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ABSTRACT. Let M be a Lorentzian para-Sasakian manifold with a Lorentzian
para-Sasakian structure (¢, 7, £, g). In this paper, we introduce some metal-
lic structures on tangent bundle of the manifold M using vertical, horizon-

tal and complete lifts of the Lorentzian para-Sasakian structure (¢, 7, £, g) and
investigate their parallelity. We also consider fundamental 2-forms and
try to find conditions under which these 2-forms are closed.
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1. Introduction

Let (M, g) be a Riemannian manifold. Hretcanu and Crasmareanu defined
a metallic structure on M as a (1,1)—tensor field ¢ which satisfies ¢? = pp +
ql, where p, g are positive integers and I is the identity map acting on vector
fields of M [7]. Tt is said that g is p-compatible if

9(pX,Y) = g(X,9Y), VX, Y € x(M),
or equivalently
90X, YY) = pg(X,0Y) + q9(X,Y), VX, Y € x(M).

In this case, (M,g,p) is called a metallic Riemannian manifold. Particular
cases of these manifolds are listed below:

If p=q =1, then (M, g, ¢) is a golden Riemannian manifold.

Ifp=2, ¢g=1, then (M,g, ) is a silver Riemannian manifold.

If p=3, ¢g=1, then (M, g, ) is a bronze Riemannian manifold.

If p=4, ¢=1, then (M, g, ) is a subtle Riemannian manifold.

Ifp=1, ¢ =2, then (M,g,¢) is a copper Riemannian manifold.

If p=1,q = 3, then (M, g, ®) is a nickel Riemannian manifold.

Metallic structures and their particular cases on various bundles of Rie-
mannian manifolds have been of great interest and were investigated by many
geometers (see for instance [1], [4], [6], [8], [9], [10], [11], [13], [14], [15], [16]).
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In addition to above studies, metallic structures on tangent bundles can be
investigated by choosing a special manifold as the base manifold. According
to this, in [4], Azami studied metallic structures on tangent bundles of para-
Sasakian manifolds. He constructed these structures using some lifts of a para-
Sasakian structure. He also investigated their integrability and parallelity.

In this paper, we construct metallic structures on tangent bundles of Lorentzian
para-Sasakian manifolds by using vertical, horizontal and complete lifts of a
Lorentzian para-Sasakian structure and study their parallelity. Throughout
the paper, all manifolds, tensor fields and connections are always assumed to
be differentiable of class C*°.

2. Preliminaries

In this section, we will present some basic facts about Lorentzian para-
Sasakian manifolds and tangent bundles.

Lorentzian para-Sasakian manifolds were introduced by Matsumoto in 1989
[11]. Since then, a lot of physical and geometric properties have been studied in-
tensively by many authors (for example see [2], [5], [12]). Curves on Lorentzian
manifolds are also studied widely by many authors (see for example [18]).

Definition 2.1. [11] A quartet (¢, 7, &, g) given on an n—dimensional manifold
M, where ¢ is a (1,1)—tensor field, n is a 1-form, ¢ is a timelike vector field
and g is the Lorentzian metric satisfying for every X,Y € x (M)
¢*X X +n(X)E, () = —1,
n(¢X) 0, ¢ =0, g(X,&) = n(X), g(X,Y) = g(¢X, ¢Y) — n(X)n(Y)
is called a Lorentzian para-contact metric structure on M and the manifold M

associated with the metric g is said to be the Lorentzian para-contact metric
manifold. Moreover, if the relations

(Vxo)Y = [g(X,Y)+n(X)nY)]§ + [X +n(X)¢n(Y) and
Vx§ = ¢X & (Vxn)(Y) =g(¢X,Y)
hold on M for every X,Y € x(M) then the Lorentzian para-contact metric

manifold M is known as a Lorentzian para-Sasakian (briefly, LP-Sasakian)
manifold. Here, V is the Levi-Civita connection of M.

In the second part of this section, we only recall essentials about tangent
bundles of differentiable manifolds to be used in the sequel (for more details
see [19]). Let (M, g) be an n—dimensional Riemannian manifold. The tangent
bundle T'M of the manifold M is the disjoint union of the tangent spaces at
each point of M, i.e., TM = Upen T, M. The manifold T'M is of 2n—dimension
and the differentiable structure on M induces a differentiable structure on the
tangent bundle T'M turning it into a differentiable manifold.

Let f, X,w and F be a function, a vector field, a 1-form and a (1,1)—type
tensor field on M, respectively. We will denote their vertical lifts by f¥, XV, w?, F",
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their complete lifts by f¢, X¢, w®, F° and their horizontal lifts by f*, X" w", F*
to tangent bundle T'M. The following relations are satisfied:

(1)

(FX)" = f'X° X'f'=0, F'(X") = 0,w"(X") =0,

(fX) = [fX"+ X5 Xf = (X[f)", FUX) = (F(X))",

X[ = X)) = (X)) FUXY) = (F(X)", F'(X°) = (F(X))",
w'(X%) = W(XY) = (X)), W (X7) = (w(X))*,
XM = 0,wM(XY) = (W(X))Y, FMXT) = (F(X))", FM(X") = (FX)".

Remark that if P(z) is a polynomial in one variable z, then P(F°) = (P(F))°
and P(F") = (P(F))".
For the Lie brackets, we have

(X, Y] = 0, [X",Y9]=[X,Y]",[XY°]=[X,Y]
[XU7 Yh] = _(VYX)U7 [Xh7 Yh] = [X> Y]h - ’YR(X, Y)7
where R is the curvature tensor of the metric g on M and the vertical vector lift
YR(X,Y) is defined by v(R(X,Y)) = (R(X,Y)u)?, where u is the canonical
vector field on T M.
On the other hand, it is known that the complete lift metric g¢ of the metric
g is a semi-Riemannian metric on T'M and it is defined by
ge(X",Ye) = g°(X, YY) = (9(X,Y))",
ge(X",Y") =0,
ge(Xe YY) = (9(X,Y)), VX, Y € x(M).
The complete lift connection V¢ of a linear connection V satisfies the fol-
lowing relations:
V% Y = (VxY)’, V%Y = (VxY ), V5. Y = V& YY" = (VxY),
VeFY = (VF)?, V°F¢ = (VF)".

Similarly, the horizontal lift metric ¢” is a semi-Riemannian metric and it is
defined by
gh(XU7 Yh) = gh(Xha Yv) = (g(Xa Y))va
gh(Xv,Yv) =0,
gM(XM YR =0,VX,Y € x(M).
Moreover, the horizontal lift connection V" of a linear connection V satisfies
the following relations:

Vi Y =Vh Y =0,V5, V" = (VxY)", Vi Y = (VxY)"

Finally, a Riemannian metric g®, which is known as the Sasaki metric, is
defined by

gS(Xh’Yh) = g(X7Y))U7
(2) g (XM, YY) =0,
9o (X", V") = (9(X,Y))", VX, Y € x(M).
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3. Metallic structures on tangent bundles of LP-Sasakian
manifolds

In the following, let M be an n—dimensional LP-Sasakian manifold with the
quartet (¢,n,&,g). We construct a metallic structure on TM using complete
lift and study its parallelity. We also define a 2-form and find a condition under

p+/p%+4q

which it is closed. We shall denote oy = 5

Proposition 3.1. The (1,1)—tensor field J defined by

3) J=2rp Pl ey ae)

is a metallic structure on the tangent bundle of a LP-Sasakian manifold with
the quartet (¢,n,&, g).

Proof. The following relations are occurred from the definition of LP-Sasakian
manifolds and lifts to tangent bundles:

= () =I+n"®E +n"®L,
n’(&°) = n%(&") = -1, n"(&") =n°(&°) =0,
P°(E") = ¢°(&°) =0, n” o’ =n°0¢°=0.

If we use these relations, we get

7e) = 1)+ (L6 - e - ) (E)
— §£U+(20-177q%)(¢0(£1}) _,',I’U(é'U)EU _,'70(51))60)
_ P 20997 Pc
= ¢+ ¢

By a similar way, we obtain

c _ D 20, q P
TR = DXy + TR 4 yr (K)o (R)E),

Therefore, we have
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and
PR = BI04 D) (67(R)) - (D)) — (D) I(E))
= PPR 4 (2Tl 40X - (R0 — (X))
+(2a Ry D (R) 4 20D (R e (R)e 4t (R
(R + e Pee) _pe(R)(Lee 4 Hna = Lery)
2 2 _ ~ ~ ~
= B TR 2T T (%) (R (R)E)
= pJ(X) +¢X.
Thus, we proved the proposition. (]

Proposition 3.2. Let M be a LP-Sasakian manifold with the quartet (¢,n,&, g)
and J is given as (3). In this case, the following equation is satisfied

g°(JX,JY) = pg°(X,JY) + q¢°(X,Y), VX,Y € x(TM).
Proof. We have
gc(vaYv) = 0, gC(XUvEC) = (g(Xag))v = n(X))va

(
9°((¢X)",£) (9(6X, )" = (9(X, ¢€))" =0,
g°(€5,€9) = (g9(§,6)°=0.

We also have

JXv = ng + %}T_p(qsc(Xv) _nv(Xv)gv _nC(XU)fc)
——
0
(W = Bxv oy 2L ()" — (X)),
Jxe = e 2P e ) o (xe — of (X9)E)

(5) = Do 2P (X)) — (X)€"~ (n(X)°E°).
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So,

GUX" YY) = g (EX+

200 =P (4X)" — (nX)€°),

2

Pyvy 21 =P (s — (v )eee))

2

/P v 207 —-p v¢c
= g Bxn, TPy

2 — 2 -
—g (2L (0X), 2Ly )¢

2

2054 —
—g° (2L (nX)¢", £y

2

g (TP yxyrer, 2P gy

2

20,4 — D )
o (L

Zea Py yge)

)

= Cha PRy,

2

go(X°, YY) = (X%, By

2

2008 =P (G ) — (Y )€)

2 —
= IR E X))

2
Thus we obtain

g (JX",JY") = pg(X",

On the other hand, since

JYY) 4 qg° (X", V"),

2 _
XTIV = g GX TR (6X) - (0X)'E”

2

Dye + 2012 (y) — ()€ — (Y )°€)

2

2 on
= P vy + BT P ) () (Y )

4

g - ol _ ’
#2002 e 1 Qo =P o,y

4

+(nX)"(nY)"] -
2

Op.q— Opg—D)?
(2 p,q p)p(nX)v(nY)c_ (2 p»¢14 p) (nX)v(ny)v

4

= o)y + BP0 vy ) (v )]
and
gc()(v7 JY(') — gc(Xv’ gyc + (20-17,; _p) (((by)c _ (nY)va _ (nY>C§C)
= Zyxvy 4+ B TP g vy - ) ),

2
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we occur

g°(JX", JY ) = pg (X", JY) + qg°(X",Y).
By the same way, we can prove the other cases. O
Theorem 3.3. If M is a LP-Sasakian manifold with the quartet (¢,n,€, g) and

J is given as (8), then the metallic structure J cannot be parallel with respect
to V°©.

Proof. We know that the 1-form 7 in LP-Sasakian manifolds induces an (n —
1)—dimensional distribution D as

(6) D,={X eT,M:n(X)=0}, Vpe M.
Now, for all X € D, we have
(VxeJ)§ = Vie(JE) = J(Ve£)

= Vet PP (e (e
~(e))°€) ~ L(vxey - LD (59 )

2
(VX)) E — (n(Vx))%€)
= B =P g (- mi)e” - (n©)E) - SV xE)*
—
(VX)) E + (n(Vx)) €.
Since Vx& = ¢ X, we obtain
(Ve = Z2aZPge e (x (X)) (since X € D, n(X) =0)
@ =0 () - x) 0.
This completes the proof. O

Example 3.4. Consider a 3-dimensional manifold M = {(z,y,2) : (z,y,2) €
R3}, where (x,y,2) are standard coordinates in R3. The linearly independent
vector fields are selected as

0 0 0 0
Ey=—-€e"—, Ey=¢€"(— — —), B3 = —.
! c oy’ 2 © (az By)7 7 or
The Lorentzian metric g is defined by
g(E1,Ey) = g(Ey, E3) = g(FEs, E3) =0,
g(E1,E1) = g(Eq, E2) =1, g(E3, E3) = —1.

The 1—form n is defined by n(Z) = g(Z, E3) for any vector field Z on M. The
(1,1)—tensor field ¢ is given by ¢(E1) = —FE1, ¢(F2) = —Es, ¢(E3) =0. The
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linearity property of ¢ and g gives
n(Es) = -1, ¢*(X) =X +n(X)Es,
9(0X,0Y) = g(X,Y)+n(X)n(Y),

for every vector fields X,Y on M. Therefore for E3 = &, the quartet (¢,m,&,g)
determines a Lorentzian paracontact structure on M. Thus, M is a 3-dimensional
LP-Sasakian manifold [17]. It can be easily shown that the metallic structure
J is given as (3) is not parallel with respect to V¢, since (VxFE3)" # X¢ for
all X € x(M).

Proposition 3.5. If M is a LP-Sasakian manifold with the quartet (¢,n,€,9), Vo =
0 and J is given as (3), then the fundamental 2-form ® defined by

B(X,Y) =g¢°(X,JY) - fg “(X,Y), VX,Y € x(TM),
is closed if and only if the following equation is satisfied:
(1) 9(VyX,02)+9(VzY,0X) +9(VxZ,¢Y) =0, VX,Y,Z € x(M).
Proof. We use the following formula:
3dO(X,Y,Z) = XOY,Z)+Y®(Z,X)+ Z0(X,Y)
—@([}?,?]72) - (I)([Za 5(:]7?) - (I)([?,Z],X),
VX,Y,Z € x(TM). Therefore, we write
3dd(X, Y, Z%) = XY, JZY)— gXCgC(YC7 Z°)Y+ Y (2", TXC)
_gycgc(zv,Xc) + Z'ugc()(c7 ch) _ nggc(Xc,Yv)
—g°([X,Y]%,J2%) + £g°(1X, Y], 2°) = °(1Z, X", JY )
S9°(Z, X)) = g°(IV. 2", JX°) + Lg°([Y. 2)", X°).
From (4) and (5), we recall

J2%) = Lz 2oy g2y,
T = Bxeq 2R (px) - (X" — (X)),
Thus
s dP(XOY*2%) = {Xg(Y,02)+Y9(Z,6X) + Zg(X.0Y)
o Y] 82~ o(12X],97) ~ (172} 630}
X L(2) Y)Y~ Y L(2)) (X))
2 n(¥) (X)) — Z°[n(¥ ) (X))
~(1(2))" (X, Y].€)° — (n(¥))“a([Z. X]).€)"
—(n(X))g([Y, Z],€)"
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Similar to Proposition 2.5 in [3], we can see the existence of following rela-
tions in LP-Sasakian manifolds by using the equations V¢ = 0, g(X,¢Y) =
g(6X,Y) and ¢X = Vx:

Xg(Y,02) —g([X,Y],0Z) = 9(VyX,0Z)+9(VxZ,¢Y),

o(IX. Y] = X((Y) - Y((X).
So,
B dB(XO Y5, 2%) = 2g(TyX.62) +g(VxZ,6Y) + ¢(V2Y,0X))
F2@O) (20X + ((2) (Xn(Y))*
+((X))(Yn(2))"}-

In case of X,Y,Z are the vector fields of the distribution D in (6), we occur
3d®(X,Y,Z) = 0if and only if (7) is fulfilled. The other cases are similar. [

Now, we construct a metallic structure F' on T'M using horizontal lift and
investigate its parallelity.
Proposition 3.6. The (1,1)—tensor field F defined by

(®) F:gIJr(zgp’q%)(ébh—nh@éh—n”@é”)

is a metallic structure on the tangent bundle of a LP-Sasakian manifold with
the quartet (¢,n,¢, g).

Proof. Using the properties of lifts, we have
(¢")? = (@)'=I+y" 0 +n" ",
(€)= €)=~ (€)= "€ =0,
P (EY) = ¢"(E") =0, Yo" =9 og" =0.

So, we obtain

Fe) = Deoq ZeaTPen piehy=Der  2waPe
F@'R) = DX 4 aTR(R 4 R 4 (R0

Thus, we conclude

F(R) = 2% 4+ Ba =Dy X (B)er — (X))

2 2
and
F(X) = DR+ D) (R R) — n (K)F(E) — ' (K)F(E)
= pF(X)+qX.

This ends the proof. O
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Proposition 3.7. Let M be a LP-Sasakian manifold with the quartet (¢,n,&, g)

and F is given as (8). In this case, the following equation is satisfied
9*(FX,FY) =pg*(X,FY) +q¢°(X,Y), VX,Y € x(TM).

Proof. Using (1), we have

2 —
PX" = 2X" 4 Z2L_L(4X)".

From the definition of the Sasaki metric (8), we write

s v v p2 20’10711 —Pp v
¢ (FX", FY") = {(Q+5)9(X,Y)+72 pg(X, YY)},
20, g —
F(XU,FY?) = {gg(X,Y)—ﬁ-ip’; Po(x, oY)},

It is clear that

¢ (FX",FY") = pg*(X", FY") + q¢°(X",Y").
The other cases can be proved similarly. O
Proposition 3.8. If M is a LP-Sasakian manifold with the quartet (¢,n,&, g)

and F is given as (8), then the metallic structure F' cannot be parallel with
respect to V.

Proof. Using Vx& = ¢X we obtain
(Vi F)E" = Vh(FEM) — F(Vne")

_ v?{h(ggh + (2UP,Q — p) ((

: )= ()€
——

2
~—
0 0
~(©))'€") ~ L wxey - PP (gt
~((Vx€)"€") = (Vx§)"¢"
————

0

= B Py (ox))

For every X € D it is clear that (V%hF)fh = (. Therefore the proof is complete.
|

Proposition 3.9. If M is a LP-Sasakian manifold with the quartet (¢,n,€,9)
and F is given as (8), then the fundamental 2-form ®' defined by

'(X,Y) =g¢*(X,JY) — 12398()2,?), VX, Y € x(TM)

cannot be closed.
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Proof. We will use the following relations:

Fxty = Doy Ba =Py ix)eh,
Fe) = & +¢,
Fxty = Pty PO D gy,

If X is a spacelike or timelike vector field in the distribution D (6), then
from the definition of Sasaki metric (2)

3d® (XM, XV, &v) = XN"®/(XV,£Y) + XU (¢V, XN + v/ (X, XV)
_(I)/([Xh7XvL£v)_(b/([gvah]’Xv)_(b/([Xvafv]’Xh)
0

_ Xh(gs(Xv)ng)_ggs(Xv,Eq)»

+X(g"(€" FX") — £g°(6", X™)

0
€ (g" (X PXY) - £g" (X" X))
0
9" (VxX)", FE") + £g"(VxX)",€")
+9' (V€)' FX") = £g"(Vx8)", X")
= 2D (g e, (9X))
= BB pxy, (6x)1)
_ 7(2%,; =P (X, X) £0.
So, we proved the proposition. O

4. Conclusion

In this paper, we define some metallic structures on tangent bundles of
Lorentzian para-Sasakian manifolds and study their parallelity. We determine
some differences in equations from the Riemannian case which is studied in [3].
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