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ABSTRACT. In this article, we introduce wavelet sets and consider a spe-
cial wavelet set in R. We build a basis associated with this type of wavelet
sets and use an operational matrix of this basis to solve nonlinear Riccati
differential equations and Riemann-Liouville fractional integral equations
of order a > 0, numerically. Convergence analysis of this method is in-
vestigated. Also, we give examples that show the accuracy of the new
method by comparing it with previous methods.
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1. Introduction

1.1. History. After the development of wavelets by Chui [5], Daubechies [9],
Dai and Lu [8], Fang and Wang [12] and Hernandez and Weiss [16] and founda-
tion of Multiresolution Analysis (MRA) method by Meyer [24] and Mallat [23],
the word wavelet set and how to make it, was first introduced by Dai and
Larson [6], Gabardo and Yu [13] and Benedetto and Sumetkijakan [4]. In the
sequel, we introduce a special wavelet set in R. Then we build a basis for L? (R)
and approximate functions via this basis, and use this it for solving nonlinear
Riccati differential equations and Riemann-Liouville fractional integral equa-
tions of order o > 0, numerically.

The nonlinear Riccati differential equations are of much importance and play
a significant role in many fields of applied sciences [14,29]. There are many
ways proposed to solve Riccati differential equations, for example, Adomian’s
decomposition method [2,11], Variational Iteration method (VIM), Homotopy
Perturbation method (HPM) [1-3], the Legendre wavelets method [25] and Ho-
motopy Analysis method (HAM), a piecewise variational iteration method [29]
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and another methods [17,30].

Development of the theory of fractional integrals and derivatives has be-
gun by Euler, Liouville, and Abel (1823). There are many real problems in
physics, mechanics, chemistry and biology that have been formulated via frac-
tional integral equations. Also, there are several methods for solving fractional
integral equations such as, He’s homotopy [26], Adomian decomposition [22],
collocation [21] and power spectral density methods [31] and another meth-
ods [10,18-20,28].

The aim of this paper is to introduce bases made of wavelet sets to obtain
a method for approximating the solution of the Riemann-Liouville fractional
integral equations of order o > 0 and obtain the approximate solutions of non-
linear Riccati differential equations. The speed of computer calculations and
high accuracy are the advantages of this method compared to other methods.
Also, the efficiency and accuracy of the presented method are shown by some
example and table.

In section 2, we introduce the s-elementary vector wavelets and use them to
determine operational matrices.
In section 3, we will analyse the convergence of s-elementary wavelets approx-
imation series.
In the last section, we use s-elementary wavelets for the numerical solution
of nonlinear Riccati differential equation and fractional integral equation and
compare the results with the previous methods.

1.2. Notations and definitions. We use the standard notations and results
from wavelet and wavelet sets as found in [6,7,16]. To complete the discussion,
we bring the following definitions and theorems.

We know that the function 1 is a 2—dilation wavelet for L? (R), if the system:

{wfn (x) :2%¢(2jx—2m7r); m, j € Z},

is an orthonormal basis for L? (R).

Also, let {VJ}] ¢z be a sequence of closed subspaces of functions in L? (R).
The collection of spaces {V;},_, is called a Multiresolution Analysis (MRA)
L?(R), if the following conditions hold:

(1) V; C Vjqq for all j € Z,

fOeWiff f(.—n) eV forall n € Z,
There exists a function ¢ € Vj, called a scaling function, such that
the family {¢(. —m); m € Z} is an orthonormal basis for Vj.

(2)
E3; Njez Vi = {0} and U,z Vj is dense in L?(R),
()
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In this paper, for f € L' (R) N L? (R) the Fourier transform and the inverse
Fourier transform will be defined by:

f(f) = [ f (m) e~ %% dx and f(x) = %L f (5) eigzdf.

Lemma 1.1. [16] Let ¢ be the scaling function of MRA and let ¢ be the
N2
corresponding wavelet function. Then |@(£))* = ;—:OS [¥V(27€)], a.e £ €R.
In the following, We are going to introduce the wavelet set and its charac-

terization. The measurable set W C R, with finite measure, is a wavelet set

for L? (R), if the inverse Fourier transform of )= Xw is an orthonrmal wavelet
for L? (R).

Similarly Dai and Larson in [6] called this type of wavelets an s-elementary
wavelets ( The prefix “s” is for “set”.). Also, by Fang and Wang [12], a
measurable set W C R is a wavelet set if and only if {2/W; j € Z} and
{W +27m; m € Z} are both partitions of R.

As a specific example, Hernandez et al. in [15] proved that W, = [4w(c— 1),
2n(c—1))U(2me, 4nc], where ¢ € (0, 1) is a 2—dilation wavelet set. Such that,
if ¢ = 0.5 then, Wy 5 = [-27, —7) U (7, 27] is the Shannon wavelet set.

2. Operational matrices corresponding to the basis created
by wavelet sets

From now on, consider k as a fixed number unless it is mentioned as some-
thing else.

We put . 9 = \/%XWC- Then it is a s-elementary wavelet and we define
. £

¢ U () = % ¢ ¥ (282 — 2mm) for k,m € Z and ¢ € (0, 1).

Lemma 2.1. The system {c Yok 3 T E Z} is an orthonrmal basis for L*(R).

Proof. By definition, obviously

4m(c—1)+2mn

0, T < ok )

52%7, 47r(c—;])c+2m7r << 27r(c—21’)€—i-2m7\'7
1) edmr@) =40, Inlepimn < g < Zmeipma

s Zregamn g < drejams

0, dreiamn

and by (1) we have
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3 ~ _ | 4n(c—=1)+2mnm  27(c—1)4+2mm 2 2 4 2
bupp (c ¢mk) - |: ( 211 ’ ( 22: ) U( 7\'C<2Fk mﬂ-a 7\'C<2Fk mﬂ—] )

and a simple calculation show that, for m # n and fix k,

A ( supp ( "[Jmk) N supp ( 1/1%)) =0,

where A is the Lebesgue measure. So we get:

<c Yimks e T/Ajnk> = /+°°C G (2)e VY () da = {0’ if m#mn,

oo 1, if m=n.
Where (., .) is an inner product on L?(R). |

Also, if . ¢ is the scaling function corresponding to . ZZJ, then by Lemma
1.1, . 4= \/%XQC» with Q¢ = [2m(c — 1), 27c] is a basis for L?(R). So, if for

k
k,m € Z and c € (0, 1) we define . §,,; (x) := % ¢ ¢ (2Fx — 2mm).
Lemma 2.2. The system {. ¢, ; m € Z} is an orthonrmal basis for L*(R).
Proof. 1t is similarly to proof Lemma 2.1. O

Let (. U be the vector of s-elementary wavelets, so we put:
(©* mk

~ R ~ R N T
(2) (c)\I/mk = |:C Yoks ¢ V1ks ¢ Yags = ¢ Vmk| o

As a consequence of definition (2), we can obtain appropriate approximation
of functions in L?[0,1], if we choose k large enough. Also using large k’s
one can cover the interval [0,1] with the union of supports of @,,,’s i. e.
V = U, supp(ab,,) so that the measure of V'\[0,1] be smaller than every
€ > 0. Then for f € L?[0,1], we have:

(3) [~ Z dik ¢ @[;zk = DT(C)\ijmka
=0

where dji, = <f7c 1/32'1@>7 DT = [dog, digs ey dimg)-

Also, the integration of entries c‘i'mk can be expanded in terms of

(4) /0 ' @V, (O dt = P ¥, (2),

where the (m+1) x (m+1) matrix (P = [(C)ﬁij] is called the operational matrix
of s-elementary wavelets and its entries are:

O )
(C)ﬁij = </0 J/Ji—l,k(t)dtacwj_17k>.
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Similarly, if we put:
(5) (c)(i)mk = [c Poks ¢ Plks ¢ P2ks s c @mk]Ta
then for f € L*(R),

m

(6) = Zhik ¢ ik = H" (o @k,
=0

where hi, = (f, e ¢ue) and HT = [ho, hik, -y hak)-

Also the integration of entries (.| ®x(x) can be expanded in terms of
(7) /0 (C)(Apmk (t) dt = (C)Q (c)(i)mk (I),

where the (m+1) x (m+1) matrix (C)Q = [(c)(jij] is called the operational matrix
of s-elementary wavelets and its entries are:

)
(C)(jij = </0 c Saifl,k(t)dt, c ¢j1,k> .

For a = g5, the (m+1) x (m+1) operational matrix of s-elementary wavelets
are as the following,

K
(C>P(m+1) =
a a(2¢? —2¢+2) 2a 2a 2a
2a(c — ¢?) a a(2¢? — 2¢+ 2) 2a 2a
0 2a(c — ¢?) a a(2¢? —2¢+2) 2a
6 .. 2a(c — c?) a. a(2c? — .20 +2) 2.a
0 0 e 0 2a(c — ¢?) a
a 2a --- 2a 2a
0 a 2a --- 2a
Ak
(C)Q(m+1) =
0 -~ . a 2a
00 0 alq  i1xmsn
k
In addition, let E = [eq, €1, ..., ] " is a vector and w = \%iﬁ, we have:
A A T A T ..
8) EY o @ = @V, diag(wE).

Lemma 2.3 establishes that how to find the operational matrix to solve the
Riemann—Liouville fractional integral equations of order o > 0.
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First, for the function u(x) and o > 0 we put:

() Pu(z) = ﬁ /0 "o o ()t

where I'(.) is the Gamma function.

Lemma 2.3. Let (c)‘i/mk is the vector of s-elementary wavelets. The fractional
integration of its entries can be expanded in terms of

_— L(a)k
(10) IV, =@ @Y

where the (m+1) x (m+1) matriz (Cﬂf’(a)’k = [(r)ﬁﬁ)k] is called the operational

matriz of s-elementary wavelets and its entries are given by:
(a),k o’ 0
(c)Pg;l) = <I i1,k c¢j—1,k>-
Proof. By (1) and (9) for (C)ﬁg(i)’k, we have:

IaCZ/A)Ok:(-'IT) — ﬁ f()x ($ — t)ailciok(t)dt

k
272 dm(c—1)\o 4m(c—1) 2m(c—1)
(!F((I;\/Q‘n' (x B 2k ) ? ok S T < ok )
9% 2w (c—1)\« Adr(c—1)\o 27 (c—1 TC
T2 (o= 2y — (o 2y, 2 < < e,

: — mic— a TC\
=\ i (e - 2 - o - e - - 9)°)

2mc 4me
oF < T < ok

_E 27(c—1)\o 4dm(c—1)\o e\ o Te\a
aF(a2)2\/27r ((.”L' - (20’c )) - (aj - (Qck )) - (m - 22k ) + (37 - 42k ) ) ,
Arme
S < T
2F )

then we have:
(a),k a -
(c)pg(i) = <I chka cw0k>

= f% I ghor(x) abox(z) da

2m(c—1) 4nc

— fh(fﬁw Io‘czﬁok(x) dx—l—ff;z Iag[)o;g(x) dx

ok

~ ala+D)T ()27 \\ 2F

_ —2F 4me  2m(c=1)\a+1 _ (4mc _ 4m(c=D)\a+1 _ (4mc _ 2mcya+1) _
(5 — —5) (5 — —5—) (5% — %)

_ok iz 27(c—1)\« e 4w (c—1)\q
e (3 - Zetyont (25 dmleljai)
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2k 27 (c—1) 47 (c—1) atl
a(a+1)(a)27 2k - 2k '
In the same way, the other entries obtained. O

For fix k =5 and m =5, o = 0.5 and ¢ = 0.5 the operator matrix is given
by:

0.7197 0.4180 0.5510 0.3840 0.3230 0.2855
0.2447 0.7197 0.4180 0.5510 0.3840 0.3230

£(0.5),5 0 0.2447 0.7197 0.4180 0.5510 0.3840
<0-5>P(6) - 0 0 0.2447 0.7197 0.4180 0.5510
0 0 0 0.2447 0.7197 0.4180

0 0 0 0 0.2447 0.7197

(6x6)

Note that the above method can be stated by basis vector (5).

Lemma 2.4. Let (C)Ci)mk(x) 1s the vector of s-elementary wavelets. The frac-
tional integration of its entries can be expanded as follows,

A (a)vk

(11) @ (@)= (R (@, (@),

where the (m—+1) x (m+1) matriz (C)Q(a)’k = {(cﬁg?),k

matriz of s-elementary wavelets and its entries are:

} is called the operational
~(a),k a A ~
(C)qi(j) = (I"&Pi—1,k, éPj—1,k>~
Proof. The proof is clear. O

For fix k =5, m =5, a = 0.5 and ¢ = 0.5 the operator matrix is given by:

0.3333 0.2761 0.1798 0.1454 0.1255 0.1121
0 0.3333 0.2761 0.1798 0.1454 0.1255

£(0.5),5 0 0 0.3333 0.2761 0.1798 0.1454
050 = 0 0 0 0.3333 0.2761 0.1798
0 0 0 0 0.3333  0.2761
0 0 0 0 0 0.3333

(6x6)

3. Convergence analysis of s-elementary wavelets approxima-
tion

By (1), [22;”} +2 translations of . 1y, cover the interval [0,1] ( The symbol
} + 1. Then for f € L*([0,1]), the s-

.—71'
2m

LL[ ]” is a bracket.). We put m = |:2k

elementary wavelets series of f is fox = Z?lo dik ¢ @ik, and the corresponding
error is defined as follows:

Emk = f - fmk-



22 M. J. Kheirdeh, A. Askari Hemmat and H. Saeedi

It is clear that
m
Em = Zdzk ¢ Yik-
i=0
Suppose that f satisfies a Lipschitz condition on [0, 1], that is,

(12) there is a M > 0 such that for all z,y € [0,1], |f(z) — f(y)| < M|z —yl|.

Now we will prove that e,,(x) tends to zero as k goes to infinity.

2
[lem|l

< dik, o ik, Zdjk ¢ ¢Jk>
=0

7 =0

idikdjk <c Diks « ¢]k>

i=0 j=0

I
NE

o
I

\di|?,

|
"MS

h
Il
=)

and by using relation (3), we have:

di, =

S

f7 c ¢1k>
1
(@) Yy () d

k
2

:\/ﬁ< @) dat | f@) dx).

Il
o S——
K'\“
>

Where [y = [4rlespbnn  2nlecjinn ) ang [, — (Znef2en, dzcgonm ) wigh

ML) = w and A(I2) = Z¢. Now, from (1) and by using the mean value
theorem, there are xﬁk € I; and xék € I, such that

2&
di, = -

(AT (@) = AJ2) f(257)] -

3

For ¢ # 0.5, A(I1) # A(I2). Without loss of generality, suppose A(I2) < A(Iy),
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there is I3 C I such that A\(Iz) = A(I3) and 2%* € I3. So we have:

dir, < j; (ML) f(21) = A(L2) f (25°)]
= 2 T ) - sG]
< \32)% X % x M (ziF — 2%F)
< 52]% X % X M x Z—Z

_ 2meN2n « M,

272

o
>

therefore, |dix|* < %MQ
m
lleml[* = Z |k
i=0

m
832 9
<> —m M

i=0

=(m+ 1)8;%1\42
— ({22” ﬁ} +2> %MQ
<or 5T e
3.2
= &QTT/SMQ’

By the above proof, we can obtain a bound for ||e, ]| ,

1
el < ().

where N = 2weM~/27.

4. Numerical solution of nonlinear differential equations and
fractional integral equations

In this section, we present an operational method for solving nonlinear Ric-
cati differential equations and Riemann—Liouville fractional integral equations
by using the s-elementary wavelets as an application of them.



24 M. J. Kheirdeh, A. Askari Hemmat and H. Saeedi

4.1. Numerical solution of nonlinear Riccati differential equations.
Consider the following nonlinear Riccati differential equation:

13 {u’a)+f<t>u2<t>+g<t>u<t>+h<t>=0, JH#0, 0<t<a,
u(0) = a.

First, we express the functions u, f, g, h and « in terms of the basis (2) as
follows:

(14)

U= XT(C)@mkv f = FT(C)\IJmkv 9= GT(C)\IImk7 h = HT(C)\Ilmk’ Q= DT(C)\Ijmk

Moreover, we have:

(15) /O ’ u (t)dt = u(z) — u(0) = u(z) — o ~ XT o  (x) = DT ¥ (x),

and so by substituting (14) and (15) in (13) and integrating, we get:

/ dt+/ () dt—i—/wg(t)u(t)dt—i—/:h(t)dt:0

XT (b (2) - DT b (2)+ /0 FT (b ()t w (XT)? (o (t)di+
/GT W )XT()\I/ dt+/ H" (¥ (t)dt =0
(C)\I’ (l‘) X - (c ] ) D +/ FT (c (C)\I/ k(t) wX2dt+

/ GT (C)\I/ t(C)AT ()de,—‘r/ (c)‘l/ k(t) Hdt =0,
0
by using relation (8), we have:

AT . T oL
@V, . (2) X — ¥ . (r) D +/0 ¥, (1) diag(wF) wX2dt+
x

x
/0 (C)ﬁ/ik(t) diag(wG) Xdt + /O (C)\Pik(t) Hdt =0,

and by substitute relation (4), we get:

AT T AT ~k T
O (@) X = (08, @) Dt o, (@) (0P ) diag(eF) wX*+

T Lk A T N T
O (@) (0P ary) di09C) X + o, @) (0P () H =0,

then .
~k )
X-D+ ((C)P(m+1)) diag(wF) wX?+
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(16) ((C)T:’]zmﬂ))Tdiag(wG) X+ ((c}l—:’?m+1))TH =0.

We solve this nonlinear system by the Newton method and obtain u(t). Note
that the above method can be stated by basis vector (5).

Example 4.1. The nonlinear Riccati differential

W (t) = 1+ ult) — w2 (1),
(17 { u(0) = «

109(7—1+\/§

with the exact solution u(t) = 1+vV2 tanh [ V2 t + %ﬂ has been solved

in [1] by the methods ADM and VIM and also in [3] by the method HPM. Ac-
cording to Fig.1, the approxzimate solutions of all methods diverge outside the
interval [0,1], while the approzimate solution obtained with the latter method
converge to the exact solution at any desired interval with high accuracy and
is clearly seen in Fig.2, (a) and (b) when we used (C)(imk and (C)\ilmk mn our
method, respectively.

FIGURE 1. The exact solution (solid) versus ADM (dot), VIM
(dot dash) and HPM (dash)

4.2. Numerical solution of the Riemann—Liouville fractional integral
solution of order o > 0. Consider the following Riemann—Liouville fractional
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25 25

051 e 05

[ 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2

(a) (b)

FIGURE 2. Comparison of the approximate solution ( dashed

and (Oig)\i/m with the exact solu-

red line) by using (0_99@ 3

m,8

tion (green line) (Example: 4.1).

integral solution of order a > 0 with the unknown function u,
(18) u(z) = f(z) + / (z — )" u(t)dt.
0

For solution of the equation (18), we put f ~ FT(C)\i/mk and u ~ XT(C)\i/mk.
Then from relations (9) and (10) we have:

XT(C)\i/mk(I) = FT(C)\i’mk(l’) + /0 (I - t)a_lXT(C)\i’mk(t)dt,

XT b ()= FT (g0 (2) + T(a)XT (PO 0 (2).

Then we have:
XT = FT 4+ T(a)XT (Pl *

XT _ F(a)XT(C)FA)(OL),k — FT
XT (1=T ()P %) = FT

(19) xT = F7 (1 - F(a)(cf’(o‘)’k) -

After finding the vector X, the approximate value of the function wu(t) can be
obtained. Note that the above method can be stated by basis vector (5).
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Example 4.2. Consider the following Riemann-Liouville fractional integral
equation (Abel’s integral equation) [20, 27]:

v t
/®) dt =z,
0o VI — t
the ezact solution of which is f(x) = %\/E In Table 1, we compare the error

of our approxzimations with the method in [27]. Fig. 3, (a) and (b) shows the
comparisons between the approzimate solutions and the exact solutions, when

we have used (@ . and U . in our method, respectively.

TABLE 1. Comparison the error of the method presented in
[27] with our method (Example: 4.2).

Example [27] New method by | New method by
05,17 5 lemlls | 052, 17 5 llemll
[ Example 42 [4.68 x10°° ]  561x10° 7 | 2.08x10° " |

(a) (b)

FIcurE 3. Comparison of the approximate solution (dashed

red line) using (0‘5)@m_8 and o5V s with the exact solution
(blue line) (Example: 4.2).
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Example 4.3. Consider the following Riemann-Liouville fractional integral
equation [27]:

f(x)#—/oz\/%dt:;ﬂx—kﬁ, 0<xz<1,

the ezact solution of which is f(x) = y/x. In Table 2, we compare our error
approzimations with the method in [27]. Fig. 4, (a) and (b) shows the compar-
isons between the approximate solutions and the exact solutions, when we have

used (C)@mk and (C)\ijmk i our method, respectively.

TABLE 2. Comparison the error of the method presented in
[27] with our method (Example: 4.3).

Example [27] New method by | New method by
0¥V, 17 llemlly | 052, 175 lemlly
881x107 7 [ 327x107 |

[ Example 4.3 [ 1.13 x 10~°

(a) (b)

FIGURE 4. Comparison of the approximate solution (dashed
red line) (0.5, ¢ and (o.5%¥ o with the exact solution (blue
line) (Example: 4.3).

8
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5. Conclusion

Using s-elementary wavelets method is very simple and easy to implement
and is able to approximate the solution of equations more accurate in a larger
interval compared with other discussed methods. Also, we use them to solve
the fractional Volterra integral equations which have a weakly singular kernel.
Numerical examples and their error analysis show that more accurate results are
obtained when finer resolutions are used. We hope the method to be generalized
to the case of fractional Fredholm integral equations and other differential
equations.
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