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ABSTRACT. Denote by P, the largest prime among the primitive prime
divisors of 2271 — 1 and 22(47+2) _ 1 where n € N. In this paper, we
prove that if ¢ = 22"t1 > 8 and o < pn, then the direct product of «
copies of Sz(q) is uniquely determined by its complex group algebra.
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1. Introduction and Preliminary Results

Let G be a finite group and Irr(G) be the set of irreducible characters of G.
The set of prime divisors of |G| is denoted by 7(G). A p-defect zero character
of G is an irreducible complex character x € Irr(G), where p does not divide
|G|/x(1). If n is a natural number, by G™ we mean the direct product of n
copies of G.

In [6, Problem 2*], R. Brauer posed the following question: Let G and H
be two finite groups. If for all fields F, two group algebras FG and FH are
isomorphic can we get that G and H are isomorphic? In [8], E. C. Dade
showed that this is false in general. In [10], Huppert proposed the following
conjecture:

Conjecture. Let H be a finite non-abelian simple group and G be a group
such that ¢d(G) = cd(H). Then G = H x A, where A is abelian.

Also in [18], Tong-Viet posed the following question:

Question. Which groups can be uniquely determined by the structure of their
complex group algebras?

It is proved that non-abelian simple groups, quasi-simple groups and sym-
metric groups are uniquely determined up to isomorphism by the structure of
their complex group algebras (see [4,14,16,19]).

One of the next natural groups to be considered is the characteristically
simple groups (A group is called characteristically simple if it has no proper non-
trivial subgroups which are invariant by all of its automorphisms). Khosravi
et al. proved that PSL(2,p) x PSL(2, p) is uniquely determined by its complex
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group algebra, where p > 5 is a prime number (see [12]). In [1], Baniasad et al.
proved that if M is a simple K3-group, then M x M is uniquely determined
by its order and some information on irreducible character degrees. In [2],
Baniasad et al. proved that the direct product of non-isomorphic Suzuki groups
is uniquely determined by its complex group algebra.

A prime is called a primitive prime divisor of a™ —1 if it divides this number
but does not divide a* — 1 for 0 < k < m. Denote by p, the largest prime
among the primitive prime divisors of 22"+1 — 1 and 22(4"*2) — 1. In this
paper, we prove that the direct product Sz(22"+1)® where a < p,,, is uniquely
determined by its complex group algebra. Also in special cases, we prove that
these groups are characterizable by their orders and the existence of a p-defect
zero character.

Given a natural number n, let P(n) denote the greatest prime divisor of
n. For every integer a coprime to n, let Ord, (a) denote the smallest positive
integer e such that a® = 1 (mod n). Let n,, where r is a prime, denote the
r-part of n, i.e., the largest power of 7 that divides n. For a prime number s,
we write s¥||n, if s* | n but s {n.

Lemma 1.1. [20, Lemma 1] Let G be a non-solvable group. Then G has a
normal series 1 < H I K QG such that K/H is a direct product of isomorphic
non-abelian simple groups and |G/K| | [Out(K/H)|.

Lemma 1.2. [22] Let q,k,l be natural numbers. Then

gFb 41 if ﬁ is even and (kl—l) is odd

(2,q+1) otherwise

(q’“—l,ql+1)={

Lemma 1.3. [23]/ (Zsigmondy’s Theorem) Ifb > 1, then b™ — 1 has at
least one primitive prime divisor with the following two possible exceptions:

i) 26 —1, it) n=2 and b+ 1 is a power of 2.
Lemma 1.4. Ifn>2 anda>b>0, thenn+1<P(a™ —b").

Proof. If a™—b™ # 26—1, then by [5, Theorem V] there exists a primitive prime
divisor p of a™ — b™. Then p =1 (mod n). Hence n + 1 < p < P(a™ — b™). If
a” —b" =25—-1,then 6+1<7. |

Lemma 1.5. [15, Theorem 3.6] Let p be an odd prime, and let a # +1 be
an integer not divisible by p. Let d be the order of a modulo p. Let ko be the
largest integer such that a® = 1 (mod p*0). Then the order of a modulo p* is
d fork=1,...,ky and dp*=*o for k > kq.

2. Characterization by complex group algebra

In representation theory, p-defect zero characters are the subject of key
questions by Richard Brauer.

Definition 2.1. If G has a p-defect zero character for every prime divisor p of
|G|, then we say that G satisfies the pdz-condition.
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We note that by results of G. Michler and W. Willems, every simple group
of Lie type satisfies the pdz-condition (see [13] and [21]). If G satisfies the
pdz-condition, then obviously G" satisfies the pdz-condition.

Lemma 2.2. If G satisfies the pdz-condition, then

(a) every subnormal subgroup of G satisfies the pdz-condition;
(b) G is a non-solvable group;
(c) the only solvable subnormal subgroup of G is 1.

Proof. (a) Let H be a subnormal subgroup of G, where H = H, <---<H; <
Hy = G for some r > 0 and for each 1 <i <r, H; # H; ;.

We proceed by induction on . If r = 1 and p is an arbitrary prime such that
pP|||H|, then there exists x € Irr(G) such that x(1), = p%, where p®|||G|. Also
there exists 6 € Irr(Hy) such that [xp,, 0] # 0. Using [11, Corollary 11.29], we
get that x(1)/6(1) | |G : Hy| and so p? | 6(1). On the other hand, (1) | |H]|
and so 6(1), = |Hi|p, which implies that H; satisfies the pdz-condition.

By the inductive hypothesis, H,_; satisfies the pdz-condition. Since H, <
H,_4, similarly to the above H satisfies the pdz-condition.

(b) Let G be a solvable group. Suppose that M is a minimal normal sub-
group of G which is an elementary abelian p-subgroup for some prime divisor p
of |G|. Using part (a), M satisfies the pdz-condition. So there exists § € Irr(M)
such that 1 =6(1), = |M|, = |M]|, and this is a contradiction.

(c) This is an immediate consequence of (a) and (b). O

Remark 2.3. [7] Let ¢ = 22"T1 > 8. We note that |Sz(q)| = (¢*> + 1)¢*(¢ — 1)
and |Out(Sz(q))| = 2n + 1.

Lemma 2.4. (a) For every natural numbers m and n, we have

S2(22™ )| | [Sz(22+1)| if and only if |Out(Sz(2*™+1))| | [Out(Sz(2*"1))].
(b) If p is a primitive prime divisor of 22"t1 — 1 or 22(47+2) _ 1 then

p1[Sz(22m*Y)|, where 1 < m < n.

Proof. (a) By assumption 24m+2(24m+2 4 1)(22m+1 _ 1) divides 24n+2(24n+2 4
1)(22"*1 —1). Since 2m + 1 is an odd integer, it follows that (2m + 1)/(2m +
1,4n + 2) is an odd integer. Hence by Lemma 1.2, (22m+1 — 1 24n+2 1 1) =
(2,2 +1) = 1. Similarly, we obtain that (22m*1 — 1 24m+2 4 1) = (22n+1 —
1,242 4 1) = (227+1 —1,24m+2 1 1) = 1. Therefore 22! —1 divides 22" 1 -1,
which implies that 2m + 1 divides 2n + 1.

(b) The result is obtained from the definition of primitive prime divisor. O

Lemma 2.5. Let p be a primitive prime divisor of 2271 —1 or 22(47+2) _1 gnd
H = Sz(2*™ 1)t where 1 < m < n and t is a natural number. If p | [Out(H)|,
then |H |y > |Sz(22"11)]5.

Proof. Since p is a primitive prime divisor of 22**t1 — 1 or 22(47+2) _ 1 we get
that p=1 (mod 2n+1) or p =1 (mod 8n+4), respectively. Hence p > 2n+1
and so p { |Out(Sz(22"*1))|. Since n > m, we have p > 2m + 1 and hence
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p 1 [Out(Sz(22™+1))[. Since p | [Out(H)| and Out(H) = Out(Sz(2*"1))1 Sy,
we have p | t!. So t > p. Therefore

|H|2 > (26)15 > 96p > 26(2n+1) > 94n+2 _ |SZ(22n+1)‘2.
Thus |H|s > [Sz(227T1)]5, as required. O

Lemma 2.6. Let R and T be non-abelian simple groups, where py = P(|R|)
is a divisor of |T|. If G is an extension of R™ by T™, where m < pg, then
G=R"™xT".

Proof. If R is an alternating group or a sporadic simple group, then py t
|Out(R)|. So let R be a simple group of Lie type over GF(q), where ¢ = p/. We
prove that po 1 |Out(R)|. By [7], the order of the graph automorphism of R is
a divisor of 3!. Also if R 22 PSL(I+1,¢q) and R 22 PSU(l+ 1, ¢q), then the order
of the diagonal automorphism of R is less than or equal to 4 and otherwise the
order of the diagonal automorphism of R is a divisor of I + 1. Let k be the
largest integer, where (¢* — 1) | |R|. By Lemma 1.4, fk +1 < P(¢* —1). Now
in each case, using [7] we get that each prime divisor of |Out(R)| is less than
fk+1 < P — 1) < po, and so po § |Out(R).

By assumptions, there exists a normal subgroup K of G, which is isomorphic
to R™. As R is a non-abelian simple group, K NCg(K) = 1 and it follows that
KCq(K) 2 R™ x Cg(K) and Cg(K) 2 KCq(K)/K <G/K = T". On the
other hand, G/Cq(K) — Aut(K) and Out(K) = Out(R) 1 Sy,. Since m < po,
therefore

G G
——|||Aut(K ————|po [|Aut(K
ot AU = [ gl A
| R[5 T3
—— %R = |T|" = |Ca(K)|p,-
‘CG(K)|pU|| |p0 | |p0 ‘ G( )|p0
Hence Cq(K) 2 T"™ and so G = R™ x T". O

The generalized Fitting subgroup of G is the subgroup F*(G) = E(G)F(G),
where E(G) is the subgroup of G generated by all components of G, i.e. qua-
sisimple subnormal subgroups of G and F(G) is the Fitting subgroup of G.

Theorem 2.7. Let ¢ = 22"t > 8. If G satisfies the pdz-condition and |G| =
[Sz(q)|* where a < py,, then G = Sz(q)“.

Proof. Using Lemma 2.2, F(G) = 1 and so F*(G) = E(G). We know that, if
no minimal normal subgroup of G is abelian, then F*(G) = E(G) is a direct
product of non-abelian simple groups.

Since the Suzuki groups are the only non-abelian simple groups whose orders
are prime to 3, F*(G) = Sz(q)” x T[I", Sz(q:))™, where ¢; = 22%+1 n, #n
and 0 < 8 < a. On the contrary suppose that § < a. By Lemma 1.2 and
Zsigmondy’s theorem, we get that n; < n, for each 1 <1i < m.
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We know that F*(G) is self-centralizing, i.e., Co(F*(G)) C F*(G) and so
Ce(F*(G)) = 1. So G/F*(G) is embedded in Out(F*( )). Hence

‘F \ ‘ |Out(F*(G))| = [Out(Sz(q)” x HSZ (q:)™")

Therefore using [17, Theorem 3.3.20] we have

—~a—F
n

(2n 4+ 1)7 B! H(in + 1)%ay!

‘ m
=1

Now, similarly to Lemma 2.5, we claim that |F*(G)|2 > |G|s. Since p,
is a primitive prime divisor of 22"t1 — 1 or 22(4"+2) _ 1 we get that p, = 1
(mod 2n+1) orp, =1 (mod 8n+4), respectively. So 2n+1 < p,. Since n; < n,
2n;+1 < p,,. Thus p, 1 |Out(Sz(22"H1))| = 2n+1 and p,, 1 |Out(Sz(22"i1))| =
2n,; + 1, for 1 < i < m. Hence p®? divides [T, il = aglag!- - - !

Let « — 8 =t; +t3 4+ --- + t, such that ]’9}” | a;,;!, where 1 < j < 2 and

Q. _
{oiy, gy -y i} € {oq, a9, }. Therefore t; < —2 1 and so t;(pn
o —

1) < a;;. We have

|F*(G)|2 > ‘SZ(q)|2’8(26)0‘7"1 (26)0‘172 .. (26)041,2
> |Sz(q)|§(26)t1(5:71)(26)t2(ﬁ;71) o (26)tz(5;,1)
= (21 +2)8(90Pn—6yhittatHte _ (94n+2)5(96Pn—6ya—f

> (24n+2)ﬁ(26(2n+1)76)a7ﬁ > (24n+2)ﬁ(24n+2)a76 _ (24n+2)a — |Gf|27

which is a contradiction. Therefore @ = 8 and consequently we get the result.
O

As a consequence of the above theorem, by [3, Theorem 2.13] we have the
following result which is a partial answer to the question arosed in [18].

Corollary 2.8. Let ¢ = 22"t > 8 and a < p,,. Then CG = CSz(q)® if and
only if G = Sz(q)”.

3. Characterization by a p-defect zero character and order

It is a well-known fact that characters of a finite group can give important
information about the structure of the group. In [20], it is proved that all
simple K3-groups are uniquely determined by their orders and one or both of
their largest and second largest irreducible character degrees. In the sequel,
we show that the direct product of some copies of Sz(q) are characterizable by
order and the existence of a p-defect zero character.
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Lemma 3.1. Let G be a solvable group of order p1®'pa®? ---pp®*. If there
exists 1 < i < k such that G has a p;-defect zero character, then

73

bi

|GL(aj,p;)l-

j=1

J#i
Proof. Due to the fact that G has a p;-defect zero character and consid-
ering [11, Corollary 11.29], it is obtained that O,,(G) = 1 and Fit(G) =
Hf 1.j2i Op;(G) # 1. Since G is a solvable group, Cg(Fit(G)) < Fit(G). Note
that G/C’G(Flt(G)) — Aut(Fit(G)). Therefore |G| | |Fit(G)| - |[Aut(Fit(G))|
and

k k
Aut(Fit(Q)) = Aut( H (G)) = H Aut(0,,(G))
= =1
gt i

Also, by [9] we know that [Aut(O,,(G))| | |GL(a;,p;)| and we get the result.
O

Lemma 3.2. Let G be a finite group such that ©(G) = m(Sz(2?"*1)), where
1 <n <10. Let G have a p-defect zero character x such that x(1), = p*. Let
I = (p—1)%x/p. If G satisfies one of the following conditions, then G is not
solvable:

(a) |G| =2°5°7¢13%, and a +3b+c < 1,

(b) |G| = 295°31°41" and 2(a+ b+ 2¢c) < I,

(¢) |G| =295°29°113%127¢ and 4a + b+ c + 4d < I,

(d) |G| = 25°7°13937¢737109% and 3a + 4b + 4c +d + e + 4f <,
(e) |G| = 25°23°899397°2113% and 48a + b+ c+ 11d +e < I,

(f) |G| = 2°5°53°15791613%8191° and 3la+ b+ ¢+ d + 52e < I,

)

39+ h <l
(h) |G| = 2050137°953926317%131071° and 387a + 9b + ¢+ d + 612¢ < l,
(i) |G| = 295229°457%524287¢525313% and 6912a+ b+ c+2d +6912¢ < I,
(G) |G| = 225°7°13929°113/1279337"1429°14449% and 172a + 24b + 28¢ +
21d + 6e + 24f + 12g + 84h + 3i < I.

Proof. (a) On the contrary, assume that G is solvable. By Lemma 1.5, we
obtain that Ordysx(2) = Ordy3(2) - 138=1, Ordy3x(5) = Ordy3(5) - 1381 and
Ordy3x(7) = Ordy3(7) - 1381, for every k € N. Using Lemma 3.1, we have
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13* ||GL(a7 2)| - |GL(b, 5)| - |GL(¢, 7)|]. By calculating the power of 13, we have

< o] o o] [ ] +
- Ord13(2) OI‘d132 (2) OI‘d133 (2)

e+ o e+ o]+

Ord13(5) Ord132 (5) Ord133 (5)
o o]+ [ ] +

Ord13(7) Ord132 (7) OI‘d133 (7)

a a b b c c
< [—= . e _ .. _ .
_[12]+[12~13]jL +[4]+[4.13]+ +[12]+[12-13}+

a+3b+c 13
<— 5 <z,

12 12
which is a contradiction.
The proof of other cases are similar. O

Theorem 3.3. Let ¢ = 2?1 > 8, wheren = 1,...,10 and p be the largest
primitive prime divisor of 22(4"*t2) — 1. If G has a p-defect zero character and
|G| = |Sz(q)|*, where a < p, then G = Sz(q)“.

Proof. We put Hy := G. By Lemma 3.2, it follows that G is not solvable.
According to Lemma 1.1, G = Hy has a normal series 1 < Hy < K; <Hy =G
such that K;/H; is a direct product of isomorphic non-abelian simple groups
and |Hy/K;| ’ |Out(K1/Hy)|. If Hy is not a solvable group, similarly to the
proof of Theorem 2.7, we continue this process and finally we have a subnormal
series of G as follows

(1) 1§]Hm§]KmS]Hm—1S]KHL—IS]"'S]HQS]KQS]HlﬁKlﬁHO:Ga

where m is the smallest number such that H,, is solvable. Hence
G| = [[1&:/Hil - [[ 1 Hi-r/ Kl - | Hol-
i=1 i=1

We know that K;/H; is a direct product of a; copies of a non-abelian simple
group S; & Sz(g;), where g; = 22" such that |H;_1/K;| | |Out(K;/H;)|. We
note that for 1 <n <10, |Sz(22"*1)[, = p.

e If 2n + 1 is a product of two prime numbers p; and py (not necessarily
distinct), then K;/H; is isomorphic to Sz(q)®*, Sz(2P*)“ or Sz(2P2)“. If there
exists i such that p||H;—1/K;|, then p| [Out(K;/H;)| = |Out(S)|* (a;!), where
S 2 Sz(q), Sz(2P*) or Sz(2P2). Using Lemma 2.4, we have p  |Out(S)|, therefore
a; > p, where S 2 Sz(q), Sz(2P') or Sz(2P2). In each case, we can find a prime r
such that r? { |G| but r? | |K;/H;|, which is a contradiction. So p{|H;—1/K;|.

We claim that p{ [Hy,|. Otherwise, if p | [Hpm/|, let p? || |Hp|. Then

[
H:‘L |Ki/Hi‘

PP Hom| - [ 1 Hi1 /Kl =
1=1
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Let p7 || TT/%, |K:/H;|. Hence a = 8+ ~. We know that each K;/H; is a
direct product of «; copies of Sz(q), Sz(2P') or Sz(2P2). Since p | [Sz(q)]
and p { [Sz(2P1)||Sz(2P2)|, we get that |Sz(q)|” | TI~, |Ki/H;|. Therefore,
|Hp| | S2(q)|? and by [11, Corollary 11.29], H,, has a p-defect zero character
of degree p®. By Lemma 3.2, H,, is not solvable, which is a contradiction.
Thus p { |Hy,|. Hence p || [T/, |K;/H;|. Therefore as we mentioned above,
H,, =1, and for each 1 < ¢ < m, H;_; = K; and K;/H; = Sz*(q), where
a1+ = .

e If 2n + 1 is a prime, then K;/H; = Sz(¢)*" and similarly to the above we
have pt |H;—1/K;| and H,, = 1.

Hence for each possibility of 2n + 1, we get the following series

]-:HmSIHmflS‘Hm72§"'§]H2§]H1§]H0:G,

such that H;_1/H; = Sz*(q). Considering Lemma 2.6, we obtain that H,,_1 =
Sz%(q), Hpm_o = Sz°mT9m=1(g) and finally G = Sz¥mtom-1tter(g) —
Sz*(q) and the proof is complete.
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