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ABSTRACT. In this paper, a one-dimensional homogeneous fuzzy wave
equation is solved with an analytical procedure using the fuzzy D’Alembert
method by considering the generalized differentiability. Then, some def-
initions related to fuzzy numbers, theorems, and used lemmas are given.
Additionally, the physical interpretation and dependency domain of fuzzy
wave solutions are investigated by providing examples, where the fuzzy
wave solutions are in the form of fuzzy standing, traveling, and recursive
waves. The abstract of this article was presented in the 9th Iranian Joint
Congress on Fuzzy and Intelligent Systems (2022, March 2-4), Bam, Ker-
man, Iran.
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1. Introduction

Partial differential equations provide an important tool for modeling nu-
merous issues in various fields of engineering, physics, and systems involving
variables of space and time. A class of differential equations with hyperbolic
partial derivatives, which describe vibrations within objects and how waves
propagate inside them, is called telegraph equations. Telegraph equations ap-
pear in the study of the propagation of electrical signals in a transmission line
wire and wave phenomena. Transactions between heat transfer and diffusion
or interaction reaction of diffusion introduces several non-linear phenomena
in physics, chemistry, and biological processes [1-3,9]. Wave equations and
a particular class of telegraph equations are much more useful for modeling
reaction propagation in the branches of the mentioned sciences than conven-
tional diffusion equations. For example, biologists encounter such equations
when studying the pulsatile blood flow in the arteries and the one-dimensional
random movement of insects along with a rivet [24]. Porous and parallel flows
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of Maxwell viscous liquids [11] are only a few small examples that can be mod-
eled with telegraph equations [10,18,19]. Fuzzy sets theory is a natural way of
detecting dynamic systems under uncertainty and processing ambiguous infor-
mation in mathematical models that are used for extensive real-time problems
in science. In 1965, professor Lotfizade first introduced this theory to model
ambiguous concepts in the real world [12]. To introduce fuzzy partial differ-
ential equations, we need to define the fuzzy derivative. The fuzzy derivative
was initially introduced by Change and Zadeh [25], followed by Dubois and
Prade [8], Puri and Ralescu [16], and Goetschel and Voxman [21] used this def-
inition. For the first time, the concept of differential equations was formulated
in a fuzzy environment by Kaleva [17]. In recent years, several authors have
presented a wide range of results in both theoretical and applied fields. The
pioneers in this theory typically followed the methods of Hukuhara derivation.
But this method had a fundamental disadvantage, the length of support of
the final solution increased indefinitely and this objection made this method
fail to reflect the behavior of the system. This problem was corrected by the
generalized derivative definition, based on the generalized difference, defined
by Bede and Gal [5], then a complete theory of fuzzy differential equations was
presented. After that, Stefanini described the generalized Hukuhara definitions
in 2010 [13], and the generalized derivation, based on the generalized Hukuhara
derivative, is redefined in 2013 [6]. Fuzzy partial differential equations often
arise from the formulation of the fundamental laws of nature or mathematical
analysis of uncertainty in applied mathematics and engineering sciences. Most
laws of nature and physics, Newtonian motion laws and equations such as tele-
graph, heat, wave, etc. are in the form of fuzzy partial differential equations
in uncertainty. These laws express the phenomena of physics by connecting
fuzzy space and fuzzy derivatives with time. Professor Allahviranloo et al.
presented an analytical method for solving the fuzzy heat equation under gen-
eralized Hukuhara derivation (gH-derivation) [26]. In this regard, we have
solved the one-dimensional fuzzy wave equation in electromagnetic and tele-
graph equations using an analytical technique under generalized derivatives
(gH-derivatives). Besides, the physical interpretations of the ambiguous wave
responses are presented by giving examples, in which the solutions are shown
as the fuzzy standing wave, fuzzy traveling wave, and fuzzy backward wave.
Here, we present some basic concepts of fuzzy theory, including fuzzy sets, fuzzy
numbers, fuzzy new definitions, gH-derivatives, and related concepts used in
this study. This paper aims to attain a solution for a fuzzy wave equation under
generalized partial Hukuhara differentiability by the fuzzy D’Alembert method.
To find the solution to some properties for generalized partial Hukuhara differ-
entiability are provided. In Section 2, we introduce the basic concept of gen-
eralized Hukuhara derivative. Also, multi-variables calculus for fuzzy function
and some significant properties of this concept is discussed. In Section 3, the
physical interpretation of fuzzy D’Alembert solutions for the fuzzy wave under
generalized Hukuhara derivative is defined. In Section 4, the fuzzy D’Alembert
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solutions for the fuzzy wave on an infinite string under the generalized deriv-
ative is studied. In Section 5, the solution method and domain of dependence
are explored. In Section 6, the conclusion is given, and the results are shown
in some examples. The abstract of this article was presented in [15].

2. Preliminaries

The basic definitions and theorems that we need in this article are consid-
ered. In addition, some new concepts are proved here. We denote Rz, the set
of fuzzy numbers, that is, normal, fuzzy convex, upper semi-continuous, and
compactly supported fuzzy sets that are defined over the real line. Let & € Rx
be a fuzzy number; for 0 < r < 1, the r-level set (or r-cut) of @ is defined by
[@], = {z € R™|u(x) > r}, and for r = 0 is defined by the closure of support
[a]o = cl{z € R™|u(x) > 0}. We denote [u], = [u, ,u,], so the r-level set [a],
is a closed interval for all r € [0,1]. If 4,0 € Rx and A € R, the addition and
scalar multiplication are defined as having the r-levels set of [u+70], = [u].+[7],
and [Au), = A[@],, respectively. The triangular fuzzy number @ € Rz is defined
as an ordered triple A = (a1, a9, a3) with a1 < as < as.

Definition 2.1. [30] We denote by K¢ the family of all bounded closed in-
tervals in R, i.e.,

Kc = {A: [a,a)/a,a € R and@ﬁﬁ}.

Definition 2.2. [30] Suppose that A = [a,a@] € K¢. Then interval length of
A is showed by len(A) and is defined as len(A) =a — a.

In the bellow statement, the properties of interval length are expressed.
Proposition 2.3. [30] Let a € R, and A, B € Kc. Then below relations are
established for interval length:

(1) len(A) >0,
(2) len(A+ B) =len(A) + len(B),
(3) len(aA) = |a| len(A),
(4) if Aoy B exists, then len(A Oy B) = |len(A) — len(B)|.
Definition 2.4. [22] The generalized Hukuhara difference of two fuzzy num-
bers A, B € Rz is the fuzzy number C, (if it exists), such that
i) A=B+C
A@gHB:C<:> (Z) t0
or (i1) B=A+ (-1)C,
then

AOogy B=0C<+=

(i) C = (a1 — by,as — b, a3 — bs)
or (i) C' = (a3 — b3, az — by, a1 — by)
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Provided that C' is a triangular fuzzy number [5, 7]. The results obtained in
[7] show that if A, B € Rr, then A S,y B always exists in Rr.

Definition 2.5. [6] The generalized difference (or g-difference for short) of
two fuzzy numbers u, v € Rx is defined by its level-sets as

(1) (@6, 0], = (conv U (0] Sgn [ﬁ]ﬁ) for all r € [0,1],
Bzr

where the gH-difference ©4p is with interval operands [4]s and [7]s.
Proposition 2.6. [6] The g-difference (1) is given by the expression

~ ~ — . f . ~— ~+ _ ~+

[G Sy D, [égr min{t, — U5, 5 — 05},
supmax{i; — 05,0} —oF }
e {ig — U5, 5 — T}
Definition 2.7. [28] The Hausdorff distance between fuzzy numbers is given
by D : Rr x Rr —s R+ |J{0} as in [18]

D(a,9) = sup d([al",[7]") =
r€l0,1]

sup max{|u”(r) — v~ ()], [u™(r) —v* ()]},
relo,1]
where d is the Hausdorff metric. The metric space (Rx, D) is complete, sepa-
rable and locally compact and the following properties from [18] for metric D
are valid:

D(
(2) D(\a, o) = |A|D(@,7), YA € R, 4,7 € Ry;
(3) D(u®v,w® 2) < D(a,w) + D(9, 2);
YV @, 5,1, % € Rr;
(4) D(wov,wo z) < D(U,v)+ D(0,Z), as long as 4 © 0, W © Z exist and

where O is the Hukuhara difference (H-difference), it means that WOy o = 4
if and only if @ ® v = w.

Definition 2.8. A fuzzy number 4 is called a singleton fuzzy number if the
membership degree of @ is one and the membership degrees for the other mem-
bers are zero. In other words

1, x=u,

’[1}:
{07 x # u,

especially
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Proposition 2.9. [22] Let Ay and Ao are two real constants such that A\, Ao >
0 (or A1, A2 <0 ). If f(t) is a triangular fuzzy function, then

MF(t) Ogm Ao f(t) = (A1 = Xa) F (1)
Definition 2.10. [4] The generalized Hukuhara derivative of a fuzzy-valued
function f : (a,b) — Rz at x¢ € (a,b) is defined as

(2) 7 (o) = lim flzo+ h)h@gH f(xo)’

if f; y(x0) € Ry satistying (2) exists, we say that f is generalized Hukuhara
differentiable (gH-differentiable for short) at z¢. In addition, we can say that

f(z)
e [(i) — gH]-differentiable function if and only if for all z € (a,b)
3) Flgn (@) = (fi(x), fo(2), f5(2)),

defines a triangular fuzzy number.
o [(ii) — gH]-differentiable function if and only if for all = € (a,b)

(4) Fhign (@) = (f3(@), fa(2), fi(2),

is a triangular fuzzy number.

Definition 2.11. [14] We say that a point z¢ € (a,b) is a switching point
for differentiability of f, if in any neighborhood V of z, there exist points
r1 < xg < 9 such that

type(I) at z1, (3) holds while (4) does not hold and at zo, (4) holds and (3)
does not hold, or

type(Il) at z1, (4) holds while (3) does not hold and at x3, (3) holds and (4)
does not hold.

Definition 2.12. A fuzzy-valued function f of two variables is a rule that
assigns to each ordered pair of real numbers (z,t), in a set D, a unique fuzzy
number denoted by f (z,t). The set D is the domain of f and its range is the
set of values that f takes on, that is, {f(x,t)|(z,t) € D}.

Definition 2.13. [26] Let (z¢,%y) € D. Then the first generalized Hukuhara
partial derivative ([gH — p|-derivative for short) of a fuzzy-valued function

f z,t) : T — Rz at (xg,tp), w.r.t. x and t are the functions Ofgm xg,to) and
N ox
BJ;QtH (20,10) given by
Of g _ i J@ot hito) Sgmr fo, to)
Ox (w0, to) = hlino h ’
and ~ ~ ~
ang (x07t0) — lim f(x07t0+k) @gH f(antO)

ot - k—s0 k ’

provided that 8(];2" (zo,t0) and 6](;”;’ (zo,t0) € Rr.
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Definition 2.14. [27] A triangular fuzzy function a(z,t) : D € R? — Ry,
without any switching point on D, is called
e [(i) — gH]-differentiable w.r.t. x at (xq,tg) if

(’Mi, H 8’[7,1 817,2 8123
a; (o, o) (%(ﬂﬁoﬂfo),%(wmto),E(ﬂ?o»to)%
e [(ii) — gH]-differentiable w.r.t. z at (zo,to) if
8121'1‘.‘ H Ous Ol o0ty
8; (wo,t0) = (%(3307?50)7 E(l”o,to% E(ﬂﬂo,to))-
Moreover, if 6’;1” is [gH — p|-differentiable at (zq,to) w.r.t. x without any

switching point on D and, if the type of [¢H — p-differentiability of both (. )

and ag“;H are the same, then 875;” is [(i) — p|-differentiable w.r.t.  and
0U; g 0?1y 0?1z 0?3

22 (zo,to) = (W(Jﬁovto)v W(iﬂo’to)a W(Ioﬂfo)),

if the type of [¢gH — p|-differentiability of both @(z,t) and BZ;H are different,

then Bzf is [(it) — p]-differentiable w.r.t.  and

O*ji g 0% 0%ty 0%ty

T;(xo,to) = (W(xo, 0)7W(x07 o)aﬁ(ﬂfo,to))
Proposition 2.15. [7] That is [(i) — gH|-derivative and [(ii) — gH|-derivative
are additive operators, i.e., if f and § are both [(i) — gH|-differentiable or both
[(i1) — gH|-differentiable then

(@) (F @ 9)y-—gn = Fiy—gn © Iiy—gnr-

(i) (f@ g)én)ng = JZ(/n)ng & gzii)ng'

Remark 2.16. [7] From Proposition 2.15, it follows that [(¢) — gH]-derivative
and [(i¢) — gH]-derivative are semi-linear operators (that is, additive homoge-
neous). They are not linear in general since we have

(kng)/(i)ng = k(ng)/(ii)ngy
if k<O.
Lemma 2.17. [22] Consider g : [a,b] — I C R is real and differentiable
function at x, and f : I — Rx is gH-differentiable at the point g(x) without

any switching points. Then type of gH -differentiability for f(:lc) and f(g(ac)) is
the same if

If g(x) is an increasing function, then
; r ) @) 0 fue(@),
(Flgl)) = If g(x) is gan increasing function, then
Ogr(=1)g'(z) © fou(g9(x)).
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Theorem 2.18. [23] Let I C R be an open interval andz € I. Let f : T — Ry
andg: I — R*. Suppose that g(x) is differentiable at x and the fuzzy function
f(x) is gH-differentiable at x. Then

(f©9)gu(@) = fon(2) © g(2) © f(x) © ¢ (2).

Theorem 2.19. /23] Let I C R be an open interval and x € I. Let f,§: 1 —
Rr are gH-differentiable with the same type of gH-differentiability at x. Then
f(z) ©gm §(x) is gH-differentiable, and

(f Ogm §)'(x) = f;H(x) OgH g (T)-
Theorem 2.20. /23] Let I be an open interval in R. Consider g : I — ( :=
g(I) C R is differentiable at x, and f : ( — R is gH-differentiable at the point
g(x). Then we have the following conditions:
If ¢'(x) >0

(fog)i—gu (@) = ¢'(x) © fi_yu(9(x)),

(fog)ii—gu(2) = ¢'(x) © fi;_yu(9(x)),
If ¢ () <0

(fog)i—gu (@) = ¢'(2) © fii_yu(9(x)),

(fog)ii—gn(x) = g'() © fi_yu(9(2)).
Theorem 2.21. /23] (The fuzzy Chain rule)
Let @ :=U(&(t),n(t)) is a fuzzy-valued function, where £(t) and n(t) are differ-
entiable real-valued functions of t. Then, U is the gH-differentiable function
of t, therefore we have

Ou  OUyy 0 OUgy _ On

ot o€ ot on ot’

Theorem 2.22. [22] Let (x,t) = U(€) be a fuzzy-valued function, where
&(x,t) is a differentiable real-valued function of x and t. Then, U is the gH -
differentiable function of £, and we have

0 _ 0 0%

ot 0 ot

Also

(1). If % >0 and U(€) is [(i) — gH]-differentiable, then (x,t) is [(i) — p]-
differentiable w.r.t. t.
U(§) is [(ii) — gH]-differentiable then @(x,t) is [(ii) — p|-differentiable
w.r.t. t.

(2). If % < 0 and U(€) is [(i) — gH|-differentiable, then @(x,t) is [(ii) — p]-
differentiable w.r.t. t.
U(&) is [(i1) — gH]-differentiable then u(x,t) is [(¢) — p|-differentiable
w.r.t. t.
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t),n(z,t)) and u(z,t) is a [gH —p]-
differentiable function such that the second-order [(gH)

— p]-derivatives w.r.t. t

62ugH _
o2
PU,g 0 0 (0UuN _ Ony O
(ag? ot 57( ¢ )® )QE
ou 9% d /0 o6 U,y
@%Q@@(ig(mﬂ)%t@ an?
on on _oU 9%y
o) 5@377@@’
and
gy
Ox2
PUyy 06 0 (0U,m ny . 0§
( 22 “ox F( ¢ )an)G%
oU 9% 0 (0Usu\ 06  0*Uyy
@a?@w@(az( an )© 5 n?
on\ _on _dU 8%
@a)@a@%@w
Definition 2.24. [29] Let f : [a,0] — Ry. We say that f(z) is fuzzy

Riemann integrable in T € Rz if for any € > 0, there exists § > 0 such that for
any division P = {[u, v]; £} with the norms A(P) < 4, we have

(S -we fe.1) <

P

where Z; denotes the fuzzy summation. We choose to write I := f; f(x)dx

Definition 2.25.
and zg € (a,b). Then

/f

Lemma 2.26. [23] [, u(x,t)dr = @Hf

[4] Let f : (a,b) — Ry is a triangular fuzzy-valued function

(/bfl(x)dxv/b fz(x)dﬂ%/ab fs(x)dm).

tu(x,t)dx, where Oy denotes the

H-difference and u(z,t) be a fuzzy valued functzon

Lemma 2.27. [20] If f : (a,b) = Ry is integrable and

€ (a,b), then

/ e / " Fo

= /ab f(t)dt
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Theorem 2.28. [7] If f is gH-differentiable with no switching point in the
interval [a,b], then we have

b
/ F (@) = F(5) Ogur fla).

Lemma 2.29. [22] If f : [a,b] — Ry is a triangular fuzzy function with no
switching point, then we have

(1). If f(x) is [i — gH]-differentiable, then

b
/ F (@) = F(5) ©gur fla).

(2). If f(x) is [(ii) — gH]-differentiable, then
b
[ Rtz = (0@ S (-DF ).

Lemma 2.30. [23] If f(x,y) and g(x,y) are the fuzzy-valued functions, then
we have

[ Fade oy [ atads = [ (Feg) Oy gt .

3. The physical interpretation of fuzzy D’Alembert solutions
for the fuzzy wave under generalized Hukuhara derivative

Consider that we have a linear fuzzy partial differential equation (FPDE) in

the following form
(5) F(a, 8agH78agH’a2agH’32agH) 4.
ot ox ot? Ox?
where @ = @(x,t) is an unknown fuzzy function, Fisa polynomial in @ and its
generalized Hukuhara derivatives.
With the change of variable, we can define the new coordinates

(6) &(z,t) =z —ct, n(z,t) =z + ct,
and let

u(z,t) = U(&n),
where ¢ € RT is an arbitrary constant generally termed the wave velocity. In
this paper, we consider ¢ > 0, which means the profile U(x — ct) at a later
time ¢ is moving to the positive z-direction by an amount ct with speed ¢ and

U(z + ct) at a later time, ¢ is moving to the negative z-direction by an amount
ct with speed c. By differentiating (6) w.r.t. x and ¢ yields, we have

o on_ 98 . On _
ot~ “ot “or or
82578277782578277

0x2 92 92 92

1

3
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Substituting the above equation in (5) and considering the type of g H-differentiability
for U and by using Theorems 2.21 and 2.23, we have

~ [~ 80 H 80‘. H aﬁ‘. H
F ] ii.g i.g i.g
(U,( Joo —pET @co 58, =
DiguU o Ui gn o 0 (U gm
&) an , @ ae2 @ (—1)c 6377( D€ )
0 10U gu Ui yn *Uign
12 o — L9 2 g i.g
® (=1)e Qag< an Joe R oe

d (OUiguN 0 (Ui guN  O?Uign\ =~
il - =0
@an< ¢ ) ag( on ) a2 ) =0,
and
= U, g1 OUiigrr OUsign
F -1 g9 g9 g9
(U, (-1)eco 9€ BcO an o
OWiign o Ui gn s 00
. -1 —(= 0
&y ¢ O e e Qan(Ui.gH )
0 (0Usign 3Usign  0*Usign
-1 2 -~ 2.9 2 1.9 ii.g
& (=1)e Qag( o ) o o
7. P 277, _
é (aUu.gH) g (aUnAgH) 0 UngH) - 0.
on o0& &N On on?
Let us consider the homogeneous one-dimensional fuzzy wave equation
32’& H(I,t) 2 (92’& H(z,t) ~
FPDE:gaTech G%T:O’
(7) —o <z <00, t>0,
ot U(ZE,O) - 5 ®g .T) - g(CE)7

where 'Ny,B € Rr and f,g : R — R, f of twice and g is once continuously
differentiable and ¢ € (0,+00), ¢? = T is the coefficient constant where the

tension 7 is force per unit length and p is the mass of the undeflected mem-
brane per unit area. Now by considering the type of [(¢H ) — p]-differentiability
for U(&,n), the following cases are obtained.

Case(i). Let @(z,t) and % are [(¢) — p]-differentiable fuzzy functions w.r.t. z,t
then .
e If U (&, 7) is [(i) — gH]-differentiable w.r.t. t and %—g is [(i1) — g H]-differentiable

w.r.t. t and %g is [(i) — gH|-differentiable w.r.t. t fuzzy function without any

switching points then
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Oty gt OUsign 06 OUigm _ On Ui g U, gmr
- % 9 .
ot o Ca® o O O ®co—5,

o If U(£,n) is [(i) — gH]-differentiable w.r.t. z and % and % are [(i) — gH|-

differentiable w.r.t.  fuzzy functions, then

ox  Of Oz an ox O on

o If U(¢,n) is [(i) — gH]-differentiable w.r.t. t and %25[; and %2[; are [(i) — gH|-
differentiable w.r.t. t fuzzy functions, then

dui g OUigm I3 U, i @_3@.571{ U, gur

Piigrr o  0?Uign o O (Ui gu o 0 (OUign
B ¢ o} ae2 @ (—1)c 687](785 )@(—1)0 ®67§<7377 )
8261’. H
9) ®to 8172g .

o If U(£,n) is [(i) — gH]-differentiable w.r.t. 2 and %Qg and %277[;] are [(1) —gH]-
differentiable w.r.t.  fuzzy functions, then

32'&1-.9}[ azﬁi.g[—[ 0] (an.gH) 0 (aﬁi‘gH> @ azﬁi‘gH.

1 = —_ -
(10) 02 222 Pan\"ae )P e\ oy o2
Substituting derivatives (9) and (10) into the FPDE (7) yields therefore
d (0U; 41 -
220 = (—22 =0.
@0 g (FptEm) =0
By using Definition 2.8, we have
d (90U 41
11 220 - (—22 =0
() @0 g (FptEn) =0

integrating the form (11) w.r.t. £ gives

£ 0 (0ignU
/0375( on )(s,n)ds-O,

by using Lemma 2.29, we have

ou ou
an

by integrating the form (12) w.r.t. n gives
" oU " oU
—(&,0dlo /—07ldl:0,
| Gotenae [ 5o
by using Lemma 2.29, we have

(0(€1) 1 U(€,0)) Ogrr (0(0,1) 041 U(0,0)) =0,
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where U(0,0) = 0-. Therefore, we have
U(&n) gt (0(6,0) 0 T(0,n)) =0.
By Definition 2.4, we have
U(&n) = $(&) ® o).
Substituting for £ and 7 from (6) and recalling that @(x,t) = U(£,7) gives
a(x,t) =U(&n) = (x —ct) ® ¢z + ct).

The forward wave is the function va(x — ct) which represents a traveling wave
in the positive x-direction with scaled velocity c. In physical coordinates, the
function depends on x — ct and the speed of the wave is ¢ = \/7/p. The shape
of the wave is determined by the function ¢(x) and the motion is governed by
the line x — ¢t = const. The wave moves forward in time along the string. The
backward wave is the function g?)(x + ct) which represents a traveling wave in
the negative X-direction with scaled speed c.

The fuzzy solution to the wave equation is the fuzzy superposition of a forward
wave 1)(z — ct) and a backward wave ¢(x + ct), both with ¢ speed.

o If a(x,t) is [(i) — p]-differentiable w.r.t. ¢, then ¢ and ¢ are [(i) — gH]-
differentiable w.r.t. (x — c¢t) and w.r.t. (x + ct), respectively. In general, it
follows that any solution to the fuzzy wave equation can be obtained as a
superposition of two traveling waves

(13) iz, t) = p(x — ct) ® ¢z + ct).
Now we would like to satisfy the initial conditions
(14) a(z,0) = f(a),

(15) 2 2.0) = g).

Since equation (13) is a fuzzy solution for equation (7), it must apply to the
fuzzy initial conditions of the equation (8), hence the fuzzy initial condition

a(xz,0) = f(x) concludes
(16) i(z,0) = ¥(z) ® §(x) = f().
By differentiating (13) w.r.t. t, we have

8i‘gHﬁ
ot

so that at ¢ = 0 by initial condition, we obtain

(@) = (~Deo 291 (o oye o %910 (4 1oty = (o),

Oty g1

ot

(17) (€,0) = (=1)e © P} gy () ® ¢ © ] gy ()

().

S=t
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By using Lemma 2.26, we have

x N T 0 _ T
/0 (1) e ()ds & / 3 o (s)ds = / Bl pa(s)ds & / & (s)ds

1 T
= - g(s)ds.
2| atas
By using Lemma 2.29, we have

((-1)9() €91 (~130)) & (34a) €41 50)) = ¢ | (s)ds,

c
thus

((~1)9(@) ® 6(2)) Ogn (1)

A B &

=,
~
o
SN~—
S
=S
—~
(@)
S—
N———
I
| =
h
o
=N
)
N
S|
@

by using Definition 2.4,

(1) (~1)d(@) © b(2) = (~1)D(©0) © 4(0)) @ L [ 5(s)ds,
(18)  qor

(2) ((=1)$(0) ® $(0)) = ((~1)db(2) ® d(x)) & (~1) 2 [ G(s)ds.
According to the definition of gH-differentiability, either case (1) or case (2)
from (18) holds. Assume that case (1) holds, so if we achieve the solution in

this case we will not consider the case (2) anymore. From equations (16) and
the first equation (18), we have

By @ () = fla),
(19) (—1) D) @ dx) = (~1)i(0) © $(0) @ - / 3(s)ds
~— =~ ¢ Jo

C A
B

From the second equation (19) we find 9 (z), therefore we have
- - ~ ~ 1 [*.
0 )= 0w) Ogn (1O @0 @ 7 [ aeis).
Now, we substituting ¢)(x) in the first equation (19), we have
~ 1 ~ ~ 1 [* 1 -
S((=1)d0) @0 @ = [ §(s)ds) = = f(x).
3@) oy 5 (00 @0 & 7 [ dis) = 57w)

2
A ) e

By using Definition 2.4, we have

(21) or
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By substituting ¢(z) in the first equation (20), we have

(5) d(@) = (-3 ((=1)(0) @ 6(0)) & (~1)% Jy §(s)ds & f(a),
(22) {or

(6) 3£(x) g (z) = 3((-1)(0) @ 6(0)) @ 5 Jy §(s)ds.
On the other hand, by using Lemma 2.26 in the first equation (22), we have

@) 6@ = (5(-vi0 ei)e 5 [

x

§(s)ds & 3 f(x).

By substituting () from equation (23) and ¢(z) from the first equation (21)
into equation (13), we have

(24) (x,t) = 1(f(gc —ct)® flz+ ct)) o~ /;+Ct G(s)ds.

2 2¢ Jyo_ot
Suppose that u(x,t) = 4y (x,t), therefore

1 - - 1 .’L’-‘rct
25 i = (fz - = 3(s)ds.
@) )= g(fe-deiern)es [ g

According to the definition of g H-differentiability, since the solution was achieved
in cases (1), (3), and (5), we do not consider cases (2), (4), and (6). Further-
more, cases (4) and (6) do not provide explicit solutions in terms of ¢(x) and

¢ ().

Case(ii). Let @(z,t) is [(i) — p]-differentiable w.r.t. t and 2% are [(ii) — p]-
differentiable w.r.t. t fuzzy function then, i
e If U(&,n) is [(i) — gH|-differentiable w.r.t. t and %—g is [(i) — g H]-differentiable
aag is [(i7) — gH]-differentiable w.r.t. ¢ fuzzy function without any
switching points, then

Qi gH U, gmr 43 Ui gm on _ U, gmr oo Ui gn

ot o ot on ot 0§ on

o If U(&,n) is [(i) — gH]-differentiable w.r.t. z and % and % are [(ii) — gH]-
differentiable w.r.t. z fuzzy functions, then

Olgiga Ui gn 5 9/3 o Ui gmr 5 on _ Ui gmr © aU’ii.gH'

w.r.t. t and

(—Dco

or o€ or on ox o€ on

o If U(£,n) is [(i) — g H]-differentiable w.r.t. t and %1‘;’ and %jg are (i) —gH]-
differentiable w.r.t. t fuzzy functions then,

Piiign o ?Uiign s 0 (Ui .m
o ¢ O e ele QaT;( ¢ )
9 (0Usi o1 O?*Usi g1
. 2 v ii.g 2 ii.g
(26) & (—1)c ®8§( an )@c ®7302 .
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o If U(&,n) is [(i) — gH]-differentiable w.r.t. x and %252 and %Ug are [(i1) —gH|-
differentiable w.r.t. x fuzzy functions then,

Piiign  PUsign 0 (OUugn\ . 0 (OUsgn\ . 0*Uiign

9 igH 1.9 v ii.g v 1.9 1.9 .
@7 ¢ @an( ¢ )6985( o )e o
Substituting derivatives (26) and (27) into the FPDE (7) yields

o (0U;,

-2 © g (Sg (Em) =0

by using Definition 2.8, we have

9 (90U,
(28) 20 © g6 (T 6m) =0

with integrating form equation (28) w.r.t. £ gives

by using Lemma 2.29, we have
aﬁ oU
(29) G (€ O 5

integrating form equation (29) w.r.t. n gives

" o0 " 90
/O U (e, Z)de)gH/O G 0.0 =0,

by using Lemma 2.29, we have
((~1)T(&0) Ogr (~1)T (1)) Sgrr ((~1)T(0,0) Ogrt (~1)(U(0,m)) =0,
where U(0,0) = 0- therefore, we have
0 m) o (0(€,0) @ 0(0,m) =0.
By Definition 2.4, we have

(0,7) =0,

U(&n) = 4(&) ® o).

Substituting for £ and 7 from equation (6) and recalling that @(z,t) = U(,n)
gives

a(z,t) = U(&n) = d(x — ct) ® §la + ct).

o If @(x,t) is [(i) — p]-differentiable w.r.t. ¢, then ¢ and ¢ are [(i) — gH]-
differentiable w.r.t. (x — ¢t) and w.r.t. (x + ct), respectively. In general, it
follows that any solution to the fuzzy wave equation can be obtained as a
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superposition of two traveling waves that is called a fuzzy standing wave as in
the following form:

(30) iz, t) = ¥(x — ct) ® ¢z + ct).

Now we would like to satisfy the initial conditions, we have

(31) i(2,0) = f(2), St(2,0) = o).

Since equation (13) is a fuzzy solution for equation (7), then it must apply to
the fuzzy initial conditions of the equation (8), hence the fuzzy initial condition
a(z,0) = f(z) concludes

(32) (,0) = ¥() & 6(x) = f(2).

Differentiating from (30) w.r.t. ¢ yields, we have
Oligi.gH o i g _ D gm .
5 @t)= (Do — (@ —ct) ®cO — = (v +ct) = g(2),

so that at ¢ = 0 by an initial condition, we obtain

811;;]]{ (z,0) = (-1)c® @gH(“’”) ©cO ‘;;ng(x) = g(x).

(33)

Dividing this last equation by ¢ and by using Lemma 2.26, we have

/”( )wng ds@/ ¢ugH
/wng dsea/ Bi gri (5 ds—g/ g(x)ds.

By using Lemma 2.29, we have

((C3@) S0 (~150)) @ ((-16(0) g (-13() = 7 [ (el
Thus

(3(0) & (-1)5(0)) Ot ($(x) & (~1)d(x)) = © /  3(@)ds.

N—————’
A B &

By using Lemma 2.29, we have

(1) (@) ® (~1)o(z) = $(0) & (~1)6(0) ® (~1)3 [y g(x)ds,
(34) or

(2) (¥(0) & (-1)(0)) = (¥(x) & (-1)(x)) & ¢ [§ §(w)ds
According to the definition of gH-differentiability, either case (1) or case (2)
from equations (34) holds. Assume that case (1) holds, so if we achieve the
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solution in this case we will not consider the case (2) anymore.
From equation (32) and the first equation (34), we have

(@)@ 3(e) = F),
35 Vi) e(-1) 4(x) = $(0) & (~1)30) @ (<1)1 [ atwys.
—— — cJo

A C

B

From the second equation (35) we find ¢(z), therefore we have

) 3 =5 oy (300 (060 @ (1) [ gads).

C

Now, we substituting ¢(~x) in the first equation (35), we have

3o 3 (500 030) o (5 [ at)is) = ).
A % &

By using Definition 2.4, we have

(3) dx) = 5 (5O @ (-1)6(0) @ (G2 [ (x)ds) @ L f(a),
(37) <or

@) 3(PO @ (-16(0)) & (G2 J; §a)ds) = b(a) @ (-1 /().

By substituting 4 (z) in the first equation (35), we have

(5) 3(2) = (-3 (9(0) & (-1)5(0)) & (~1) & [ 3(w)ds & L F (),
(38) or
(6) 57(x) ©ym $(2) = H((-1)9(0) ® 6(0)) & £ [ 5(x)ds

On the other hand, by using Lemma 2.26 in the first equation of (37), we have

_ 0 -
B9 9@ =5 (00 & (050) on G [ swise 1)

By substituting ¢(z) from equation (39) and ¢(x) from the first equation of
(38) into equation (13), we have

1 (_1) r+ct ~
(40) 5( x—ct)® flz+ ct)) OgH oo /mict g(x)ds.
Suppose that u(x,t) = ug(x,t), therefore

_ _ _ x+ct
(41) tg(x,t) :E(f(:c —ct)® flz + ct)) OgH Q/ g(z)ds.

2 2c et
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According to the definition of g H-differentiability, since the solution was achieved
in cases (1), (3), and (5), we do not consider cases (2), (4), and (6). Further-
more, cases (4), and (6) do not provide explicit the solutions in terms of (z)
and ¢(z). In this section, we examine the solution of @; and i@y by the use
of the below Tables and according to the type of gH-differentiability for the
functions of f, f’ and g, 7’

TABLE 1. The kind of [(gH) — p]-differentiability for U(&,n)

Uy OUgag 0°Ugm  0°Uym
g On 02

(@ @) ()
@ @ @)

@ () () ()
(i) () (i) (i)
() (@) ()
(i) ;

o ou 9*a a4
ot Ox ot2 Ox?
(4) - (4) -

(@ - (@)

h

<3

NS
.

NI
I —| ||~
|

~.
| [ — |~

N
5]

~
<
~—
—~
~
B
~—
—~
.
.
~—
|~
~
B
~— |~ —

<=
. <

—~
~
~
~—
—~
HIGD
~—
I
—~
~
<
~—
|
HIGD
~—

11 (i)
() (@) (@) (i)
@ @ @ (4)

P | S
-~ o~
-~ o~
S
=
~. o~
~. ~
S|E
I
—~I|I'<X
. .
=3
RN
-~ ~
-~ -~
S

]

—~~
~
~—
[
—~~
BN
~—
\
—~
~
~
—~~
~
~—

Now, by using Theorem 3.1, we show that according to the g H-differentiability
of f and g that @; and %9 are the solutions of FPDE 7.

Theorem 3.1. Let f,g :R? = Rz be two Juzzy functions such that g is once
continuously generalized differentiable function, f twice and ¢ > 0. Consider

1 ~ ~ xr+ct
in(et) =5 (fle—efara)eg [ o

and

B N _ x+ct
ﬂg(x,t):%(f(x—ct)@f(m—l—ct) OgH %/ g(s)ds,

—ct

provided for all (x,t) € R x (0,00) the above gH -difference exists.

1 If f, f and §,§ are [(i) — gH]-differentiable or f, f' and §,§ are [(ii)—gH]-
differentiable on R, then u; is a solution of FPDE 7.

2. If f is [(i) — gH]-differentiable and f' is [(ii) — gH|-differentiable and §,§’
are [(i) — gH|-differentiable (or conversely) w.r.t. x and t, then @y is a solution
of FPDE 7. The details of the current Theorem are given in Tabel 2.

In order to prove Theorem 3.1, it is required to state the following Lemmas.

Lemma 3.2. Let f : R? = R be a gH-differentiable function w.r.t. z,t and
¢ be a positive constant real number for all (z,t) € R x (0,00). Consider

H(z,t) = f(z —ct) ® f(x +ct).
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TABLE 2. The kind of [(¢H) — p]-differentiability solutions of
11 and o with respect to z and ¢

Kindof| [ gu U
solution| f 1! g g wrt wrt. wrt. wrt
Uy, Ug x t x ot

Then

1. Iff is gH -differentiable w.r.t. x, then the type of gH-derivative f and H is
the same w.r.t. x and H is always gH-differentiable w.r.t. x.

2. If f’ is gH-differentiable w.r.t. t, then H is gH-differentiable w.r.t. t on
R x (0, 00).

The expression of %—I;I and %—? is given in Tables 3 and 4 for practical use.

TABLE 3. The kind of gH-differentiability of H w.r.t. z

f f! Hwrt %I;I

(i) - (4) f'l@—ct)® f'(z+ct)
(i) - (i) Fla—ct)o Flatel
(1) () (4) f@—ct)® f'(x+ct)
(i) (i) (i) Fla—ct)o 'l + ct)
(1) (i) (4) fl@—ct)® f'(x +ct)
(1) (i) (i) [l —ct) ® f'(x +ct)

Proof. We only demonstrate the case of 3 from Tables 3 and 4, that the rest of
the table states can be easily expressed. Using Proposition 2.15, the function
H is [(i) — gH]-differentiable w.r.t. z, therefore we have

)2 _ _
%—x(x,t) =f(z—ct)® f'(x +ct),Y(z,t) € R x (0, 00).
We claim H(z,t) is [(i) — gH]-differentiable w.r.t. t, and we have
OH

E(x,t) =(-1)co fllx—ct) ®co f'(x+ct).



110 M. Miri Karbasaki, M. R. Balooch shahryari and O. Sedaghatfar

TABLE 4. The kind of gH-differentiability of H w.r.t. t

f f! Hwrt. t %—?

0 - - -
(11) — _ —

(1)  (49) (7) cOf'(x—ct)®cO f(xz+ct)
(i)  (49) (4) c® fl(x —ct) @ cf (x + ct)
(4) (@) (44) (=D)eo f/(x—ct)® f' (x+-ct)
() (1) (i4) (=Deo f(x—ct)® f (x+ct)

Using Theorem 2.20, the function f(z — ct) is [(ii) — gH]-differentiable and

f(z + ct) is [(1) — gH]-differentiable w.r.t. t, also their derivatives are
f (z — ct)
ot
Of (z + ct)
ot
Using Remark 2.16 and Proposition 2.15, we have

o

ot
Therefore H is [(i) — gH]-differentiable w.r.t. t. O

= (~1)e® fla - ct),

=cO flz+ct).

() =cO fl(x—ct) ®co f(z+ct).

Lemma 3.3. Let §: R? — R be a fuzzy function and c is a positive constant
real number for (z,t) € R x (0,00) set

5 x+ct
G(z,t) = / g(s)ds.

—ct
If the type of gH-derivative g and §' are the same w.r.t. x, then the type of gH-
derivative G is also proportional to the type of gH-derivative § and §'. Also,
if the types of gH-derivative § and §' are different, then the gH-derivative G is
proportional to the gH-derivative of g.

Proof. Let g,d" be [(i) — gH]-differentiable w.r.t. z, by using Lemma 2.29 and
Theorem 2.19, then we have
oG

e g(x +ct) Ogn g(x — ct),

which indicates that function G is [(i) — g H]-differentiable w.r.t. z. Now if §, §’
are [(i1) — gH|-differentiable w.r.t, z, by using Lemma 2.29 and Theorem 2.19,
then we have

oG

e (=Dg(x —ct) Ogu (=1)g(z + ct),
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which indicates that function G is [(ii) — gH]-differentiable w.r.t. z.
The other case can be investigated similarly and we omit the details.
O

TABLE 5. The kind of gH-differentiability of G w.r.t. x

g g Guwrt x %—f

(@) () (i) 3o+ ct) Ot Gl — ct)

(i)  (ui) (1) (=1)g(@ —ct) Ogn (=1)g(z + ct)
(1) (i) (1) g(x + ct) Ogm gz — ct)

(i) (i) (12) (=1)g(@ —ct) Ogu (=1)g(z — ct)

Now by using Lemmas 3.2 and 3.3, we prove Theorem 3.1.

Proof. Here we only show cases 1 and 2 from Theorem 3.1 are similarly proven.
Using Lemma 3.3 and according to case 3 of Table 4, as well as, using Lemma
3.3 and case 1 from Table 5, and Proposition 2.15, u; is the differentiable

w.r.t. x and we have
ot 1, - 1, 5
a—;(x,t) = §(f’(x —ct)® f(x+ ct)) &) %(g(m +ct) Ogm §lx — ct)).

On the other hand, we conclude from case 3 of Table 3 and Proposition 2.15
that 22 is [(i) — gH]-differentiable w.r.t. z, and we have

(42)
%(w, ) = %(f”(x — )@ [(x+ o) @ %(g’(x +ct) O 7 — ct).

Also, we conclude case 3 from Table 4 and case 1 from Table 6 and Proposition
2.15 that @, is [(¢) — gH]-differentiable w.r.t. ¢ and

diiy 1 ,
W(az,t) = 50@ (f'(@z—ct)® f'(z + ct))
®2ic(c® G (z—ct) Ogr (=1)c© §'(z + t)).

TABLE 6. The kind of generalized differentiability of G w.r.t. ¢

g g Guwrt. t %—?

(1) () (1) cOg(z+ct) Ogn (=1)cOg(z—ct)
(11)  (i4) (17) cOg(x—ct)Ogu (—1)cO®g(x+ct)
(1) (ir) (z) cOg(x+ct)Ogu (—1)c@g(x —ct)
(i) (4) (12) cOg(x—ct) Ogn (=1)cOg(x—ct)
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It is obvious from case 3 of Table 4 and Proposition 2.15 that % is [(¢) — gH]-
differentiable w.r.t. t and

82111 L5 2 i
W(x,t) =5¢ O (f"(@ —ct) @ f"(z + ct))
1
(43) @%(c2®g’(x+ct) Ogn ¢ @ §'(x —ct)).
By substituting (42) and (43) in the equation (7), we conclude that @; satisfies
FPDE 7. O

Example 3.4. Let us consider the homogeneous one-dimensional fuzzy wave
equation
82119H($,t) 82129H($,t)
ot2 Ox?

where the fuzzy initial conditions are as follows:

Ogr 9O =0,

98a1@0) — Gz} = (1,3,4) © €.

{ﬂ(az,O) = f(z) = (1,2,5) ®e*, —00 < x < 00,
ot

The solution of the fuzzy wave equation uq is

xz+ct
i) = 5(vofe—aerosara)eg [ g0

1 x+3t

1
=5 (<1, 2,5)0e" 3@ (1,2,5) © e““) ® 6/ (1,3,4) © e’ds
x—3t

1 1
= 5(17 2,5)® (e‘“gt & e‘”?’t) ® 6<1’ 3,4) ® (ea:+3t Oyt exf?)t).

Also, the solution of s is

o x+ct
wot) = 5 (10 s -y oo flore)) om 5 [ s glsds

1 (_1) x+3t

5(<1, 2,5) ©e* 3 @ (1,2,5) © e“?’t) OgH T/ (—4,-3,-1) © e*ds
r—3t

1 z z 1 " "
=35(12.50 (e*‘“ = e*+3t) O 5(1,3,4) © ((—1)6“3” OgH (—1)e*+3t).
4. The Fuzzy D’Alembert Solutions for the fuzzy Wave on

an infinite string under the generalized derivative

02y 02y
i= 2@ t), 0= o Z),
07y 037
wzﬁ( 7t)®g 2@%(.%,@—0,
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by using Proposition 2.6 for any r € [0, 1], we have

0%y 8237
@t o, - @)
. (07 Yy 2 82y/\ %7, s 077y
= [i‘%frmm{ oz ¢ o o ¢ 8352}
%y Py, 9%y 0%y
9N 2 ESY Y _ 2. 97U
(44) csup max {3 - 2 G - R

=[0,0].

Therefore
5‘2 U
A

99 %y, 0%y,
la Z(xt)])\ Llér;f)\mm{a2,ax2
1,

Thus for any « € [0,

(45)

48 974
(19) !
with substituting derivatives (45), (46), (47), and (48) into (44) yields

929 0%y
latz (x,t) Of Ao aqxz(x,t)} =

oz~ C o2 oz C ox?

82 o2 82, 82,
Sup max { Sup max { - Yo 9o _ 2% Ya }

A>T a>\ 61‘52 ox2’ Ot2 0x?

= [0,0].

0%y 92 27 -
l inf min{ inf mln{ Yo 29Y, 077, 207, }7
A>r a>\
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Since a > X and A > r, then a > r therefore, we have

9217 Dy
[gﬁ(xvt) 69 CQ@ ng (.’E,t) =
. f 1 82&& 262ya aan 282go¢
azr 02 T ax2 a2 aa2
%y %y 0%y 9%y
o Za _ 2" Za Ya _ 2 Yo
ngrmax{ o2~ C o2 oz a2 }
0.,
Now, let
A P P R
- ot ox2’ % o2 Ox?’

We assume the following cases:
1) If len(w,,) < len(w,), then

inf min{w_, Wy} =infw_ =0
a>r {7a7 a} aZria =

sup max {Qwﬁa} = supwy = 0.
a>r a>r

2) If len(w,,) > len(w,,), then

inf min{w,_,w,; = inf W, =0
a>r {70” a} a>r @ =

sup max {w,, Wy } = sup w, = 0.
a>r a>r

Suppose that case 1 holds, thus we have
0%y 0%y
3 s Lo 2 Lo —
i, =i {52 P57} =0
{ 82?(1 62 62?& } —

ol

ot? 0z

Sup w, = sup
a>r a>r

On the other hand, from (24) we have

z+ct
y (z,1) :ér;f7 {%(lrf(m —ct)+7, flz+ ct)) + % /_ t lr.g(s)ds},

and
x+ct

Yr(@,t) =sup {%(%-f(z —ct) + 7, fla +et)) + o /7 t

a>r

ir.g(s)ds}.
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Now, suppose that case 2 holds, thus we have

. — . azya 282ya
nf o = inf { G — T =0,
82y 82y
=s% 2 o "
= — =0.
supaw, = sup { 5t — e |

Thus, we have

1 x+ct
7,00 = il {570 — ) +7,. [+ ct) + 5 / 7,-9(s)ds |

and

x+ct
y (z,1) :(sltg {%(lrf(x —ct)+y, . flz+ ct)) + 2ic/$ lr.g(s)ds}.

5. The fuzzy solutions and domain of dependence

At a given position & = x on the string, the fuzzy solution in case(i) at time
t= to is

~ _ xo+cto
a0, to) = (Floo = cto) @ Flao + cto)) @ 5o [ " gleyds,

2 2¢ Jpo—cto

and the fuzzy solution in case(ii) at time ¢t = tg is

~ 1/~ _ (_1) zo+cto _
(o, to) =3 (f(l“o = cto) @ f(wo + Cto)) © 7/ g(s)ds.
x

In other words, the fuzzy solutions are found by tracing backward and forward
in time along with the characteristics x — ¢t = x¢g — ctp and x + ¢t = xg + ctg to
the initial state (f(z),§(z)), then applying (24) and (41) to compute @(zo, to)
from the initial state. Information from the initial state from the interval
xo — cto < x < 9 + ctp is all that is needed to find @(zg,tp). In the tx-plane,
we can think of a triangle opening backward and forward in time from (xg,to)
to the line t = 0.
In general, the function f () and g(z) are case functions. We need to deter-
mine various regions by plotting the salient characteristics x & ¢t = const. The
regions determine where z — ¢t and x + ct are relative to the cases for the
functions f(z) and g(z) and tells us what part of the case functions should be
used in each region.
1. Let U(€,n) be a [(i)—gH]-differentiable fuzzy function. Then @(z,t), 8,i(x, t)
and 9,4z, t) are [(i)—p|-differentiable w.r.t. t and z, also ¢ and ¢ are [(i)—gH]-
differentiable w.r.t. (x — ct) and (x + ct), respectively. For example, consider
f(x) and §(z) of the following form

(49) f(x) _ {éf’(x), lz| <1, (@) = {1/}(:17), lz| <1,

o—cto

0, |z > 1, 0, || > 1.
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Here, according to Definition 2.8, we have considered zero singleton fuzzy num-
bers.
Step 1. Write down the fuzzy D’Alembert solution, from (24) we have

(x,t) :% (f(x —ct) @ f(z + ct)) ® ;c/wi:tg(s)ds

Step 2. Identify the regions. 3 -

The functions f(z) and g(z) are equal to functions ¢(x) and ¥ (x), respectively,
for |x| <1 and are zero for |z| > I. Thus, the regions of interest are found by
plotting the four characteristics x &+ ¢t = +I. The regions are identified in the
plot and are given mathematically by

Rl—{(x,t):—lgx—ctgland —l<z+ct<l}

Rgz{(x,t):—lgx—ctglandx—l—ctzl},

R3={(x,t):x—ct§—l and — 1<z +t<I},
(50) R4={(x,t):x—ct§—l and x + ct > 1},

Rs = {(z,t) : @ + ct < -1},

Re = {(z,t) :x —ct > 1}.

The regions determine where x — ¢t and z + ct are relative to &I, which tells
us what part of the case functions f(z) and g(x) should be used. It is helpful
to define the lines.

xA(t) ==l —ct,zp(t) = =l +ct, zc(t) =1—ct, xp(t) =1+ ct.

Step 3. Consider the fuzzy solution in each region.

In R; region, we have |z £ ¢t| <, so that (24) implies

Fla—ct) = 3w — ct), f(w + ct) = $(a + ),

/ " als)ds = / " s,

—ct —ct

and

and hence

u(z,t) :% ((;E(x —ct) ® p(x + ct)) & 2% /jﬂt Y (s)ds.

In R, region, we have —l < x —ct <!l and x + ct > [, and so
fx+et)=0,flx—ct) = d(x — ct),

and by using Lemma 2.26 and Definition 2.8, we have

[ = [ s [ gias= [ i

and hence

u(x,t) =
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In Rj region, we have x —ct < =l and —1 <z + ct <l so that f(z + ct) =
o(x +ct), f(x—ct) =0 and by using Lemma 2.26, and Definition 2.8, we have

z+ct rtct
§(s)ds = ds,
| i [ s

w(x,t) = M e % /j+0t Y (s)ds.

In R4 region, x — ct < —l and x + ct > [, so that
fl@+ct)=0,f(x—ct) =0,

and by using Lemma 2.26, and Definition 2.8, we have

/;:tﬁ(s)ds—/:thz(S)ds@/llé(s)ds@/lmtg(s)ds—/llz/?(S)ds,

and hence
1 a:Jrct

In Rs and Rg regions, f(z +ct) = 0 = f(z — ct) and §(s) = 0 for s € [z —
ct,x + ct], hence v = 0. To summarize

and hence

(51)
1(7 7 1 pxtct
Lol —cty @ o +ct)) @ & [ B(s)ds, (n.1) € Ry,
(£($2_Ct) & % aﬁ—ct QZ)(S)dS, (l',t) S RQ,
iz, t) = (erct) T+t
@5 5 v(s)ds, (z,t) € Rs,
%fil’&(s)dsv (J?,t) € Ry,
0, (z,t) € Rs, Rg.

Step 4. For each specific time tg, write the xz-intervals corresponding to the
intersection of the sets R, with the line t = tg.

At time 0, we use Table 7 to find the z intervals R,, corresponding to the
intersection of R with the line ¢t =0

Ry = (—o0,—l], Ry = (—1,1], Ry = [l,0).
In R; region, we have (recall that ¢t = 0)

it = (e - 0 @3+ 0)) 0 - [ s = bl
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TABLE 7. This amounts to computing the values of
xa(t),zp(t), zc(t) and xp(t) for each time

t 0 3 1 2
zalt) | =l —l—%c —l—c —-1-2c
zp(t) | -l —l+3c —l4+c —l+2c
xe(t) | 1 - 3c l—c l—2c
ept) | I l4+ic I+c  I+2

Similarly, we can check that in the other regions, @ = 0, so that (51) becomes

(z,0) = é(m), x € Ry =[-1,1],
"0, z e RLURE,

_ o), 2 <t
- {o, 2| > 1 = f(@).

At time 1/2, we use Table 7 to find the z intervals R/, corresponding to the
intersection of R,, with the line ¢ = %

Rs = (foo,flf%c},Rl

(52) R(;:[l'f—%C,OO),Rg:(—Z—

1
(flJric,lfcﬂ,
1

1
§C, -1 + 50}7

1 1
R2 = (l_ §C,l+ 50}
At time 1, we use Table 7 to find the z intervals R corresponding to the
intersection of R,, with the line ¢t =1
Rs=(—00,-l—c¢|,Rs=(—1l—c,—l+¢|,
. o= | = ( |
Ry = [l—cJ—l—cLRg = [l+c,oo].

At time 2, we use Table 7 to find the z intervals R}, to the intersection of R,
with the line t = 2

R5: (_007_l—26]’R3: [—Z—ZC,_Z+2C]7
Ry=[—1+42c1—2c,Ry = [l —2¢,0+2c],
(54) Rg = [l +2¢,00).

Here, to illustrate the ability and reliability of the aforementioned concepts we
have solved some application examples.

Example 5.1. For an infinitely long string, consider giving the fuzzy string
zero initial displacement @(x,0) = 0 and fuzzy initial velocity Oyu(x,0) = g(z).
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Suppose that

_ F®cos?(Zx), —1<x <1,
g(z) = (2. )
0, otherwise.

The FICs have the form considered above for ¢(z) = 0 and ) (x) = Jocos? (§x).
Step 1.The fuzzy D’Alembert solution of (24) becomes

x+t
o, ) = %/ 3(s)ds.

—t
Step 2. By (50) we determine the regions.
Step 8. Determine u(x,t) in each region. From (51) by consider ¢ = 1,1 =
1,8 =(1,3,5), we have

1[o1,3,5) @ ¢(s)ds, (z,t) € Ry,
L (1,3,5) ©u(s)ds, (z,t) € Ra,
iz, t) = L [77N1,3,5) @ y(s)ds, (x,t) € Ra,
L11,3,5) @ (s)ds, (x,t) € Ra,
0, (I,t) e R5,R6
Note that
R].’

x+t
%/ (1,3,5) @ ¢¥(s)ds = (1,3,5) © (% ® ism(ﬂ'(x +1))

Sy 2—sin(r(z —1))).

47
Rg.‘
1
3| s oue
1 1 1
=(1,3,5)© <Z OgH Z(x — t)) OgH (Eszn(ﬂ(x - t)),
Rg.‘
T+t
/ (1,3,5) ®¢(s)ds
-1
=(1,3,5)© (i(ﬂﬁ +1t) Ogn i) @ ﬁsm(w(w + t)),
R4.’
1t 1
§/_1<1,3,5> O v(s)ds = {1,3,5)0 L,
R5 and Rg:

a(xz,t) = 0.
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Thus
(55)
(1,3,5)© (L @ Lsin(n(z + 1)) Ogn L sin(r(z — t))), (z,t) € Ry,
(1,3,5)® g}l Ogn 2(x— 1)) Ogn (ﬁsin(ﬂ(x - t)), (z,t) € Ry,
az,t) =9 (1,3,5) @ 1@ +1) Ogn 1) ® Lsin(r(x +t)), (z,t) € R3,
(1,3,5) @ 5, (z,t) € Ry,
0, (z,) € Rs, Rg

Step 4. We early consider, intermediate and later times t = 1/2,1,2. At
t =1/2, the R, regions are given by (52), and (55) becomes

(135)®(EEB1 ) 1o, <!
,3, 1 & gcosmz ), 5 ST,
1 1 1 COSTT 1 3
1,3,5)® (7 Ogn 3(z = 5 ). S<e<z,
S AT A VI 1 T e 2 =" =7
u(‘%*) -
1 1 1 . 1 3 1
(1,3,5)© (@ +1) Ogn 1) & Lsin(m(z+3)), -3 <o < -3,
3
0 > —
) T =z 2
At time 1, the R, regions are given by (53), and (55) becomes
<135>®(1@ 1)@ L 0<z<2
P) 9 gH 4 gH Ar ST, ST S 4
7 = 1 1
W) =91,350 (7@ = f=sinma), —2 <2 <0,
0, |z| > 2.

At time 2, the R, regions are given by (54), and (55) becomes

1 1
(1,3,5) © (E OgH Z(m - 2)) OgH SinTz, 1<z <3,
1 1 1
1,3,5 (7 2 7) = sinmz, —3 < < —1,
(z,2) = ( Yy ® 4(1:+ )69H4 €B4ﬂsm7rx <z <
1
§®<1,3,5>, -1 <z <1,
0, |z| > 3.

2. Let U(&,n) is a [(i1)—gH]-differentiable fuzzy function, then @(z,t), Oyti(z,t)
and d,u(x,t) are [(i) — p|-differentiable w.r.t. t and x, also ) and ¢ are [(i) —
gH]-differentiable w.r.t. (x—ct) and (z+ct), respectively. For example, consider
f(x) and §(z) of the following form

(56) f<x>={¢(x)’ 'x'gl’gw:{d’(x)’ o=t

0, lz| > 1, 0, |x] > 1.
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Step 1. Write down fuzzy D’Alembert solution

1/~ - (_1> z+ct
w(z,t) = = (f(gc —ct)® flx+ ct)) OgH —/ g(s)ds.
2 2c r—ct
Step 2. Identify the regions. (similarly, as in the previous)
Step 3. Determine the fuzzy solution in each region. In Ry region, we have

|z £+ ct] <1, so that (41) implies
fla—ct) = d(a — ct), f(z + ct) = d(a + ct),

and ot ot
g(s)ds = h(s)d
/w s / s
and hence
_ xr—ct N
a(z, 1) :%<$(;E—ct)€9¢~5(x+ct)> OgH (22)/ D)
x+c

In Ry region, we have —l < x —ct <l and x + ct > | so that
fl@+ct) =0, f(x —ct) = oz — ct),

[ aas= [ atoase [ atas= [ i

and hence

and

o I
¢(172 t) ®gH(21) /7tw(5)d5_

In R3 region, we have x —ct < —l and —1 < x+ ct <1 so that f(ac +ct) =

oz +ct), flx —ct) =0,
x+ct x+ct N
/ g(s)ds :/ P (s)ds,

—ct —1

u(x,t) =

and hence

¢(x 4+ ct) (—1) [*+et -
oG [ g

In R4 region, x — ct < —l and x + ct > [, so that

w(x,t) =

fz+ect) =0, flx —ct) =0,

/ _+ iteas = | :;g(s)d o ll go)is [ s [ ll B(s)ds,

and hence

u(w,t) = OgH(_;)L

x+ct
g

— l ~
(s)d = @gH(Tl) /_ D)

—ct



122 M. Miri Karbasaki, M. R. Balooch shahryari and O. Sedaghatfar
In Rs and Rg regions, f(z + ct) = 0 = f(x —ct) and §(s) = 0 for s €
[ — ct,x + ct], hence &= 0. To summarize
(57)
(0w — ) @ 9z + b)) Ogn G2 [T D(s)ds, (w,t) € Ry,
~ (m_Ct) OgH (_1) fifctw (s)ds, (z,t) € Ra,
u(z,t) = ‘MHCU OgH Gl 1) $;ratw(s)als, (z,t) € Rs,
Oun G2 [13(5)ds, (2,1) € Ry,
0, (I,t) € Rs, Rg

Step 4. For each specific time ty, write the x-intervals corresponding to the

intersection of the sets R, with the line t = t.

step 4)

(similarly, as in the previous

Example 5.2. For an infinitely long string, consider giving the string zero

initial displacement u(x,0) = 0 and initial velocity Oyu(z,0) = g(x). Suppose
that
. ¥ ® cos* (% -1<zx<1,
g(x) = e,
0, otherwise.
The ICs have the form considered above for ¢(z) = 0 and ¢(z) = O cos*(5x).
Step 1. The wave D’Alembert solution of (41) becomes
_1 x+t
(e, ) = @(2—) / i(s)ds.
r—1

Step 2. By (50) we determine the regions.

Step 3. Determine u(x,t) in each region. From (57) by consider ¢ = 1,1 =

1,8 =(1,3,5), we have
Ogr G2 [71(1,3,5) 0 W(s)ds, (x,t) € Ry,
Ogr' G2 [} ,(1,3,5) @ p(s)ds, (x,t) € Ro,
U(Z‘,t)— egH%faj t<1 3 5>®'l/}( ) S, (ZL’,t)GRg,
Ogr' G2 [11(1,3,5) @ ¢(s)ds,  (x,t) € Ry,
0’ (I,t) € R5aR6
Note that
Rl.’
(—1) [+
1,3,5 d
S / (1,3,5) © (s)ds

= 0yn(1,3,5) ® (%

P —
A sin(m

((z — 1)) Ognr 7-sin(a(e +1)),
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Rg.‘
O (_71) 1 1,3,5 d
gH 2 —t< » 9y >®"/)(8) S
= 041(1,3,5) © (@ = 1) Ogu 7 © 7-sin(r(z— 1)),
R3.’
oo T [ ds =
gH 9 . <77>®¢(5)5*
1 (—1
it (1,3,5) © (5 Ogn (@ +1)) Ogn L sin(r(z +1))
R4.’
-1 rt -1
oon G2 [ (8.5 0 v(s)ds = 04 1.3.5) 0 1,
R5 and R6
a(z,t) = 0.
Thus
(58)
O01(1,3,5) © (G2t @ Lsin(n(z — 1)) Og fsin(r(z+1))),
((E t) € Ry,
Og4mu(1,3,5) (}1 (x—t) Ogn 1@ 417Tsm(7r(a:—t)),
7t ER ’
u(z,t) = (@9) 2 | | 1)
991(1,3,5) © (4 Oy 2z +1)) Opn Gsin(r(w +1)),
(,T,t) € Rs,
®gH<17375> © (_Tl)a (I7t) S R4a
07 (J?,t) € R57R6-

Step 4. We early consider, intermediate and later times t = 1/2,1,2. At
t =1/2, the R, regions are given by (52), and (58) becomes

(-1) 1 1 1
Ogm (1,3,5) ©® (T — %cosmc) ~3 <z < 3
o <135>@(1( L) g~ @ ) L, 3
Tl o g
ae =) 4T ) Pl oS ) 2 ="=73
7 ) <135>®(1® 1(x+1))® (_1)005 x) 3<ac<
2 Tt = - _2 _
gH \1,9, 4 gH4 2 gH Ar ) 9 = =
0 >3
>0
’ -2

DN | =
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At time 1, the Ry, regions are given by (53), and (58) becomes

S <135>@(1( 1)o 1)@(_1)' 0<z <2
gH \1,9, 43? gH4 I SINTI, <z < 2,

1 1 1 .
Ogm (1,3,5) © (Z OgH Z(a: +1)O4m Eszmm;), -2 <z <0,

0, |z| > 2.

(z,1) =

At time 2, the R, regions are given by (54), and (58) becomes

© <135>@(1( 2) Ot + & L si ) 1<z<3
gH (1,3, 1 x gH 47Tsm7rx , <z <3,
© <135>@(1@ 1(ac+2)@ D x) —3<z< -1
’LL(Z‘,Q): gH 39y 4 gH4 gH . U ) =4 > )
-1
egH<17375>®(2)a -1 SISL
0, |x| > 3.

6. Conclusion

The physics phenomena can be expressed by connecting fuzzy space and
fuzzy derivatives with time, such as wave equations in electromagnetic. In
this paper, the one-dimensional fuzzy wave and telegraph equations have been
solved by an analytical technique under generalized Hukuhara derivatives. The
basic concepts of the fuzzy theory have been presented. Considering physical
interpretations, we have discussed fuzzy wave solutions obtained in detail using
position variable restriction. Then, the fuzzy wave solutions have been clarified
by providing examples using the fuzzy D’Alembert method.
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