
space X. Suppose that the G—continuous cyclic mapping T : AUBUC —
AU BUC satisfying

G(Tz, Ty, Tz) > amax{G(z,y,2),(1/2)[G(w, Tz, T%x) + G(y, Ty, T?y)
+ G(2,TzT%2)]} +~5(A, B, C)
forallx,y,z € AUBUC, wherey > 0,a > 0 and a+~ = 1. For zg € A, define
Tpt1 = Ty, for for every n € NU{0}. If {x3,} has a convergent subsequence
in A, then there exists a x € A with G(x, Tz, T*x) = 6(A, B,C).
Proof. Assume
max{G(z,y, 2), (1/2)[G(z, Tz, T*x) + Gy, Ty, T*y) + G(2,Tz,T%z)]}
= G(x,y,2).
Then
G(Tz, Ty, Tz) > aG(z,y,2) + (A, B,C).
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Let G, = G(xp—1,Tpn, Tnt1). SO

> oG, +7(A,B,C)

> aG,+(1-a)i(A,B,C)
> Gy

The sequence {G,} is increasing and above bounded. Put lim, ., G, = to.
Now,

GnJrl

lim G411 >« lim G, +v6(A, B,C).
n— oo n— oo
So
to

\%

aty +v0(A, B,C)
ato+ (1 —a)d(A4,B,C).

Therefore ty > 6(A, B,C). Since G,, < §(A, B,C), hence ty < §(A4,B,C). So
to = 6(A, B,C). Now, we assume,

max{G(z,y,2), (1/2)[G(x, Tz, T?z) + G(y, Ty, T?y) + G(z, Tz, T?2)]}
= (1/2)[G(x, Tz, T?x) + G(y, Ty, T?y) + G(2, Tz, T?z)].

Then

G(Tz,Ty,Tz) > (a/2)[G(x, Tz, T*x) + G(y, Ty, T?y)
+ G(2,Tz,T%2)] +~0(A, B,C).
Which implies that
(/2)[G(Tp—1,Tns Tnt1) + G(Tn, Tnt1, Tntz)
G(Tnt1, Tnt2, Tnts)] +v9(A,B,C)
(/2)[G(Tp—1,Tns Tnt1) + G(Tn, Tnt2, Tnt2)
G(Tnt1, Tnt2s Tni2)] +70(A, B,C)
(/2)[G(@p—1,Tn, Tnt1) + G(Tn, Tnt1, Tni2)]
v0(A, B,C).

G(xna Tn+1, xn+2)

+ IV + IV + IV

Hence
(1= (a/2))G(Tn; Tpt1, Tnt2)

vV

(a/Q)G(xnfla Tn, anrl) + ’Y(s(A, B, C)
(OZ/2)G($”_1, T, xn-{—l) + (1 - 04)6(147 B, C)
= (1 - (a/2))G($n—laxn7xn+l)'

Put G, = G(zp—1,%n, Tny1). S0 Gpy1 > Gy The sequence {G,,} is increasing
and above bounded, hence G, is a convergent sequence. Let lim,, ,~, G;, = tg.
Hence

(1- (a/2))nli_>nolo Gn+1 > (a/2) nh—{%o G, +76(A,B,C).
So
(1—(a/2))t0 > (a/2)to +~I(A, B,C)

= (a/2)ty + (1 —a)d(A, B,0).



80 M. Ahmadi Baseri and H. Mazaheri

Therefore ¢ty > 6(A, B,C). Since G,, < §(A, B, (), hence tg < §(A,B,C). So
to = 6(A, B, C).

Let {x3,,} be a subsequence of {z3,} with x3,, — x for all & > 1. Since
limg o0 G(@30, s T30, , T2¥30,) = 6(A, B,C) and T is a G—continuous map,
we have G(z,Tx,T%r) = §(A, B,C). O

Corollary 2.5. Let A, B and C be non-empty bounded subsets of a G—metric
space X. Suppose that the G—continuous cyclic mapping T : AUBUC —
AU BUC satisfying

G(Tz,Ty,Tz) > amax{G(z,vy,2),(1/2)[G(zx,Tz, T?*z) + G(y, Ty, T?y)
+ G(2,TzT%2)),(1/3)[G(z,y, 2) + G(x, Tz, T?z)
+ Gy, Ty, T?y) + G(2, Tz T?2)]} +v5(A, B,C)
forallz,y,z € AUBUC, where y > 0,a >0 and a+~v = 1. For zy € A, define

Tpy1 = Ty, for for every n € NU{0}. If {x3,} has a convergent subsequence
in A, then there exists a x € A with G(x, Tz, T?*x) = §(A, B,C).

Regarding the analogy, we omit the above corollary proof .

3. G — e—approximate remotest point

In this section we prove the existence and convergence results of G—approximate
remotest points for the cyclic map T': AUBUC — AUBUC in a G—metric
space.

Definition 3.1. Let A, B and C' be non-empty bounded subsets of a G—metric
space X, e >0and T : AUBUC — AU BUC be a cyclic map. The
point x € AU BUC is a G — e—approximate remotest point of the map T, if
G(z, Tz, T?z) > §(A,B,C) —e. Put

F5(A,B,C)={r € AUBUC : G(z,Tz,T?z) > §(A, B,C) — ¢}
as the set of all G — e—approximate remotest triplet (4, B, C),

Example 3.2. Suppose A = {(x,y) : (v —2)? + (y — 2)2 < 1}, B = {(=,9) :
(x+2)2+(y—2)?2 <1} and C = {(x,y) : (x +2)% + (y + 2)% < 1} are
subsets of a G—metric space X, where G : X x X x X — R*, defined by
G(z,y,2z) = max{d(z,y),d(y, z),d(z,x)}, for all z,y,z € X, such that (X,d)
is a metric space. We defineT: AUBUC — AUBUC, by

(7xay) Zf (xvy) €A
(‘Tv _y) Zf (x,y) €B
(-.’L’, _y) Zf (l‘,y) eC

Clearly, T is cyclic map. Then 6(A, B,C) =2+ 4v/2. Let € = 0.5,

G((3.942r\/§’ 3.9;\/5)’ (—3.92— \/5’ 3.9;\/5)7 (—3.92— \/5’ —3.92— \/§>)

T(J?, y) =
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:G(<3.942r\/§’3.9;\/§)j(3.9;ﬂ73.9;\/§)’T2<3.9;\/§’3.9;\/§)>
=2+439V2>2+4V2-0.5=0(A,B,C) - 0.5,

Hence (3'9%5, %) is a G — 0.5—approzximate remotest point of the map

Theorem 3.3. Let A, B and C be non-empty bounded subsets of a G—metric
space X. Suppose T : AUBUC — AU BUC be a cyclic map and

lim G(T"x, T" 2, T"%z) = §(A, B,C) for some x € AUBUC.

n—roo
Then the triplet (A, B,C) is a G — e—approzimate remotest triplet.
Proof. Let € > 0 be given and x € AU B U C such that
lim G(T"z, T" M a, T"22) = §(A, B, C),

n—0o0

then there exists Ny > 0 such that

Vn > No: G(T"z, T" e, T"?2) > 6(A, B,C) —e.
If n = No, then G(TNe(z), T(TNox), T*>(TNox)) > §(A, B,C)—¢, then TN (x) €
F5(A,B,C). So (A, B,C) is a G — e—approximate remotest triplet. O

Theorem 3.4. Let A, B and C be non-empty bounded subsets of a G—metric
space X. Suppose T : AUBUC — AU BUC be a cyclic map and satisfying
(1), for allz,y,z € AUBUC. Then the triplet (A, B,C) is a G—e—approzimate
remotest triplet.

Proof. Let G,, = G(T" 'z, T"x, T"* 1x). By Theorem 2.3, the sequence G,, is
a convergent sequence. Let lim,, ., G, = to. So

(1-0) ILm Gny1 > (a+P) ILm G, +v0(A, B, C).
So
(1—-PB)to

v

= (a+PBto+(1—a—-2B)i(A4,B,C).
Therefore ty > 6(A, B,C). Since G,, < §(A, B,C), hence ty < §(4,B,C). So
to = 6(A, B,C). By Theorem 3.3, (4, B,C) is a G — e—approximate remotest
triplet. 0
Definition 3.5. Let A, B and C be non-empty bounded subsets of a G—metric

space X. Suppose T': AUBUC — AU BUC be a cyclic map. We say that
the sequence {z,} C AUBUC is T — G—maximizing if

lim G(z,, Tz, T?2,) = §(A, B, C).
n—oo
Theorem 3.6. Let A, B and C be non-empty bounded subsets of a G—metric

space X. Suppose T : AUBUC — AUBUC be a cyclic map. If {T"x} is a
T — G—mazimizing, then (A, B,C) is a G — e—approzimate remotest triplet.
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Proof. Since

By

(1]

lim G(T"x, T" "z, T""2x) = §(A, B, C) for some x € AUBUC.
n—oo
Theorem 3.3, the triplet (A, B, C) is a G — e—approximate remotest triplet.
O
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