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ABSTRACT. In this paper first, we introduce and analyze the strongly
regular relations A} and A} on a hyperring such that the derived quo-
tient ring is unitary and unitary commutative, respectively. Next, we
define and study the notion of Ae-parts in a hyperring and characterize
the Ae-parts in a Ae-strong hyperring R. Finally, we introduce the notion
of Ae-closed hyperideal in a hyperring and study some of its fundamental
properties in Krasner hyperrings.
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1. Introduction and Preliminaries

The study of equivalence relations on hyperrings, that help us to obtain cor-
responding quotient rings satisfying special conditions, has made a considerable
progress in the first decade of the twentieth century, but it still represents an
interesting research subject, as proved by the publications appeared in the last
years [1,22]. The starting point of the general approach to these relations
is [3, Theorem 13], where the authors represented relations of a multialgebra A
using polynomial functions of a universal algebra P*(A) of non-empty subsets
of A. Then a characterization for these relations was provided in [25, Proposi-
tion 4.1]. The fact that term function is an important tool in multialgebras is
clearly explained also by other authors, for example see [6,7,10,13,18-20,27,28].
It is already confirmed [24,25] that the general approach to multialgebra gives
widely available results and even stronger results than they currently have. In
particular, Theorem 6 in [26] states that, for each multialgebra A =< A, F >
and Z the set of some identities, there exists the smallest equivalence relation
on A for which the corresponding factor multialgebra is a universal algebra
satisfying all the identities from Z. Following the same idea, in this article
we introduce the smallest equivalence relation on a hyperring such that its
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corresponding quotient ring becomes a unitary ring. This relation leads us to
investigate new particular complete parts and hyperideals in hyperrings.

First we will recall some basic definitions and results, that are fundamental
in the following sections.

A hypergroupoid (H, o) is a non-empty set H together with a hyperoperation
o defined on H, that is a mapping of H x H into the family of non-empty subsets
of H. If (x,y) € H x H, its image under o is denoted by x o y and sometimes,
for simplicity, by xzy. If A, B are non-empty subsets of H then A o B is given

by AcB= |J xoy. zoAis used for {x} o A (respectively A oz for
r€A,yeB

Ao {z}). A hypergroupoid (H,o) is called a hypergroup in the sense of [15] if
for all ,y,z € H the following two conditions hold: (i) zo(yoz) = (zoy)oz,
(ii) xo H = Hox = H, meaning that for any z,y € H there exist u,v € H such
that y € xow and y € vox. If (H,o) satisfies only the first axiom, then it is
called a semi-hypergroup. An exhaustive review updated to 1992 of hypergroup
theory appears in [4], while the book [5] contains several applications of this
theory.

If (H,o0) is a semi-hypergroup (respectively hypergroup) and R C H x H
is an equivalence, we set

ARB&aRb, Yac AVbe B,

for all pairs (A, B) of non-empty subsets of H.

The relation R is called strongly reqular on the left side ( on the right side) if
z Ry = aox Raoy (z Ry = xoa R yoa, respectively), for all (z,y,a) € H.
Moreover, R is called strongly regular if it is strongly regular on the right and
on the left side.

Proposition 1.1. Let (H, o) be a semi-hypergroup and R and S be two strongly
reqular relations on H. Then, (RUS)*, which is the transitive closure of RUS,
is strongly regular.

Proof. Suppose that x and y are two elements in H such that z(RU S)*y. We

show that for all a € H, aox(R U S)*aoy. For this reason consider the arbitrary
elements s € aox and t € aoy. Since (R U S)*y, there exist z1,..., 2, in H
such that

(RUS)z1(RUS)z2...(RUS)z,(RUS)y.

Since R and S are strongly regular, we have

aox(RUS)aoz (RUS)aozy...(RUS)ao z,(RUS)aoy.
Therefore for all i € {1,...,n} and l; € a o z;, we have
s(RUS)H(RUS)ly...(RUS),(RUS)L.

So s(RUS)*t and hence (RU S)* is strongly regular on the left side. Similarly
we can show that (RUS)* is strongly regular on the right and the proof is then
complete. O
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If (H,o) is a semi-hypergroup (respectively hypergroup) and R is strongly
regular, then the quotient H/R is a semigroup (respectively group) under the
operation:

R(z) ® R(y) = R(z), Vzexoy,
where R(a) is the equivalence class of a € H with respect to R [4].
For every n € N, the fundamental relation (,, is defined as follows:

V(IL’,y) € Hzax 5% Y — 3(217223 s '7Zn) € Hn?{x’y} g ]:[Zl
i=1
Besides, 51 = {(z,x) | x € H} and 8 = |J Bn. It is known that in every

neN

hypergroup 5 = p* [11], where * is the transitive closure of the relation
B. Moreover, it is the smallest strongly regular relation on H such that the
quotient H/B* is a group.

In general, if R is an equivalence relation on a set A, then VS € P*(A), we
write R(S) = U R(x).

zeS
Let (H,o) be a hypergroupoid and A a non-empty subset of H. A is called

invertible on the left in H if, V(x,y) € H?, the following implication holds:
y € Aox = x € Aoy. Similarly the invertibility to the right is defined. We
say that A is invertible if it is invertible on the right and on the left side [5].
An element e of a hypergroup H is called an identity if a € aoeNeoa for all
a € H, while an element u of H is called a scalar identity if uox = zou = {z}
for all x € H [5].

The hyperrings were introduced and studied by Krasner [14], Nakasis [21],
Massouros [16] and especially reviewed by Davvaz and Leoreanu-Fotea [8]. A
well-known type of a hyperring, called Krasner hyperrings, is essentially rings,
with approximately modified axioms in which addition is a hyperoperation,
while the multiplication is an operation. Some principal notions of hyperring
theory can be found in the book [8]. Another type of hyperrings was introduced
by Rota [29] in 1982, where the multiplication is a hyperoperation, while the
addition is an operation, and it is called a multiplicative hyperring, that was
subsequently investigated by Olson and Ward [23]. Vougiouklis [30] introduced
the gemeral hyperrings, in which the addition and the multiplication are both
hyperoperations.

According to [30] a general hyperring, called by short only hyperring, is a
triple (R, +,-) satisfying the following ring-like axioms (i) (R,+) is a hyper-
group, (ii) (R,-) is a semi-hypergroup, (iii) the multiplication is distributive
with respect to the hyperaddition. A hyperring (R, +,-) is said to be unitary
hyperring if relating to the multiplication, (R, ) is a semi-hypergroup with the
scalar identity e. The element e is called the unit of R.

A Krasner hyperring (see [14] ) is an algebraic structure (R,+,-) which
satisfies the following axioms:

(1) (R,+) is a canonical hypergroup, that is:
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i) for every z,y,z € R,z + (y+2) = (zr + y) + z;
ii) for every z,y € R, v +y =y + x;
iii) there exists 0 € R such that 0+ 2 =2 =240 for all z € R;
iv) for every z € R there exists a unique element ' € R such that
0 € x + 2’ (we shall write —z for 2’ and we call it the opposite of
);
v) z€x+yimpliesy € —x+zand z € z — y.
(2) Relating to the multiplication, (R,-) is a semigroup having zero as a
bilaterally absorbing element, that is, z-0=0-2 = 0.
(3) The multiplication is distributive with respect to the hyperaddition +.
In [31] Vougiouklis defined the relation I' on a hyperring as follows: zT'y if
and only if z,y C u, where u is a finite sum of finite products of elements of R,

in fact there exist n,k; € N and z;; € R such that w = > [] z;;. He proved
i=1j=1

that the quotient R/I'*, where I'* is the transitive closure of I', is a ring and

also that I'* is the smallest equivalent relation on R such that the quotient

R/T* is a fundamental ring. Both operations @ and ® on R/T™* are defined as

follows:

Vzel™(z) +T(y), I"(z) @I (y) =17 (2);
VzeT*(z) - T"(y), I(x) @T*(y) =T*(2).

The commutativity of the addition in rings can be related with the existence
of the unit for the multiplication. When we speak about a general hyperring
(R, +,-), the hyperaddition is not commutative and there is no unit with respect
to the multiplication. So the commutativity, as well as the existence of the
unit, are not assumed in the fundamental ring. Besides, we know that there
exist many rings (where the hyperoperation + is commutative) without unit.
Having this idea in mind and try to analyse it for hyperrings, Davvaz and
Vougiouklis [9] introduced the a-relation as a new strongly regular equivalence
relation on a hyperring such that the quotient is an ordinary commutative ring.
Let’s recall here its definition.

Definition 1.2. If R is a hyperring, we set
ap ={(z,z) | z € R}
and, for every integer n > 1, «, is the relation defined as follows:
zapy <= k1, ke, ..., k) e N*,Jo € S, and
B(zit, ..., 2ik,) € R¥, 30, € Sy, (i = 1,...,n)] such that

n k; n
x € Z Hx] and ye ZA(,@),
i=1

i=1j=1

ki
where A; = [] 40,5
j=1
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Obviously, for every n > 1, the relation «,, is symmetric, while the relation

a= |J a, is reflexive and symmetric.

n>0
Theorem 1.3. [9] Let (R, +, ) be a hyperring and o be the transitive closure
of a.

(1) o is a strongly regular relation on both (R,+) and (R,-).

(2) The quotient R/a* is a commutative ring.

(3) The relation o* is the smallest equivalence relation such that the quo-

tient R/a* is a commutative ring.

Note that the relation a in Theorem 1.2 consists of two relations a; and oy
defined as follows:

(1) za, y IneN,3I(k,...,k,) €N" To €5,

wEZHm andyEZAU(),

i=1 j=1

ki
where A; = [] z;;. In fact, if in Theorem 1.2 we set o; = id, then we

j=1
obtain o .
(2) xaxyﬁﬂnENH(k kp) €N and Vi =1,. nﬂ(mll,.. , Tik; ), Jog €
Sk, such that x € Z H z, and y € Z A;, where A; = H Tig,(j)- In

i=1j5=1
fact, if in Theorem 1.2 we set o = id, then we obtain ax

Then immediately we obtain the new result.

Proposition 1.4. If (R,+,") is a hyperring, then
(i) o} and o are strongly regular relations on both (R,+) and (R, -);
(i) a* =(a, U a )"

Proof. (i) The proof follows directly from the definition.
(ii) By Theorem 1.1 the proof is obvious. O

Example 1.5. Let R = {0,1,2} be a set with hyperoperation + and the binary
operation - defined as follows:

|
:

[N syl IR N

and

[\ i el | Nan)
=l
NN O N

1
1
1
R

= O
N = O
o O O

Then (R,+,-) is a hyperring. Thus o = RxR and o’ = A = {(z,z) | v € R}
the diagonal relation on R.
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In this paper first we show that the relation a* produces with two subrela-
tions and then we introduce and analyze some new binary relations A} and A}
on hyperrings such that the derived rings are unitary and unitary commutative,
respectively. We also investigate A.-parts on hyperrings. By introducing the
notion of A.-closed hyperideal I in a hyperring R, we construct the ring R/1I.
Then we study the relationship between ideals in the ring R/I with hyperideals
in the Krasner hyperring R containing I.

2. The relation A,

In this section, by replacing ax with a suitable relation A§, we introduce
the relations A, and A, in order to obtain a new characterization of the derived
hyperring.

Definition 2.1. Suppose that (R, +,-) is a hyperring and e € R. We say that
the pair
k;

3 13 1)

satisfies the condition 3, whenever one of the following situations occurs:
(1) Vi € {1,...,m}, k; = k; and Vj € {1,...,]431‘}, Tij = Yij;
(2) there exist iy,...,iq € {1,...,m} such that
o V1<i<m with ¢ ¢ {i1,...,4q} and V1<¢<k[, we have k; = k} and
it = ylt’
o V1<j<d there exist p;; and l;, € Nsuch that 1<p;, gkl , pi; <li, <k"j
and k;] = ki]. + (lz] _pij + 1)
e V1<j<d we have

T

if 1<t < Dijs
def .
(1) y'ijt = 2 if pij <tgll]’
xl]‘(tﬂ’ij 1,1 if liJ < Ifgkéj
Remark 2.2. The condition B, is as follows:

1' m k

m
The pair ( Z H T, Z H y,.) is in P if the difference of elements in fi-
=1 : t=1
k:l
nite products H x,, and H y,, can be seen in finite products of e’s for every
J=1
ki ;
i. In other words if we omit the element e from products [] z,, and [] v,
j=1 t=1
then the remain products are the same. For example (11212 + T21Z22223 +
T31232, T11€€T12 + T21T22T23 + T31232€) is in Pe.



On hyperideals of Krasner hyperrings - -- — JMMR Vol. 11, No. 3 (2022) 39

Definition 2.3. Suppose that the hyperring R and the element e € R are
given. For all m>1, define:

m ki m ’fi m k; m k;
Ry, = {(Z HIU,Z Hy“), (Z Hyn, z,,) | the pair
i=1 j=1 =1 t=1 i=1 t=1 =1 j=1
(Z H T, Z Hy“) satisfies condition ‘Be};
i=1 j=1 =1 ¢=1
and R := |J Re,.
m>=1

Example 2.4. Let R be a ring with identity e = 1z. Then for every m > 1,
we have RS, = A and so R = A.

Example 2.5. Let (A, +,) be a ring and N be a subgroup of its multiplicative
semigroup such that for each a € A we have aN = Na. Then the multiplicative
classes T = xN(z € A) form a partition of A, and let A = A/N be the set of
these classes. If for all T,5 € A, we define

z®y={z|z€x+7y}, and Txy=7T g,

then the obtained structure is a hypergroup, see [8, Example 3.1.8(3)].

Now let (A, +,-) = (Z x 2Z,+,-), N ={-1,1} x {0} = {(—1,0),(1,0)}. Thus
for each (n,2m) € Z x 2Z we have (n,2m) = {(—n,0), (n,0)} = (n,0) and so
(Z x 2Z)/N = {(n,0) | n € Z}. Put e := (3,0). Therefore,

R ={((2k +1,0), (2K’ + 1,0)), ((2k,0), (2k",0)) | k, k" € Z}.

Because multiplying the number 3 by every integer does not change whether the
number is even or odd. For instance ((1,0),(1,0)e) € R, so ((1,0),(3,0)) €
)

(3
Re. Also ((1,0)+(2,0), (1,0)e+(2,0)) € RS and ((1,0)+(2,0), (1,0)+(2,0)e) €
RS, this implies that

{((3,0),(5,0)), ((3,0), (1,0)), ((1,0), (5,0)), ((1,0), (1,0))} € R°

and

{((17 0)7 (57 0))7 ((170)7 (77 0))7 ((3’ 0)7 (57 0))’ ((370)7 (77 O))} C ke

By ((1,0)+(3,0), (1,0)64—(3,0)) € RS and ((1,0)+(3,0), (1,0)+(3,0)e) € RS
we have

{((2,0),(0,0)), ((2,0),(6,0)), ((4,0), (0,0)), ((4,0), (6,0)) } C R

and

{((2.0),(8,0)), ((2,0), (10,0)), ((4,0),(8,0)), ((4,0), (10,0)) } € %*.
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Suppose that (R,+,-) is a hyperring. For every integer mm > 1 and z,y € R
define:

(2) (A )my < I(A,B)eR;, suchthatx € A and y € B.
Take XS, := |J (A% )m. It follows that AS is reflexive and transitive. Let (A )*
m>1

denote as usually the transitive closure of A% .
Proposition 2.6. If (R,+,") is a hyperring, then (A )m C (A% )m+1-
Proof. If © (A% )m y, then there exists (A4, B) € ¢, such that z € A and y € B.

m k; m k;
Without losing the generality suppose that A= " [[ z,, and y = > [] v,,.

i=1j=1 i=11=1
Since (R, +) is a hypergroup, there exist u,w € R such that z,,,,, € u+ w.
Therefore

m ]f'i
Z H T, - (xll .. -xlkl) + ...+ (x(m—l)l - x(m_l)k(mil))+
i=1j=1

(T - Ty —1)W) F (Tl - o Ty —1)W)-

Set ki1 := kn, and

Tijs if 1<i<m — 1, 1<j<k;;
Ty, Af 1 =m,1<j<ky, — 1,
b = L, ifi=m,j=kmn;
Ty, ifi=m+ 1L,1<i<knen) — 1
w, ifi=m+1,j=kns.

Similarly define y;, from y;:. Therefore

m+1 ks m+1 kj
ce ST, ve ST
i=1 j=1 i=1 t=1
m+1 k; m+1 k:',
where ( 2:1 Hl z ) Hl yit> e Ry 1. Thus 2 (A )ms1 ¥ O
i=1 j= i=1 t=

Definition 2.7. A hyperring (R, +, -) is called (A¢)y,-complete if V(k1, ..., k) €
N", ¥(z1,...21,) € R¥ i =1,...n, there is

)\e(zn:ﬁa;J :iﬁyn,

=1 j=1 i=1t=1

[

n n
where ( oIz, >
i=1 T =1

Jj=1

y) € Ry.
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We recall from [17] that a hyperring R is called n-complete, if V(k1, ..., k,) €
N™, ¥(z1,...,24,) € R¥ there is

i=1 j=1 i=1j=1
Proposition 2.8. If (R,+,") is a unitary hyperring with the unit e, then R is
a (Ae)n-complete hyperring if and only if R is an n-complete hyperring.
Proof. Since (R,-) is a semi-hypergroup with the scalar identity e, it follows
that A = a4 and therefore I' = A.. O
Theorem 2.9. If (R,+,") is a (\e)n-complete hyperring, then

Ae)n = Ae.
Proof. Suppose that © A y. Thus there exists (A, B) € ¢ such that x € A
and y € B. Without losing the generality suppose that

’

m  k;
A:ZHIW and B:ZHZ_]“.

=1 j=1 i=1t=1

If A and B satisfy condition (1) of Theorem 2.1, then the proof is obvious.
Now suppose that A and B satisfy condition (2) of Theorem 2.1. If m<n,
then by Theorem 2.6, we have (A% )m C (AL )n. If m > n, since (R,+) is

m k;

a hypergroup, it follows that there exists s € R such that s € > [] z,,.
i=n j=1
ki, if1<ig<n —1; x5, i 1<i<n — 1 and 1<j<l;
Set [; := o and z;; = o .
1, ifi=n. s, ifi=n
Therefore z € ) [] z,, and since R is a (\¢),-complete hyperring, it follows
i=15=1
that
n I n l;
Ae(ﬁ)gke(z Zij) :ZHZ;’
i=1j=1 i=1 j=1

n I n I

where (Z IT 2, > 11 zJ) € R¢. By = . y we have y € A\ (x) and hence
i=1j=1 = i=1j=1

x (Ae)n Yy, concluding the proof. O

Example 2.10. Let R be a ring with identity e = 1gr. Then R is a (Ae)n-
complete hyperring, so (Ae)n = Ae = A.

Example 2.11. Let (A, @, %) be the hyperring defined in the Theorem 2.5 and
put e = (3,0). It is not difficult to see that

Ae((0,0)) = {(2k,0) | k € Z} and A.((1,0)) = {(2k +1,0) | k € Z}.
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Proposition 2.12. If (R,+,-) is a hyperring, then (A%)* is a strongly regular
relation both on (R,+) and (R, ).

*

Proof. We can see very easily that (A% )* is an equivalence relation. In order
to prove that it is strongly regular, we show that if z A y, then

x+a7/\:€xy+a, a+:r7)\:§a+y
T-al y-a, a-x A a-y,
for every a € R. If x A% y, then there exists a pair (4, B) € R° such thata: 6 A

ki

and y € B. So there exists m>1 such that A = > [[z,,, B = Z H Y.,
=1 j5=1 i=1 t=1
and the pair (A, B) satisfies condition B.. Thus,

m k;
x—i—ag(z H )—l—a and y+aC ZHyt

— o — —
Now, let ki1 =1, kg =1, 0000 = @5 Yppyry =

m+l k m+l K

z+aC Z Hx and y+aC Z Hyt

=1 j=1 =1 t=1

m+1 k; m-+1 k:;
Therefore ( Y H z,, > Ilwv.)€RE . Thisimplies that (A+a, B+a) €
=1 =1

i=1 i=1
R¢. Thus, for all u € x+a and v € y+a, we have u A&, v and hence x+a S, y+a.

Similarly we can show that a + z E a+y.
Now we prove that (A%)* is a strongly regular relation on (R,-). If x A% v,
then there exists (A,B) € R° such that € A and y € B. Therefore

m ki m i
there exists m>1 such that A = > [[z,, B = > [y, and the pair
i=1 j=1 i=1 =1

(> z,,, > Il v.,) satisfies condition 9B.. Thus
i=1 j=1 =1 =1
m ki m k;
Z z,)-a and y-ag(z Hyt)
i=1 j=1 i=1 t=1
Now let for all 1<i<m, t; = k; +1 ti =kl +1, zi, = a and Yir;, = a. So
m ot i m t
aC > Mo, y-acy Hyuand(Z HI”Z Vi) € R
=1 j=1 i=1 =1 i= i=1 =1

Therefore (A-aq, Bi) € R¢ and hence for all u 6 z-aand v € y-a, we have
u A% v. Thus z-a XS y - a. Similarly we can show that a -z A% a - y. ]

Definition 2.13. For any hyperring 12, define the relation A, as Ao = A U o, .
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Obviously, the relation A, is reflexive and symmetric. Let A} be the transitive
closure of A\.. We have the following result.

Proposition 2.14. If (R,+,-) is a hyperring, then \. is a strongly regular
relation both on (R,+) and (R, ).

Proof. The proof follows from Theorem 1.1, Theorem 1.4 and Theorem 2.12.
O

Theorem 2.15. If (R,+,-) is a hyperring, then R/\: is a ring with the unit
Ai(e).
Proof. By Theorem 2.14 we conclude that R/A! is a ring with the following
operations:

A(a) ® A5(b) = Xi(c), where c € Ak(a) + Ai(b);

As(a) © AZ(b) = Xi(d), whered € Xi(a) - A;(b).

It remains to prove that AX(e) is the unitary element of the ring R/A%. By
Theorem 2.3, for all x € R we know that (z,ze) and (z, ex) are in R$. So, for
all y € zeU ex, there is A% y and hence Ai(z) = A:(y). Now suppose that
z € Xi(z)- Ai(e), so there exist a € AJ(x) and b € AX(e) such that z € ab. Thus
we have

G=11 Ae T3 Ae . Ade T =2 and b=1y1 Ae Y2 Ae ... Xe Y = €.
Therefore

ab = :clb)\:e Tob )\:€ )\:6 b =1xb and xb=zy; A\ Y2 )\:e /\:e TYm = TE

and so, for all y € xze we have z A\, y. Thus A5(z) = A:(y)

Af(x) and hence
Ai(x) © AL(e) = Ai(x). Similarly we can prove that \i(e) ©@ \i(z) = Ni(z).
Hence AX(e) is the unitary element of the ring R/\%. O

Example 2.16. Consider the ring (2Z,+,-) of even integer numbers. Put
e =4 and so 6 is the smallest positive element in 27 in which A:(0) = \X(6)
(indeed since (0,—2 4+ 2) € X%, (0,6) = (0,—2+4 x 2) € \!). Let a,b € 27
such that a XX b. Thus X5(0) = Xi(a —b). By division algorithm there is a
unique pair of integers q and r such that a —b =6q+1r and 0 < r < 6. Since
a—bis even, r = 0,2 or 4. Suppose that r =2 or 4. Because X5(0) = A\%(6q),
hence X5(0) = X5(r) and it is a contradiction. Thus r =0 and so a — b € 6Z.
This implies that o' — b € 37, where a = 2a’ and b = 2b'. Therefore 2Z/)\% is
isomorphic to the ring Zs.

Theorem 2.17. Suppose that (R, +,-) is a hyperring. Then the relation X! is
the smallest equivalence relation such that the quotient R/\: is a ring with the
unit \5(e).

Proof. Let u be an equivalence relation on R such that R/p is a ring with
the unit pu(e) = A:(e) and let ¢ : R—— R/u be the canonical projection.
Suppose that x A y. Thus we have the following two cases.
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Case 1. x ay y, so there exists o € S, such that

n ki n ko(i)
NS E H z,, and yE€ E H T,
i=1j=1 i=1 j=1

of the group (R/u, ), it follows that ¢(z) = ( ) and hence x u y.
Case 2. = \S y, so there exists (A4, B) € R° such that x € A and y € B.

k!

o(x) é (]551 M(IJ)) and ¢(y) = gnal ( 6) wu(x d(.)j)). By commutativity
(

m

Thus there exists m>1 such that A = Z H r,, B=73 H y,, and the pair
=1 j=1 =1 t=1

m

(Z H T, Z H y,.) satisfies condition B.. If (A, B) satisfies part (1) of

Theorem 2.1, then x py. If (A, B) satisfies part (2) of Theorem 2.1, then we
have

1 kiy kig m
é;)lu(xu) D D O ulwis) -~ DO pli) D D kC;)lu(me)

’ ’
ki, K,

v K
gu(yu)@ EBt:(Dlu(yilt) @tgu(yidt)@ @tgﬂ(ymt)'

kin, in
By Theorem 2.1 for each 1<n<d, we have © p(z;,;) = O w(yi,¢). Therefore
j=1 t=1
¢(x) = ¢(y) and hence z p y. Thus = A, y implies that = p y. Finally, let
x A y. Since p is transitively closed, we obtain

z €A (y) = x € uy).
Therefore \X C p. ]
Definition 2.18. Let (R, +, ) be a hyperring. Define the relation A, by A, =
AL U a.
Obviously, the relation A, is reflexive and symmetric. Also, if R is a unitary

hyperring with unit e, then A, = a. Let A} be the transitive closure of A..

Example 2.19. Suppose that (R,+,-) is a unitary hyperring. According to
theorem 2.8 we have A\, = ay. Thus Ac =X U a=04U a=q

Example 2.20. Let (A, ®, ) be the hyperring defined in the Theorem 2.5 and
put e = (3,0). Thus A5 = \:. By Theorem 2.11 we have A.((0,0)) = {(2k,0) |
k € Z} and X\((1,0)) = {(2k+1,0) | k € Z}. We claim the ring A/A\:
is isomorphic to the ring (Za,+,-). For the proof, it is enough to show that
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m

i ,:132

((1,0),(0,0)) ¢ Re. Otherwise, there exists (
¢, such that

k; m
1 G0 3 11

i=1j5=1

i, 0)) €

i

m k;
(3) (1,0) € > [] (@ij,0)  and,

i=1j=1

(4) (an) € Z H yzt7

ol

ki
The relation (2.3) implies that just odd summands, such as ] (x;;,0), exist
j=1

m L
in the sum Y [] (x:5,0), where every z;; is an odd number and in the other
i=1j=1
summands at least one of x;; is an even number. Multiplying e in each element
(n,0) of A yields the first component of the equivalence class representative
to be multiplied by 3. Since multiplying the number 3 by every integer does
m Kk
not change whether the number is even or odd, we have (0,0) ¢ S H (yit, 0).
i=1t=1

This is in contrast to (2.4). Therefore A/A* = {A*((0,0)),A*((1,0))} which is
isomorphic to the ring (Za, +,-).

Theorem 2.21. Let (R,+,-) be a hyperring. Then,

(i) A} is a strongly regular relation both on (R,+) and (R, ) and the quo-
tient R/A% is a commutative ring with the unit A%(e).

(ii) The relation A% is the smallest equivalence relation such that the quo-

tient R/A% is a ring with the unit A% (e).

Proof. (i) The proof follows from Theorem 1.1, Theorem 2.12 and Theorem 2.15.
Notice that commutativity follows from Theorem 1.3.
(ii) The proof is similar to the proof of Theorem 2.17. O

3. The transitivity conditions of )\, and ).-strong hyperrings

In this section, first we state the conditions that are equivalent to the tran-
sitivity of the relation A.. Then we introduce the notion of A.-strong hyperring
and study its relationship with the transitivity of the relation A..

Definition 3.1. Let M be a non-empty subset of a hyperring R. We say that
M is a A.-part if the following conditions are satisfied:
(P1) for every n € N, i =1,...,n, k; € N, and any permutation o € S,,, we

have
k; n Ko(i)

H z]ﬂM#®:>ZH%)]— ,

1j5=1 =1 j=1

M:

%
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(P2) for every m € N, i =1,...,m, k; € N, we have

ki

Y Iz, NM#0=>" [[v. <M
i=1

i=1j=1 t=1

u :15

m m
whenever the pair ( Z Z Y, t) satisfies condition ..

Proposition 3.2. Let M be a non-empty subset of a hyperring R. The follow-
ing conditions are equivalent:

(1) M is a Ae-part of R.
(2) For any x € M such that xA.y, it follows that y € M.
(3) For any x € M such that x iy, it follows that y € M.

Proof. (1 = 2): Let (z,y) € R? be a pair such that z € M and x\.y. Then
we have the following two possibilities.
Case 1: If za,y, then there exist n € N and the permutation o € §,
n  k; n ko)
such that z € > [z, and y € ) H x, ., Since M is a A.-part, by
i=1j=1 i=1 j=1

n ki
Theorem 3.1(P1), we have ) H x C M and thus y € M.
i=1j=1

o(i)j

e
IS

=

i

NgE
NgE

Case 2: If zA$ y, then there exists a pair ( T,

ij? s
1 i

yf) satisfying
t=1

¥
Il
—

1

=

(SIS

m

™
—
<

Since M is a A.-part, by

it

m k?i
B. such that x € > [[ 2z, and y €
i=1 j=1 i=1 t=1
m Kk
Theorem 3.1(P2), we have E H y,, € M and therefore y € M.
=1 t=
(2= 3): Letx € M and y € R such that zAly. Obviously, there ex-
ist m € N and (x = wo,wi,...,Wp_1,Wy = y) € R™T! such that z =
WOAeWAe + + « AeWim_1 AWy, = Y. Since x € M we obtain y € M, by apply-
ing the hypothesis (2) m times

(3 = 1): First let 21 H M # 0 and x € 21 Hl ;M. For every
i=1j=1 i=1j

permutation o € S,, and for every y € Zn: kﬁ) x

T Ae y. Thus z € M and xAjy and Sozb}lf j(?j we obtain y € M, meaning that

(

»(y; We have z oy y and hence

n ko)
> H z,.,; © M, as requested in the part (P1) of Definition 3.1.
=1 j=1
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m k?i m k)'
Now let > [[z,NM # 0 and 2 € 3 [[ =, M. For every y €
i=1j=1 i=1j=1
m K
> 11 v,, we have 2A%y and hence = A, y. Similarly as before we have y € M
i=1 =1
m K
and thus > [] y,, € M, as requested in the part (P2) of Definition 3.1. Now
i=1 ¢=1

the proof is complete. O

Before proving the next theorem, we introduce the following notations.

Notation 3.3. For every element z of a hyperring R, set:

(N1) T, {ZH$]|£E€ZH$7

i=1j5=1 i=1j=1
n Ko@) n ks
(N2) Pyt {Z I T, \UESn,Z 1_[3:1J ETn(x)};
n>z1l i=1 j=1 i=1j=1
m k; m ks
(N3) me ()= U {XZ H > Il z,, € Tou(x) and the pair
m=1 i=1 t= i=1j=1

i

k K;
(Z H T, i H y,,) satisfies condition . };

i=1 j=1 i=1 t=1
o xS,
(N4) P(z) =[U Po" (=)l U [U P (2)].
n>=1 m2=1
Lemma 3.4. Suppose that R is a hyperring.

(i) For every x € R, there is P(x) = {y € R | zA.y}.
(i) If M is a Ae-part of R and x € M, then P(z) C M.

Proof. (i) It is easy to see that P(x) C {y € R | Ay}
Conversely, for every pair (z,y) of elements of R we have:

)
H Zogiys

1

rary < IneNdoe§, xEZHx andyei:

ko (i
=1 j5=1 =1 j=

< dneNjye P (z)
=y € P(x),
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and
m ks m ki
zASy < dmeNze Z Hmij and y € Z Hy“ such that the
i=1 j=1 i=1 t=1
m k; m K
pair (Z T, Z y,.) satisfies condition P
i=1 j=1 i=1 t=1
< dm e N,y € P,(x)
=y € P(z)
(ii) The proof follows immediately from (i). O

With this preparation, we are now ready to state equivalent conditions to
the transitivity of the relation ..

Theorem 3.5. Suppose that R is an arbitrary hyperring. Then the following
conditions are equivalent:

(1) The relation A, is transitive.
(2) For every x € R, there is Xi(x) = P(x).
(3) For every x € R, the set P(x) is a A.-part of R.

Proof. (1 = 2): By Theorem 3.4(i), for every pair (x,y) of elements of R we
have:
yEXN(z) & iy e xhy <y € Px).

(2 = 3): If M is a non-empty subset of R, then M is an A.-part of R if
and only if it is a union of equivalence classes modulo A%. In particular, every
equivalence class modulo A\ is a A.-part of R.

(3= 1): If z)\.y and yA.z, then by Theorem 3.4(i), we have x € P(y) and
y € P(z). Since P(z) is a A.-part, by Theorem 3.4(ii), we obtain P(y) C P(z).
Thus z € P(z) and hence by Theorem 3.4(i), we have xA.z. Therefore A, is
transitive. ]

In the second part of this section, we introduce and study a new type of
hyperring, called the A.-strong hyperring. Suppose that (R, +, ) is a hyperring
and ¢, : R — R/\! is the canonical projection, i.e., for any a € R, ¢.(a) =
Af(a). In Theorem 2.15 we proved that R/A’ is a ring with identity such that
Lo = Al(e). Set now De(R) := b and we obtain the following
result.

1R/>\;)

Proposition 3.6. For a non-empty subset M of a hyperring R we have D.(R)-
MUM -De(R) C ¢ (9e(M)).
Proof. Since A\;(e) =1, .., for every z € D.(R)-M we have A\ (z) = A7 (m) for

some m € M and hence z € ¢, ' (¢e(M)). Thus D.(R) - M C ¢~ *(¢e(M)).
Similarly, the other part can be proved. (|



On hyperideals of Krasner hyperrings - -- — JMMR Vol. 11, No. 3 (2022) 49

Definition 3.7. Suppose that (R, +, ) is a hyperring and e € R. We say that
R is a A¢-strong hyperring, whenever:

(i) for all z,y € Rif z\*y, then z-eNy-e£Pande-xzNe-y # 0.
(ii) {e} is an invertible set in the semi-hypergroup (R, ).

Theorem 3.8. Suppose that R is a \.-strong hyperring.

(i) For a non-empty subset M of R we have:

(i-1) M- Dc(R) = De(R) - M = ¢e_1(¢6(M))'

(i-2) M is a Ae-part if and only if ¢~ (¢pe(M)) = M.
(ii) The relation A is transitive.

Proof. (i-1) By Theorem 3.6 it is enough to prove that
¢e_1(¢e(M)) cM- DE(R) N De(R) - M.

For every & € ¢~ (¢ (M)), an element m € M exists such that ¢.(z) = ¢.(m).
Since R is a A.-strong hyperring, it follows that x-eNm-e # (). So there exists
z € x-eNm-e. Since {e} is invertible, we have © € z-e and hence © € m-e-e.
Therefore x € M - D.(R), because e - e C D.(R). Similarly we can prove that
¢;1(¢6(M)) - De(R) M.

(i-2) Suppose that M is a A.-part and take an arbitrary element x € ¢, 1 (¢ (M)).
Thus there exists m € M such that ¢.(z) = ¢.(m) and hence mAiz, so by
Theorem 3.2 we have # € M. Therefore ¢t (d.(M)) C M. Tt is obvious that
M C ¢ (¢e(M)) and so ¢, ' (¢e(M)) = M.

For proving the sufficiency part, suppose that mAiz and m € M. Thus
be(r) = ¢e(m) € ¢o(M) and so x € ¢- (¢ (M)) = M. Therefore by Theo-
rem 3.2 it follows that M is an A.-part of R.

(ii) By Theorem 3.5, it is enough to show that, for all x € R, P(z) is an
Ae-part of R. For this reason we prove that ¢, !(¢.(P(z))) = P(x) and by (i)
we have P(z) is an A.-part of R.

Now take an arbitrary z € ¢, 1(¢(P(z))). So there exists k € P(x) such that
¢e(2) = ¢e(k) and hence \5(z) = A% (k). Since k € P(z), by Theorem 3.4(i) we
have xAck. Thus A:(k) = M5 (z) and so A%(z) = AX(x). Since R is a A.-strong
hyperring, it follows that - eNz-e # () and hence there exists s € z-eNz - e.
Therefore © € z-e-e and z € z - e - e, because {e} is an invertible set in R.
Thus, z € z-e-e-e-e. Since (z-e-e,z-e-e-e-e) € R, it follows that
x).z and hence z € P(z). So ¢ (¢.(P(x))) C P(x), while the other inclusion
P(x) C ¢ (¢e(P(x))) is obvious. Therefore ¢, (¢.(P(z))) = P(z) and hence
the proof is complete. O

Example 3.9. Let R be a ring with identity e = 1g. In this case we have
R/X: ={{a}|a € R} =2 R and D.(R) = {e}. Thus R is a A.-strong hyperring
and the conditions of theorem 3.8 wvalid.

Example 3.10. Let (Zg,+3,3) be the hyperring by the following hyperopera-
tions, see [2],
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+3] 0 1 2 3 1 5

0 |1{0,3y {1,4} {2,5} {0,3} {L,4} {2,5}
1 {1,4} {2,5} {0,3} {L,4} {2,5} {0,3}
2 | {2,5} {0,3} {14} {2,5} {0,3} {1,4}
3 |[{0,3) {1,2} {2,5} {0,3} {14} {2.5}
4 | {14} {2,5} {0,3} ({1,4} {2,5} {0,3}
5 11{2,5} {0,3} {1,4} {2,5} {0,3} {1,4}
s 0O 1 2 3 i 5

0| {0,3y {0,3} {0,3} {0,3} {0,3} {0,3}
11{0,3y {1,4} {2,5} {0,3} {L,4} {52}
2 1 {0,3} {2,5} {1,4} {0,3} {2,5} {1,4}
3|1 {0,3} {0,3} {0,3} {0,3} {0,3} {0,3}
i{0,3} {1,4} {2,5} {0,3} {1,4} {2,5}
5| 4{0,3} {2,5} {1,4} {0,3} {2,5} {1,4}

Put e := 1. Thus (Ze,+3,3) is a Ae-strong hyperring and N:(0) = \:(3),
ML) = A2(4) and N:(2) = X:(B). So the ring Zg/N: is isomorphic to the
ring (Zs,+,-). Also the canonical projection ¢. : Ze — Zg/\: is as follows,
80(0) = 6(3) = A2(0), 6(1) = 6(3) = A:(T) and 6.(2) = 60(5) = A:(2). This
implies that D.(Zg) = d)e—l(l%”:) = {1,4}, where Ligiae = A:(1). 1t is not
difficult to see that for each subset M of Zg we have M -D.(Zg) = D.(Z¢)-M =
b (b (M)). For instance if M = {2,3}, then {2,3} - {1,4} = {2,5,0,3} and
¢eil(¢e({é> 3})) = {27 5,0, g}

4. MA.-closed hyperideals in (Krasner) hyperrings

In this section first we define the notion of A.-closed hyperideal I in a hy-
perring R. By using it, we construct the quotient ring R/I in order to obtain a
relationship between hyperideals in the Krasner hyperring R containing I and
ideals in the ring R/I.

Let (R, +,-) be a hyperring and ¢. : R —— R/\’ be the canonical projec-

tion, introduced in the previous section. Set K(R) = d)e_l(OR“* ).

Proposition 4.1. For a non-empty subset M of a hyperring R, we have
K(R)+M =M + K(R) = ¢. " (¢(M)).

Proof. Tt is easy to see that K(R) + M C ¢, *(¢e(M)). Conversely, suppose
that 2 € ¢~ (¢e(M)), so there exists m € M such that ¢.(z) = ¢.(m) and
hence A (z) = Ai(m). Since (R, +) is a hypergroup, there exists k € R such
that z € k+m and so A5 (z) € A5(k)+A%(m). Therefore A5 (z) = Ai(k)®A:(m).
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Because (R/A7, ®) is a group, we obtain A7 (k) =0, ,. and hence k € K(R).
Thus ¢, ' (¢e(M)) € K(R) + M. Similarly, one proves that ¢. ' (¢e(M)) =
M + K(R). O

Corollary 4.2. With the notation of Proposition 4.1, we have the following
assertions.
(i) If R is a hyperring, then K(R) is a hyperideal.
(ii) If R is a Krasner hyperring, then
(ii-1) Ao (0) = OR/A; ’
(ii-2) for all x € R, X5(—x) = =N} (x);
(ii-3) K(R) is a normal hyperideal.

Proof. The proof of (i) follows from Theorem 4.1. Also part (ii) is straightfor-
ward. O

Definition 4.3. Suppose that I is a hyperideal in a hyperring (R, +,-). We
say that I is a A.-closed hyperideal, whenever for every a € I, X3(a) C I.

Remark 4.4. For a Krasner hyperring R, it is obvious that K(R) is a A.-closed
hyperideal of R.

Theorem 4.5. Suppose that (R,+,+) is a hyperring.

(i) For every ideal T of R/\:, ¢ *(I) is a Ae-closed hyperideal of R and

K(R) € ¢~ (D).

Suppose that I is a \.-closed hyperideal of R such that (I,+) is a closed sub-
hypergroup of (R,+) and K(R) C I.

(i) ¢e(I) is an ideal of R/A}.

(iii) Ifee I, then I = R.
Denote by A the set of all A.-closed hyperideals of R and by B the set of all
ideals of R/\:.

(iv) There is a one-to-one correspondence between A and B.

(v) If I € A, then I is a mazimal element in the partial order set (A, C ),

i.e., I is a mazimal hyperideal in R if and only if ¢.(I) is a mazimal
ideal in the ring R/\:.

Proof. (i) Let z,y € ¢, '(Z) be given. Then \*(x) ® \*(y) € Z. Thus, by
Theorem 2.15, it follows that AX(z) € Z, for each z € = + y and hence z +
y C ¢ ' (). Besides, there exists t € R such that x € t 4+ y and so \:(t) € Z.
Therefore ¢, ' (Z) + 2 = ¢ *(I), hence (¢, *(Z),+) is a subhypergroup of
(R,4). Since ¢, is a surjective map, it follows that ¢, ' (Z) is closed under
“«»_ These imply that, ¢, '(Z) is a hyperideal of R and since Op/ns € 7, we
conclude that \*(z) € T for each z € K(R). Thus, K(R) C ¢, *(I). It is easy
to see that ¢, *(Z) is Ac-closed.

(ii) Let a, b € I be given such that A} (x) = A (a)®A%(b). So by Theorem 2.15
we write AX(x) = A(c), where ¢ € a+b C I. Thus, z € Ai(c) C I and hence
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¢e(I) is closed under “@”. Because R/\! is a ring, there exists an element
a’ € R such that \f(a) & Ai(a’) = 0,,,,. Therefore a +a’ C K(R) C I and
hence a’ € I, because (I,+) is a closed subhypergroup.

(iii) Since A*(e) is the identity of the ring R/\%, from (ii) we have ¢.(I) =
R/X:. Let r € R be given. Then \i(r) € ¢(I). Thus there exists a € I such
that A\3(r) = A5(a) C I. Thus, r € Xi(r) C I.

(iv) Define T': A——=Bby I'(I) = ¢.(I) and A : B——= A by AZ) =
¢ M (Z) for each T € A and T € B. By parts (i) and (ii), we have that T
and A are mappings and since ¢, is surjective, ' o A = Idg. Now let I € A
and 7 € ¢~ (¢e(I)).Thus, there exists a € I such that \*(r) = \(a) C I and
hence r € I. Therefore Ao’ = Id 4.

(v) The proof follows from (iv). O

Proposition 4.6. Suppose that I is a \.-closed hyperideal in a Krasner hy-
perring (R, +,-). Then we have:

(i) K(R) C I.

(ii) (I,+) is a complete subhypergroup of (H,+).

Proof. (i) Let a € K(R) be an arbitrary element. By Theorem 4.2(i), it follows
that A%(a) = A%(0). Since 0 € I, there is A%¥(0) C I and hence a € A:(a) C I.

n

(ii) Let (a1,...,a,) € R™ such that Zlai NI # (. Thus, there exists
an element a € I such that a € Zn:lai an:1 hence by Theorem 2.15 we have
A(a) = élal)\Z(ai). Therefore éél)\Z(ai) C I. Since for each b € f:lai, we

i= i= i=
write A%(b) = éél Af(a;), this implies that b € A%(b) C I. Thus, Zn:lai crl. 0O
i= i=

Let (R, +,-) be a Krasner hyperring and I be a A.-closed hyperideal of R.
For each x,y € R define the following relation:

méey@HaGI,x—yg)\:(a).

I
It is easy to see that =, is an equivalence relation on R. For each x € R the
equivalence class of z is denoted by [z,]. and the set of all equivalence classes
is denoted by R/I.

Remark 4.7. Let (R,+,-) be a Krasner hyperring and I be a A.-closed hyper-
ideal of R.
(i) For each z € R, M5 (x) C [z,]e. Indeed, if y € A5(z), then Al (x) — Ak (y) =

0y,ss - By Theorem 4.2, A7(0) =0 and so z —y C A%(0). Thus, z ée y and
hence y € [z,]e.
(if) If I € K(R), then for each z € R, A(x) = [x,]e. Thus, A:(z)®N:(—y) =

0 and hence by Theorem 4.2(ii) Ai(z) = —Ai(—y) = A:(y). Therefore

R/NY

y € Xi(z).

R/XNE
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(iii) The relation ée is a strongly regular equivalence relation. Indeed, let
x ée y so there exists a € I such that  —y C A:(a). For each z € R since
z—z C A%(0) and A5 (a)®AL(0) = A%(0), it follows that (z—y)+(z—z) C Ai(a)+
A5(0) € A(a). This implies that for each element s € x — z and ¢t € y — z,
I

V)

@

|| =~ ¢

(iv) It is easy to see that for each z,y,2,t € R if z,t € [x,]c + [y,]e, then
[2/]e = [t,]e

Based on the previous comments, we have the following result.

Proposition 4.8. Suppose that I is a A.-closed hyperideal in the Krasner
hyperring (R,+,). Then (R/I,B,) is a ring, where

[xl]e &) [yl]e = [Zl]e7 ze [ml]e + [yl]e;

[xl}e U [yl]e = [ZI}E , 2 € [$1]8 ’ [yl]e‘
Besides le,]. is the identity element of the semigroup (R/I,).

Proof. Tt is not difficult to show that (R/I,H,[ ) is a ring. Note that [0,]. is
the identity of the group (R/I,H) and for each [z,]. € R/I, [(—x),]. is the
inverse of [z,]. under the operation H. Now, for each z € R we have \!(e)
is the identity of the ring (R/A},®,®), therefore A% (x) ® Ai(e) = Ni(x) =

Ai(e) © AX(x). Tt follows that = - e — 2 C A%(0) and hence z - e ée x. This
implies that [e,]. is the identity element of the semigroup (R/I,). O

Theorem 4.9. Suppose that I is a A.-closed hyperideal in a Krasner hyperring
R.

(i) If J is a hyperideal in R containing I, then the set J = {[a,]c | a € J}
is an ideal in the quotient ring R/I.
(i) If J is an ideal in the quotient ring R/I, then the set J = {a € R |
[a,]e € T} is a hyperideal in R.
(iii) There is a one-to-one correspondence between ideals in the quotient
ring R/I and hyperideals of R containing I.

Proof. (i) By Theorem 4.6, there is K(R) C I and (I,+) is a closed subhy-
pergroup of (R,+) and thus K(R) is closed, too. Thus, by Theorem 4.5,
¢c(I) is an ideal in the ring R/A:. Now let a,b € J and = € [a,]c + [b,]e
be arbitrary. So there exist u € [a,]. and v € [b,]. such that © € u + v.
Therefore w —a C Aj(a’) and v — b C X5(V') for some o',b’ € I. This implies
that (u +v) — (a + b) C Xi(a’) + AL(V'). Since ¢.(I) is an ideal in R/A, it
follows that A\:(a’) @ A5(V) € ¢c(I) and hence there exists ¢ € I such that
Ai(a")+XE(V) C A(c). Thus, foreachd € a+b C J, z—d C N\:(c). Therefore

x ée d and hence [a,]c B [b,]e =[d,]c € J.
(ii) The proof is straightforward.
(iii) The proof follows directly from (i) and (ii). O
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Corollary 4.10. Suppose that I is a \.-closed hyperideal in a Krasner hyper-
ring R. Then I is a mazimal hyperideal in R if and only if the derived quotient
ring (R/I,8,03) is a field.

Proof. Let I be a maximal hyperideal in R. By Theorem 4.5(v), ¢.(I) is a
maximal ideal in the ring (R/A},®,®). Thus, if [0,]c # [z,]c € R/I, then
i (z) ¢ ¢e(I) and hence there exists y € R such that (\:(x) @ ¢ (1)) (A (y) ®
®e(I)) = Ni(e) @ pe(I). This implies that there exists a € I such that zy —
e C A(a) and so [z,].H[y,]e = [e,]e- Therefore [x,]. has an inverse in the ring
R/I, meaning that (R/I,H, ) is a field. Conversely, let J be an hyperideal
in R containing I. By Theorem 4.9, the set J = {[a,] € R/I | a € J} is an
ideal in R/I and so J = R/I or J = {[0,]e}. If J = R/I, then [b,]. = [e,]e
for some b € J. Thus, there exists a € I such that e —b C A5(a) C I and so
e € c+ b for some ¢ € I. Therefore e € J and hence by Theorem 4.5(iii), we
have J = R. Now if J = {[0,].}, then for each = € J there exists a € I such
that © € Af(a) C I. Thus, J = I. These results imply that I is a maximal
hyperideal in R. ]

5. Conclusions

The study conducted in this research note falls in the area of derived clas-
sical structures obtained from hyperstructures having similar properties. In
particular, by defining some new strongly regular relations on a general hyper-
ring, namely A} and A} that represent the transitive closures of A. and A,
we prove that the corresponding quotient structure is a unitary and unitary
commutative ring, respectively. The relation A\, is not transitive in general,
thus here, by using some generalization of the complete parts, we have stated
conditions under which A, becomes transitive. Finally, we have defined the
Ae-closed hyperideals in hyperrings, proving that they have an important role
in Krasner hyperrings. Indeed, if I is a A.-closed hyperideal in a Krasner hy-
perring R, then there exists a one-to-one correspondence between the ideals of
the quotient ring R/I and the hyperideals of R containing I. Moreover, such
a hyperideal I is maximal in R if and only if the quotient ring R/I is a field.
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