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ABSTRACT. In BCK-algebra, the concept of a positive implicative T'& F'-
ideal is introduced, and further several properties are investigated. The
relationship between T'& F-ideals and positive implicative T'& F-ideals is
established, and an example is given to reveal that a T'& F-ideal is not a
positive implicative T'& F-ideal. Various conditions under which a T&F'-
ideal can be a positive implicative T'& F-ideal are explored and various
characterizations of a positive implicative T'& F-ideal are studied. The
extended property of a positive implicative T'& F-ideal is constructed.
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1. Introduction

As an extension of the classical concept of the set, the fuzzy set was intro-
duced by Zade in 1965 (see [12]). In mathematics, fuzzy sets are somewhat
similar to sets in which elements have a degree of membership. As an exten-
sion of fuzzy sets, the interval valued fuzzy sets [4] have emerged and are being
applied to several sides. Cubic sets, one of the hybrid structures by using both
a fuzzy set and an interval valued fuzzy set at the same time, have been in-
troduced by Jun et al. [7], and are currently being applied to various fields.
Mohseni et al. [10] constructed True-False structures based on a fuzzy set and
an interval valued fuzzy set, and then they studied the basic properties. They
also applied it to groups and BCK/BCl-algebras at the same time, and used
this structure to study ideal theory in BCK/BCI-algebras. For more study
about BCK/BCl-algebras, see [5,6,8,11] and for different extensions of fuzzy
sets and ideals of BCK/BCl-algebra, see [1-3,9].

In this manuscript, we introduce the concept of a positive implicative T& F-
ideal in BCK-algebra, and investigate several properties. We establish the
relationship between a T'& F-ideal and a positive implicative T'& F-ideal. We
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show that a T'& F-ideal is not a positive implicative T& F-ideal by giving an
example. We explore various conditions under which a T&F-ideal can be a
positive implicative T'& F-ideal, and study various characterizations of a posi-
tive implicative T'& F-ideal. We construct an extended property of a positive
implicative T'& F-ideal.

2. Preliminaries

2.1. Basic concepts about BCK/BCI-algebras. A BCI-algebra is defined
to be an algebra (X;x,0) that satisfies the following conditions:
(D) (Vi, 9,2 € X) (((@*g) * (& 2)) * (£%7) = 0),

(I (V5 € X) (2 (2 *9)) 3§ =0),

(II) (Vz € X) (z*x =0),

(IV) Vi,gye X) (2+xy=0,y*xz=0 = & =7).
If a BCl-algebra X satisfies the following condition:

(V) (Vze X) (0x2=0),
then X is called a BCK-algebra. We define an order relation “<” on a BCK/BCI
algebra X as follows:

(1) Vz,ye X)(x <y & Txy=0).
Every BCK/BCl-algebra X satisfies:
(2) (Vi € X)(z+0=2),
(3) (Ve,g,2€e X) (2 <y = xz2<yxz 2xy < 2x%x1),
(4) Vi, 9,2 € X)((Zxg)* 2= (T *2)x7).

A subset L of a BCK/BCl-algebra X is called an ideal of X (see [6,8]) if it
satisfies:

(5) 0elL,
(6) (Ve,ye X)(z+xyeL,ye L = z€L).

A subset L of a BCK-algebra X is called a positive implicative ideal of X
(see [6,8]) if it satisfies (5) and

(7) (Va,y,z2e X)(z*y)xz€L,yxze€ L = x*xz€L).
For more information on BCI-algebra and BCK-algebra, please refer to the

books [5] and [8].

2.2. Basic concepts about True-False structures. Let U be a universal
set. A True-False structure (briefly, T& F'-structure) over U (see [10]) is defined

to be a pair (U, A) with A := (pa, 4, 04, J4) given by the following function:
@) A:U — [0,1] x int ([0,1]) x [0,1] x int ([0,1]),
8 ~ . N
& (pali), 9a(@),0a(2), 0a(2)),
where int ([0, 1]) is the set of all sub-intervals of [0, 1].
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A T&F-structure (U, A) over U with A := (4, B4, 04, 04) is said to be lim-
ited (see [10]) if A (2)+04(2) < 1 and sup p4(z)+supda(z) < 1lforallz € U.

By an interval number, we mean a closed subinterval @ = [a~,at] of T =
[0,1], where 0 < a~ < a™ < 1. The interval number @ = [a~,at] witha™ = a™
is denoted by a. Denote by [I] the set of all interval numbers. Let us define
what is known as refined minimum (briefly, rmin) of two elements in [I]. We
also define the symbols “>7, “<”, “=" in case of two elements in [I]. Consider
two interval numbers a; = [a] ,a;]] and dg = [ay , a3 ]. Then

rmin {ay, as} = [min {al_,ag_} , min {af,a;}] ,
rmax {ay, a2} = [max {af,a;} ,max {alﬂag}} ,
ay = ay if and only if a; > a; and af > a7,
and similarly we may have a; < ds and a; = as. To say a; > as (resp. a; < az)
we mean a; = az and @ # ag (resp. a1 = as and a; # ag) (see [10]).
Let a; € [I] where i € A. We define
infa, = linf . inf at d G: — - +1
rinf a; [212/\ a;, inf a; } an rzsél}xa a; [?211\) a; ,32}&) a;
For any a € [I], its complement, denoted by a°, is defined to be the interval

number (see [10])
a“=[—-a",1—-a"].
Given a (limited) T& F-structure (U, A) over U with A := (¢4, B4, 04, 9a),
consider the sets which are called T& F'-level sets of A over U:
Ulpasa) :={t €U | pa(t) = a},
U(@at) :={z €U | pa(2) = t},
L(0a; B) :={z € U | 0a(2) < B},
L(04;5) :={& € U | da(d) < 5},
LT, 8,8) = Ulpas ) NU(Fa;l) N L(Da; B) N L(Da; 8),
where o, 8 € [0,1] and = [t7,¢],5 = [s7,s7] € int([0, 1]).
Note. We have to notice that the symbol —{ﬁ“’g} € —X)X( ~ means that € X
and {y, 2} € X x X such that the value of the true membership function (false)

of the face expression is greater (less) than the minimum (maximum) of the
denominator expression.

Consider a T& F-structure (X, .A) over a set X with A := (v, @4, 04, 5,4).
We let the following sets (see [10]):
) Q7 ={(2,9) € X x X 1 pa(2) = 0a(y), pa(t) = 2a(9)},

(10) OF = {(&,9) € X x X : 9a(d) < 0a(y), Da(®) < 9a(9)},
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) N X (@) > min{pa(9), pa(2)}
(11) QT(min,rmin) T {{g},é} € XxX QBA(%) = rmln{apA( ) (Z)} }

and

d — : X
(12) QF(max,rmax) T {{gfz} € %

It is clear that

Oa(#) < max{0a(y), 0a(2)}
Oa(i) < rmax{Oa (), 0a(2)} |

(13)  (Vi,ge X) ((;; D e & iy €W rmm))

(14) (Va2 € X) ((0,4) € 06, (1,2) €95 = (5,2) € 0F).

(15)  (Vi,g,2 € X) ((£,9) € QF, (§,2) € Qp = (&,%) € Qp),

(16) (Vi. ?j € X) ((‘% :&) € Q% A #Oy} € Q%(max,rmax)) )

(17) VI y’ S X ({y z} € QT(mln rmin) e {z y} € QT(mln rmm)) ’
(18) Vl‘ y,Z € X ({y 2} € Q (max,rmax) A {z y} € QF(de rmdx)) .

Proposition 2.1 ( [10]). Let (X, A) be a T&F-structure over a set X with
A= (pa, Pa, 04, 8,4). For any a,2,9,z € X, we have

a 4 °
{z,9} € QT(min,rmin)’ (y’ ) € Q = {:c z} € QT(mln rmin)’
5 .
{&,9} € QF(H]&X,I‘ITI&X)’ (y7 ) € QF = {w z} € QF(max rmax)°

Definition 2.2 ( [10]). A T&F-structure (X,.A) over a BCK/BCl-algebra

X with A := (va, pa, Oa, 5A) is called a T&F'-ideal of X if the following
assertions are valid.

(20) (Vi € X) ((0,2) € Q5N QY).
(21) (v'%a :& € X) ({1*1/ I € QT(mm rmin) N Q?_‘(max rmax))
If a T& F-ideal is limited, then we say that it is a limited T& F -ideal.

Proposition 2.3 ( [10]). Every T&F-ideal (X, A) of a BCK/BCI-algebra X
satisfies:

(22) (VEgeX)(2<y = (4,9) €QonQ).
(23) (Vi % € X) (ac FG<E s e Qi N0l rm))

3. Positive implicative T& F-ideals

Definition 3.1. A T&F-structure (X,.A) over a BCK-algebra X with A :=

(pa, pa, Oa, 5,4) is called a positive implicative T& F-ideal of X if it satisfies
(20) and

(24) (Vz,y,z € X) (W € 02 mim rmin) N 2P (max, rmax))
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Example 3.2. Consider a BCK-algebra X = {0,1,2,3,4} with the binary

Wy

operation “¢” given as follows:

= W N = O %
=~ w N = OO
= =N O O
B w o R ol
= O N O OoOlw
O W O Ol

Let (X, A) be a T&F-structure over X with A := (¢4, @a, Oa, 04) given as
follows:

X | pa(@) @alx)  Oalz)  9dax)

0| 066 [0.38,0.53] 047 [0.28,0.37]
1| 066 [0.38,0.53] 047 [0.28,0.37]
2 | 055 [0.27,0.49] 0.56 [0.31,0.49]
3| 066 [0.38,0.53] 047 [0.28,0.37]
4| 044 [0.25,0.43] 0.67 [0.44,0.75]

It is routine to verify that

0.66 = v4(3) > min{pa(3),v4(4)} = min{0.66,0.44} = 0.44,

[0.38,0.53] = ©4(3) = rmin{@4(3),P4(4)} = rmin{[0.38,0.53], [0.25,0.43]} = [0.25,0.43],
and

0.47 = 94(3) < max{94(3),04(4)} < max{0.47,0.67} = 0.67

0.28,0.37] = 94 (3) < rmax{d4(3),04(4)} = rmax{[0.28,0.37],[0.44,0.75]} = [0.44,0.75].
@

Similarly we can calculate all QT(minTmin),Qg(maxrmw), for any x € X.
Clearly, (X, A) is a positive implicative T& F-ideal of X which is not limited.

Example 3.3. Given a positive implicative ideal L of a BCK-algebra X, define
a T&F-structure (X, A) over X as follows:

A: X —[0,1] x int ([0,1]) x [0,1] x int ([0, 1]),

— (aa§767§) if .'IIEL,
v (1,1,0,0) otherwise

where (o, B) € (0,1] x [0,1) and (£, 3) € int ((0,1]) x int ([0,1)). According to
definition of A, we have,
If v,y,z € L, then

a=pa(r) > min{pa(y),pa(z)} = min{a,a} = o,

t=oa(x) = rmin{@Ga(y), pa(2)} = rmin{t, {} =,
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and
B =0a(z) < max{da(y),0a(2)} < max{B,B} =B,
§=0a(z) < tmax{da(y), Da(2)} = rmax{3, 5} = 3.
Otherwise, if x ¢ L and y,z € L, we have
1= pala) > min{a(y). pa(2)} = minfo, ) = o,
T = Gae) » mmin{Fa(y), Ga(2)} = minfi, i} = 1,
and
0= 0a(z) < max{da(y),0a(z)} < max{B, 8} = B,
0= gA(x) < rmax{gA(ngA(z)} = rmax{3, 5} = 3.
If x,y,z ¢ L, then we have
1= @a(z) 2 min{pa(y), pa(z)} = min{0,0} =0,
1=0¢a(z) = min{g4(y),pa(z)} = rmin{0,0} =0,
and
0=0a(z) <max{04(y),04(2)} <max{l,1} =1,
0= 5A(x) < rmax{gA(y)75A(z)} =rmax{1,1} = 1.

Similarly we can calculate other cases. Obviously, (X,.A) is a positive implica-

tive T& F-ideal of X .

We establish a relationship between a T'& F-ideal and a positive implicative
T& F-ideal in BCK-algebras.

Theorem 3.4. In a BCK-algebra, every positive implicative T& F-ideal is a
T& F-ideal.

Proof. Let (X,.A) be a positive implicative T& F-ideal of a BCK-algebra X.
Using (2) and (24), we have

T _ xx0 ® o
{zxy,y} — {(xzxy)=*0,y*0} € QT(min,rmin) N QF(max,rmax)’
for all z,y € X. Therefore (X, .A) is a T&F-ideal of X. |

The following example shows that any T'&F-ideal may not be a positive
implicative T'& F-ideal.

Example 3.5. Consider a BCK-algebra X = {0,1,2,3} with the binary oper-

Ly

ation “«” given as follows:

W N~ O %
W N = OO
W= O ol
w O O oI
ON = OlW
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Let (X, A) be a T&F-structure over X with A = (¢4, a, O, 04) given as
follows:

X | pa(@)  @alx)  Odalz)  Oa(z)

0| 076 [0.47,0.63 0.22 [0.23,0.39]
1| 056 [0.38,0.53] 0.37 [0.34,0.47]
2| 056 [0.38,0.53 037 [0.34,0.47]
3| 046 [0.26,047] 058 [0.39,0.66]

It is routine to verify that (X, A) is a T&F-ideal of X. But it is not a positive

implicative T& F-ideal of X since W ¢ Qi(mimrmin) N Q%(max}rmax).

We provide conditions for a T'& F-ideal to be a positive implicative T& F-
ideal.

Theorem 3.6. Let (X, A) be a T&F-ideal of a BCK-algebra X. Then the
following are equivalent.

(i) (X,A) is a positive implicative T& F-ideal of X.

(ii) (X,.A) satisfies:

(25) (Va,y € X) ((z *y, (x*y)*y)éﬁ?ﬂﬂ?p)
(iii) (X,.A) satisfies:
(26) (Vz,y,2 € X) (((zx2) = (y*2), (xxy)x2) € Q2 NOQT).

Proof. (i) = (ii). Assume that (X,.A) is a positive implicative T& F-ideal of
X. If we replace z with y in (24) and use (III), then

TxY _ TxY © o
{(z*xy)*y,0} — {(z*y)*y, y*y} € QT(min,rnrlin) n QF(maxmmax)'

Since (0, (z x y) * y) € QL N Q% by (20), it follows from Proposition 2.1 and
(16) that (z xy, (zxy) *y) € QLN Q%. Hence (ii) is valid.

(ii) = (iii). Let (X,.A) be a T&F-ideal of X that satisfies the condition
(25). The combination of (I), (3) and (4) induces

(@x(ys2)x2)kz=((@*2)x (yx2) %z < (@*y) * 2,
for all z,y,z € X. It follows from (22) that
(((zx(y*2))%2) %2, (xxy) x2) € QLN QY.
Since ((z * (y * 2)) * 2, ((z * (y x 2)) * 2) * 2) € Q7. N Q% by (25), we have
(@xz2)* (y=2), (zry)x2) = ((x (y*2)) x 2, (xxy) x2) € W NG,
by (4), (14) and (15).

(iii) = (i). Let (X,.A) be a T&F-ideal of X that satisfies the condition (26).
Then

* ¥
gxs €%,

2]
{(z*2)*(y*2), yxz} min,rmin) N QF(max,rmax)?
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for all z,y,z € X by (21). It follows from (17), (18), Proposition 2.1 and (26)
that

S eqQr . nQg

{(z*y)*2, y*xz} T'(min,rmin) F(max,rmax)"

Therefore (X, A) is a positive implicative T& F-ideal of X. O

Theorem 3.7. A T&F-structure (X, A) over a BCK-algebra X is a positive
implicative T& F-ideal of X if and only if it satisfies the condition (20) and

27)  (Vo,y,z € X) (W Q7 min,rmin) N Q%(max,rmax)) :

Proof. It (X, A) is a positive implicative T&F-ideal of X, then (X, A) is a
T& F-ideal of X (see Theorem 3.4) and the condition (20) is obviously estab-
lished. Using (4) and (21) leads to

T, TxY o)
(28) {(m*z):y Z} {(m*y)*z z} € QT(mln rmin) N QI"'(max,rmax)7

for all z,y,z € X. Since ((z*2)*y, ((x*2)*y)*y) € Q7 N Q% by (25), it
follows from (4) and Proposition 2.1 that

Txy Txy
{(@ey)sy)z, 21 — {((@r2)*y)*y, =

d

T(HllIl rmin) max,rmax)

Conversely, suppose that a T& F-structure (X,.A) over X satisfies the con-
ditions (20) and (27). Then

20 }EQ mQ

x —
{zxz,2z} *— {((zx0)%0)x*z, z (min,rmin) F(max,rmax)’

for all ,z € X. Thus (X, A) is a T&F-ideal of X. After we replace z with 0
n (27), we use (2) to obtain

{G@*y)*y, 07 — {((@*y)*y)*0,0

for all z,y € X. If you combine this with (20) and use Proposition 2.1, then
we have

n Qo

} € QT(mln rmin) F(max,rmax)’

7]
7 € Q7 nQg

. wRy
{(z*y)*y, (z*y) min,rmin) F(max,rmax)’

that is, (zxy, (v*y)*y) € Q2NQ%. Therefore (X, A) is a positive implicative
T& F-ideal of X by Theorem 3.6. O

Lemma 3.8 ( [11]). If a T&F'-structure (X, A) over a BCK-algebra X satisfies
the condition (23), then (X, A) is a T&F-ideal of X.

Theorem 3.9. A T&F-structure (X, A) over a BCK-algebra X is a positive
implicative T& F-ideal of X if and only if it satisfies:

(29) (@xy)*y)xa<b = ZH € Q0 i im0 O o, rman)

forall z,y,a,b € X.
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Proof. Assume that (X, .A) is a positive implicative T& F-ideal of X. Then
(X, A) is a T&F-ideal of X by Theorem 3.4. Let z,y,a,b € X be such that
((x *y) *y) *a < b. Then

(zxy)*
{a?b}y € QT(mm rmin) N QF(maLx rmax)’

by (23). If we combine this with (25), then

T fol
oty €97 nO%

Conversely, suppose that (X, A) satisfies the condition (29). Let z,a,b € X
be such that z xa < b. Then (z*a)*b =0, and so (((x*0)*0)*xa)xb=0,
that is, ((x % 0) x 0) x a < b. It follows from (2) and (29) that

= ‘”*0} eQ“’ mQ

x
{a,b} — {a,b T (min,rmin) F(max,rmax)*

Hence (X, A) is a T& F-ideal of X by Lemma 3.8. Since

(((zxy)*xy)* ((xxy)*y))*0=0
for all z,y € X, we have m € Qg(mm,rmin) N Q%(max,rmax) by (29).

Since (0, (z *y) *y) € Q2 N Q% by (20), it follows from Proposition 2.1 that

T (min,rmin) (max,rmax)

. Txy 1o}

{(z*y)*y, (z+y)*y} € QT(rmn rmin) N QI“_'(mzauc,lfrnmc)7
that is, (z*y, (z*y)*y) € Q2NQ%. Therefore (X, .A) is a positive implicative
T& F-ideal of X by Theorem 3.6. 0

Theorem 3.10. A T&F-structure (X, A) over a BCK-algebra X is a positive
implicative T& F-ideal of X if and only if it satisfies:

(30) ((wxy)*2)xa<b = &=z o qe

{a, b} T'(min,rmin)

nQo

F(max,rmax)’

forall x,y,z,a,b € X.

Proof. Let (X, .A) be a positive implicative T& F-ideal of X. Then (X, A) is a
T& F-ideal of X by Theorem 3.4. Let x,y,2,a,b € X be such that ((z x y) *
z) *a < b. Then

(@ry)ez o Qz, Nales

{a, b} T (min,rmin) F(max,rmax)’

by (23). If we combine this with (26), then
(zx2)*(y*z) c Qtp ﬂ [o)d

{a, b} T (min,rmin) F(max,rmax) "

Conversely, suppose that (X, A) satisfies the condition (30) and let z,y,a,b €
X be such that ((z xy) *y) *a < b. Then

Tk Tk (y*y) o
{a, g} ={ ;ij()z bg “oe Q?‘(mln rmin) n QF(max,rmax)'

Therefore, (X,.A) is a positive implicative T& F-ideal of X by Theorem 3.9. O

Summarizing the above results, we obtain a characterization of positive im-
plicative T'& F-ideals.
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Theorem 3.11. Let (X, .A) be a T&F-structure over a BCK-algebra X. Then
the following arguments are equivalent:
(i) (X,A) is a positive implicative T& F-ideal of X.
is a T&F-ideal of X satisfying the condition (25)
6

) (X, A) .
(iii) (X, A) is a T&F-ideal of X satisfying the condition (26).
(iv) (X,A) satisfies the conditions (20) and (27).

v) (X, A) satisfies the condition (29)
(vi) (X,.A) satisfies the condition (30)

Given a T&F-structure (X, .A) over a set X with A := (o4, ¢4, Ja, 5,4)
and a natural number k, we consider the following sets:

Q‘/’( )

T'(min,rmin)

pa(@) > min{pa(G1), 0a(de), - 0aGr)} }

>
Pa(2) = rmin{@a (Y1), Pa(¥2), -+, Pa(yr)}

_ & c X
{91,92, 96} — X*

and
Q?(k)

F(max,rmax)
_ { o x| 0al@) S max{0a(i1), 04(52). -+ Oali)} }
{91,92, 0} — XF ( ) < rmaX{aA(yl) 8A(y2) ,6A(gjk)}

Lemma 3.12. A T&F-structure (X, A) over a BCK-algebra X is a T&F'-ideal
of X if and only if it satisfies:

k
w(k) a(k)
(31) T * Hat =0 = {al,az, ,ag } € QT(mm rmin) N QF(max,rmax)7
i=1
forall z,ay,a9,--- ,ar € X, where x*Hleai =((xxay)*-)*ag.

Proof. Since a T&F-structure (X, .A) is a T&F-ideal of X if and only if it
satisfies:

(Vz,a,b € X) ((a: xa)xb=0 = oot € QT(mm — QF(de rmdx))

this lemma is demonstrated by inductive methods. 0

In the theorems below, we investigate that Theorems 3.9 and 3.10 are ex-
pressed in a more general form.

Theorem 3.13. A T&F-structure (X, A) over a BCK-algebra X is a positive
implicative T& F'-ideal of X if and only if it satisfies:

(32) T*Y w(k) n 9(k)

{a1,a2, ,ar} € T (min,rmin) F(max,rmax)’

for all z,y,a1,a2, -+ ,a € X with ((z *xy) *xy) *Hleai =0.
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Proof. Let (X,.A) be a positive implicative T& F-ideal of X. Then (X, A) is a
T&F-ideal of X by Theorem 3.4. Suppose that ((x *y) * y) * Hle a; =0 for
all z,y,a1,090,--- ,a;r € X. Using Lemma 3.12, we have

(zxy)* (k) a(k)
_ (zxy)ry Q?( N

{a1,a2, ,ar} € min,rmin) F(max,rmax)"

If we combine this with (25), then

% ©(k) a(k)
{al,a%%{ ,ak} € QT(min,rmin) N QF(max,rmax)7
which proves (32).
Conversely, suppose that (X,.A) satisfies the condition (32). Let z,y,a,b €
X be such that ((z*xy) *y) *a <b. Then (((z*y)*y)*a)*b=0 and so

Ty ©(2) 2(2) —OF )
{a1, :1/2} € QT(min,rmin) N QF(max,rmax) - QT(min,rmin) N QF(max,rmax)'
It follows from Theorem 3.9 that (X, .A) is a positive implicative T'& F-ideal of
X. O

Theorem 3.14. A T&F-structure (X, A) over a BCK-algebra X is a positive
implicative T& F-ideal of X if and only if it satisfies:

(w*2)*(y*z) o (k) o(k)
(33) {a1,a2, ,ar} € QT(]ﬂnim,rmin) N QF(max,rmax)7
forall z,y,z,a1,a9, -+ ,a € X with ((x xy) * z) * Hle a; = 0.

Using the notion of T'& F-level sets, we provide a characteization of a positive
implicative T& F-ideal.

Theorem 3.15. Let (X, A) be a T&F-structure over a BCK-algebra X with
A= (pa, P4, 04, 5,4). Then (X, A) is a positive implicative T& F-ideal of X
if and only if the nonempty T&F -level sets U(pa;a), U(@a;t), L(0a;B3) and
L(5A;§) of A over X are positive implicative ideals of X for all a, f € [0,1]
and t, 5 € int([0,1]).

Proof. Suppose (X, A) is a positive implicative T& F-ideal of X, and choose
a,B € [0,1] and t,5 € int([0,1]) where U(pa;a), U(pa;t), L(04;8) and
L(gA;é) are nonempty sets. Then there exist x,y,a,b € X such that z €
Ulpaia), y € U@a:l), a € L(0a; ) and b € L(94;:35). Tt follows from (20)
that ¢a(0) > wa(z) > a, 2a(0) = Ga(y) = 1, da(0) < da(a) < B and
(9,4(0) < aA(b) < 8, that is, 0 € U(QDA;Oé) n U((TO'A;{) N L(aA;B) n L(@A; §) Let
x,Y,z € X be such that

(xxy)* 2 € U(pas;a) NU(Ga; ) N L(Aa; ) N L(a; 5),

and
yxzeU(pa;a)NU@a;t) N L(O4; 8) N L(Da; 5).
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Then pa((z *xy) * 2) > a, paly * z) >a, pa((xxy)x2) = t, paly*z) =1,
Oal(wxy)x2) < B, 0a(yx2) < B, Oa((x*y)*2z) < 5, and d4(y* 2) < 5. Using
(21), we have

(x*2) >min{ps((z*xy) *x2),0a(y*2)} >«

(% 2) = rmin{Gs((x*y) * 2),0a(y x 2)} =1,

x*z) <max{0a((z*xy)*2),0a(y*2)} <
) < rmax{@A((x * ) * Z),gA(y xz2)} <8

S

A

ES

X

AT

)

A(
5,4(3: * 2
and so z % 2 € U(pa; o) NU (1) N L(Oa; B) N L(D4; 5). Therefore U(pa;a),
U(@a;t), L(8a;B) and L(d4;:5) are positive implicative ideals of X for all
a,B €[0,1] and £, 5 € int([0, 1]).

Conversely, suppose that the nonempty T& F-level sets U(pa; ), U(@a;t),
L(04; ) and L(5A; 3) of A over X are positive implicative ideals of X for all
a,f €[0,1] and ¢, 5 € int([0, 1]). If there exist a, b, ¢,d € X such that p4(0) <
0(a), £4(0) < Ba(b). 04(0) > 9a(c). and Fa(0) > Da(d). Then pA(0) < o <
YA (a), 24(0) <t < @ala), 94(0) > B> pa(c) and 04(0) > 5 = Ga(c) where
a = 5(pa(0) + pa(a)), £ = 5(2a(0) + §a(b)), B := 5(9a(0) + da(c)) and

(3A( ) +0a(d)). Hence 0 ¢ U(pa;a) NU(Gast) N L(0a; B) N L(Da; 3)
Wthh is a contradiction. Thus (0,z) € Q% N Q% for all z € X.
If (24) is false, then there exist a,b,c € X Such that

a*xc

2]
{(axb)xc, bxc} ¢ QIte(min,rmin) N QF(max,rmaX)'

o)
Then {(a*b)*c bxc} € X><X \ ( T (min,rmin) U QF(max,rmax)) ’

axc a
{(axb)xc, bxc} € QT(min,rmin) \ QF(Inax,rmax)7

or

axc 1o}
{(axb)xc, bxc} € QF(

\ Q7
max,rmax) T (min, rmin) :

axc % 1%}
If {(axb)xc, bxc} € QT(r}nim,rmin) \QF(maX,rmax)’ then {(a*b *c, b*c} ¢ max,rmax)
and 8o d4(a * ¢) > max{da((a*b) *c),04(b*c)} or

Oalaxc) = rmax{da((a*b) *c),0a(b*c)}.

It follows that (a *b) xc € L(04;0) and b* ¢ € L(04;8), but a*c ¢ L(0a;0)
for B := max{0a((a*b) *c),0a(axc)}; or (a*b)xc € L(aA, §)and bxc €
L(94:5), but a*c ¢ L(9a;5) for § := rmax{d4((a * b) * c), 3A(b x ¢)}. This
is a contradiction. Now, if W € Q%(max rmax)\ T(mm rmin)? then
Tathera ¢ Qﬁ(mm,rmin). Hence p4(a*c) < min{pa((a*b) *c),pa(bxc)}
or a(a*c) < rmin{pa((a xb) *xc),pa(b=c)}, It follows that (a *b) x ¢ €
U(pasa), bxc € U(pa;a), and a x ¢ ¢ U(pasa) for a := min{pa((a *b)
e),pa(bxc)}; or (axb)xc € U@a;t) and bxc € U(pa;t), but a*c ¢
U(@a;t) for t := rmin{@a((a * b) * ¢),pa(b* c)}. This is a contradiction.
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Based on the above calculations, it is clear that the case of {(“7“ €
axb)xc, bxc}

XxX \ ( T (min,rmin) Y QaF(max,rmax)) also leads to a contradiction. Therefore,

(24) is valid, and consequently (X,.A) is a positive implicative T& F-ideal of
X. O

Example 3.16. According to Ezample 3.2, let « = 0.66, 3 = 0.55 and t =
[0.27,0.49], § = [0.3,0.5]. Then U(pa;a) = {0,1,3}, U(@A, t) = {0,1,2,3},
L(04;8) = {2,4} and L(5A; 5) ={2,4} of A over X that are positive zmplica—
tive ideals of X.

Corollary 3.17. Let (X, A) be a T&F-structure over a BCK-algebra X with
A= (pa, a,04,04). Then (X, A) is apositive implicative T& F-ideal ofX if
and only if the sets O,, :={z € X | pa(x) = 9a(0)}, 05, :={z € X | pa(z) =

©4(0)}, 0p, :=A{z € X [ 0a(x) = 9a(0)}, cmd 0~ i={z € X | da(x) = 04(0)}

are positive implicative ideals of X .

In Example 3.5, we see that a T'& F-ideal may not be a positive implicative

T& F-ideal. But we have the following extension property for positive implica-
tive T'& F-ideals.

Theorem 3.18. Let (X, A) and (X, B) be T&F-ideals of X with A := (pa,
Pa, O0a, 8,4) and B := (¢B, ¢5, OB, 83) respectively, such that

(i) 9a(0) = ¢5(0), 4(0) = 5(0), D4(0) = d5(0), Da(0) = 33( )-
)s

(0
(ii) pa(z) < pp(@), dalz) > dp(x), Palz) < Pr(x), da(z) = Ip(x) for
allz € X.

If (X, A) is a positive implicative T& F-ideal of X, then so is (X, B).

Proof. Assume that (X,.A) is a positive implicative T& F-ideal of X and z,y, 2 €
X. Using the given conditions and (III), (4) and (26), we have

¢B(0) = 0a(0) = pa(((z * y) x 2) * ((z x y) * 2))

= @a(((z * ((z xy) * 2)) x y) * 2)
<s0A(((ff*((x*y)*Z)) 2)* (y*2))
ea(((x+ ((zxy) * 2)) % 2) * (y  2))
—@B(((x*Z)*(y*Z))*((x*y)*Z)L
98(0) = 94(0) = a(((z x y) x 2) x ((x * y) * 2))
= 0a((@* ((zxy)* 2)) xy) x 2)
> Oa(((z + ((z % y) * 2)) x 2) * (y * 2))
> Op(((zx ((z xy) * 2)) * 2) x (y * 2))
= 0p(((z % 2) x (yx 2)) * ((z x y) * 2)),
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¢p(0) =

Iy

R
RTRCTEATIATENY

and

= 5A(((w xy) x 2) x ((x +y) * 2))

This shows that
(34) ((zx2)* (yx2)) * ((zxy) * 2), 0) € Q7N QG
where

QF = {(z,y) € X x X | pp(x) > ¢B(Y), ¢a(z) = ¢5(Y)},

02 = {(z,y) € X x X | 9p(z) < dp(y), d(z) < dp(y)}-

We will use the following sets:

0 o {{ ¢ iy | £20) 2 minlen(i).on(2)) }
i rmin T € T ¢p(x) = min{pp(y), o5(2)},
and

max,rmax W) = X | Fo(e) < rmax{aB( ) 83( }
Since (X, B) is a T& F-ideal of X, we get

(zz)*(y*z) ®
(35) @ (Eete ), et € U (minrmin)

The combination of (34) and (35) induces

W € QT(mln rmin) N QF(max rmax)’

and so ((z % 2) * (y * 2), (z *y) * 2) € Q% N Q%. Therefore (X, B) is a positive
implicative T'& F-ideal of X by Theorem 3.6. ]

nao

F(max,rmax)*

Theorem 3.19. Let L and X be two BCK-algebras and f : L — X be a BCK-
homomorphism. If (L, A) and (X,B) are two T& F-structures on L and X,

and A := (¢a, Pa, 04, 8,4) and B := (pp, ¢B, 0s, 83) respectively, then
(i) If (I,B) is a positive implicative T& F-ideal of X, then f~1(I,B) is a
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positive implicative T€ F-ideal of L.

(i) If f is onto and (I, A) is a positive implicative T& F-ideal of L, then
f(I, A) is a positive implicative T& F-ideal of X, where f(I, A) is defined as
follows:

flpa)(@) = 6?111)(0)%4(@)7
= e = e Ba@,
,A — acf—1(z
JaA4 FON@ = inf daa)
QR =4 L S
f0a)(@) = ael;lflf(i)af‘(a)’

and if f7(#) = 0, then f(pa)(#) = 0, f(Fa)() = 0, F(0a)(&) = 1 and
J(0a)(@) = 1.

Proof. (i) Suppose (Zx9)x2 € f~1(I,B) and g2 € f~1(I,B). Then (z*y)*2 €
fH(ENQY) and g« 2 € f71(Q2NAQY). Thus, f((2*g)*£) € Q7 NQY
and f(y x 2) € Q4N Q%. Since f is a BCK-homomorphism and (I,B) is a
positive implicative T& F-ideal of X, we have (f(z) * f(9)) * f(2) € Q2 N Q%
and f() * f(2) € Q2N Q% and so f(& * 2) = f(&) * f(2) € Q% N QY. Hence,
txze f1 (Qf« N Q%) Therefore, f~1(I,B) is a positive implicative T& F-
ideal of L.

(ii) We prove for f(va)(x). Suppose (z*xy)*z € f(I,A) and y* z € f(I,A).
Since f is onto, there are a,b,c such that (a * b) x ¢ € f=2((4 * 7)) * 2) and
bxce f~Hy*2). So, we have

flpa)(@*y) x2) = sup pal((axb)*xc)>pa((axb)xc),
(axb)xcef=1((Z*y)*2)
flpa)(@=2)= sup  pa(b*rc) > pa(bxc).
bxce f—1(g*2)
Then
floa)(@=*2)= sull)( )@A(a*c)zapA(a*c)
axcef~1(z*z
> min{ sup wa((a*d)*c), sup  wa(bxc)}
(axb)xce f~1((T*y)*Z2) bxce f—1(g*z)

> min{pa(bx*c),pa((axb)*c)}.

The proof of other cases is similar. Therefore, an image of a positive implicative
T& F ideal is a positive implicative T& F ideal. d

4. Conclusion

The notion of a positive implicative T'& F-ideal is introduced in BCK-algebras,
and several properties are investigated. The relationship between T'& F-ideals
and positive implicative T'& F-ideals is established, and by an example, we
showed that a T'& F-ideal is not a positive implicative T'& F-ideal. Then various
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conditions under which a T'& F-ideal can be a positive implicative T'& F-ideal
are explored and various characterizations of a positive implicative T'& F-ideal
are studied. The extended property of a positive implicative T& F-ideal is
constructed.
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