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ABSTRACT. Using the kronecker product definition of two simple graphs,
the kronecker product of two RL-graphs was defined and is defined and
it is further shown to be an RL-graph. Consequently, it is demonstrated
that the kronecker product of two RL-graphs is a commutative property
(i.e G® H= H®QG). It is also stated that the kronecker product of two
strong RL-graphs is a strong RL-graph but not necessarily vice-versa. It
is bounded a and S of the kronecker product of two RL-graphs by « and
B of its constituent graphs, respectively. Moreover, if H is an RL-graph,
and G and G’ are two isomorphic RL-graphs, then the kronecker product
of G and H and the kronecker product of G’ and H are isomorphic RL-
graphs. In addition, some notions such as regular RL-graphs, a-regular
RL-graphs, and totally regular RL-graphs are proposed and explicated.
An application of this operation, which has calculated work efficiency of
two companies when they work together by the kronecker product is also
suggested. Finally, it is brought one application of this operation that
is determined and estimated the group that has the maximum interact
among its members. Ultimately, in light of the above, some related the-
orems are proved and several examples are provided to illustrate these
new notions.

Keywords: RL-graph, Strong RL-graph, Kronecker Product of two RL-
graphs.
2020 MSC': Primary 05CXX-05C76.

1. Introduction

Ever since Euler stated the graph concept in 1965 to solve Konigsberg Bridge
[3], many researchers in this field have used this notion to solve various problems
[1,2]. Every year novel ideas are introduced in graph theory to develop it, some
of which have applications in multiple fields and help solve human beings’
problems [9]. One of these concepts is the notion of a graph constructed on
a residuated lattice (called L-graph), presented by Zahedi et al. They used
this type of graph to model books in a library or to choose the least medicine
to treat a particular disease. They have discussed this issue in detail in their
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papers [11,13,18]. Further, a novel operation of two L-graphs, called maximal
product, was introduced by considering a residuated lattice; based on that, we
have identified some relationships between L-graph and L-graph automaton as
well [12]. Now in this study, we decide to present a new operation on this type
of graph and use it to select the best group for teamwork. We also suggest
that researchers in different fields use this concept to solve various problems by
fully expressing the modeling method and using this operation. Also, we tend
to find a deep connection between graphs and automata so that researchers in
both theories can take advantage of both.

After introducing the concept of fuzzy set by Zadeh in 1965, it was used
to model uncertain and ambiguous natural events [15,16], [17]. Kaufman took
advantage of this concept and subsequently suggested the fuzzy concept of
graphs [8]. From then until today, this concept has been considered by many
writers and researchers for modeling complex topics [10]. When discussing the
use of various sciences to solve daily problems, we can say that graph and
fuzzy graph theories have significantly contributed to solving human problems.
Many companies today have used these concepts to grow and generate revenue.
For instance, many companies such as Google maps apply graph theory, using
graphs for building transportation systems, where intersection of two(or more)
roads are considered to be a vertex and the road connecting two vertices is
considered to be an edge. In this case, their navigation system is thus based on
the algorithm to calculate the shortest path between two vertices. Facebook
users are also considered to be the vertices and if they are friends then there is
an edge running between them. Facebook friend suggestion algorithm employs
graph theory as well. Facebook is an example of undirected graph. In World
Wide Web, web pages are considered to be the vertices. As an example of
directed graph, there is an edge from a page u to other page v if there is a link
of page v on page u. It has been the basic idea behind Google page ranking
algorithm.

In this study, we used the notion of the tensor of two matrices and introduced
the Kronecker product of two L-graphs. This operator creates a connection be-
tween two unrelated structures and relates the effect of these two structures to
each other. At the end of this study, we show that this notion has many applica-
tions, and we have mentioned only two of them. Therefore, aims at introducing
the kronecker product of two RL-graphs using a comprehensive well-defined op-
eration. Additionally, the notions as strong RL-graph, regular RL-graph, and
totally regular RL-graph are explicated in details and further the relationships
between these graphs and their operations are investigated. Finally, two ap-
plications of this operation are presented and elucidated. Accordingly, some
examples and theorems are proposed for clarification of suggested notions.
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2. Preliminaries

In this section, some definitions of the graph theory [4,7,14], the residuated
lattice [6], and the L-graph [11,12,18] are notified.

Definition 2.1. [4] The degree of a vertex v in a simple graph G = (V, E),
denoted by dg(v), is the number of edges of G incident with v.

Definition 2.2. [4] A simple graph G = (V, E) is k-regular if dg(v) = k for
all v € V; a regular graph is one that is k-regular for some k.

Definition 2.3. [14] A graph G = (V, E) is disconnected if its vertex set can
be partitioned into two nonempty subsets X and Y so that no edge has one
end in X and one end in Y.

Definition 2.4. [14] The adjacency matrix of G = (V, E) is the n x n matrix
Ag = (ayy), where ay, is the number of edges joining vertices u and v, each
loop counting as two edges.

Definition 2.5. [6] A residuated lattice is an algebra L = (L, A,V,®,—,0,1)
such that

(1) L=(L,A,V,0,1) is a lattice (the corresponding order will be denoted
by <) with the smallest element 0 and the greatest element 1,

(2) L = (L,®,1) is a commutative monoid (i.e., ® is commutative, asso-
ciative, and z ® 1 = z holds),

(3) x®y < zif and only if x <y — z holds (adjointness condition).

Proposition 2.6. [6] Let (L,A\,V,®,—,0,1) be a residuated lattice. Then the
following properties hold:

(Rl) 1%z =z, where x € {\,®,—},

Ry)z2®0=0,1"=0,00 =1,

3) $®y§$/\y§$,y7 andyg (ZL’—)y),

5) ¢ <y implies x x z < y* z, where x € \,V,®,

6) 2@ (@ Ay) < (z@2) A (2@Y),

7)z@(yVe)=(r®y)V(r®z2),

§) (@Vy) 2= (@ y) Az 2),

o) ifzVy=1thenz wy=y andz @y =z Ay.

Definition 2.7. [11] G = («, 3) is called an L-graph on G* = (V, E) that is a
simple graphifa: V' — Land 8 : E — L are functions, with 8(st) < a(s)® a(t)
for every st € E. Besides, if G* is a path (cycle, bipartite, complete, complete
bipartite) graph, then G is called a path (cycle, bipartite, complete, complete
bipartite) L-graph on G*.

Definition 2.8. [18] Let G = (a, 8) be an L-graph on G* = (V, E) such that
B(st) = afs)® aft), for every st € E. Then G is a strong L-graph.

Notation 2.9. Through this paper we used RL-graph instead of L-graph.
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Definition 2.10. [11] Let G; = (a1, 1) and G2 = (as, 82) be two RL-graphs
on Gi = (V4,Eq) and G5 = (Va, Es), respectively, and ¢ € L\{1}. Then G,
and G are isomorphic with threshold ¢, denoted by G =, Gs if there exists
a bijection A from V;j into V5 such that the following conditions hold for all
u,v € Vq:

(i) wv € Ey if and only if h(u)h(v) € Es,
(ii) a1(u) > cif and only if as(h(u)) > ¢,
(iii) B1(uv) > cif and only if Ba(h(u)h(v)) > c.

~

h is an isomorphism (22) if and only if A is an isomorphism with threshold ¢
for every c € L\{1}.

Definition 2.11. [5] The tensor product of two matrices is the same as their
kronecker product. Consider you have an m x n matrix A, and a p X ¢ ma-
trix B. Their kronecker product A ® B is an mp X ng matrix. In general,

anB algB e alnB

ang a22B N agnB
A® B= . . : .

amlB amQB . a'mnB

3. The kronecker product of two RL-graphs

Throughout this study, we consider that L is a residuated lattice, and G* is
a simple graph.

In this section, through using the definition of the kronecker product of two
matrices, a novel operation on two matrices and their arrays belonging to a
residuated lattice are defined and it is noted by ®. The related notion is there-
fore clarified by an example. In addition, the adjacency matrix of RL-graph
G, the matrix of membership of its vertices, and the matrix of membership of
its edges are introduced and explicated through appropriate examples. Subse-
quently, the notion of a kronecker product of two RL-graphs is proposed using a
comprehensive well-defined operation. An example expresses the related issue.

Definition 3.1. Suppose L = (L, A, V,®,—,0,1), the m xn matrix A := (a;;)
and the [ x k matrix B := (b;;), where a;; € L and b;; € L. Then

011®B (112®B a1n®B

021®B CL22®B a2n®B
A® B= : : . .

CLm1®B amz®B amn®B

Example 3.2. Consider L = (P(X),N,U,®,—,0, X), where X = {a,b,c,d},

] -
M®@N = MNON and M - N = {X if MCN, for every

N if otherwise,



On Kronecker product Of two RL-graphs and... — JMMR Vol. 11, No. 3 (2022) 91

M,N € P(X) and two matrices A = HZ]}’ F;’ ccl%» }Z:Zﬂ and B = [{c} {d}].

08 Aag 0 8 Ad

maacn=|0 Y )

Definition 3.3. Let G = (o, 8) on G* = (V, E) be an RL-graph. Then the
adjacency matrix of G is equal to the adjacency matrix of G*. Also, the matrix
of membership of vertices of G is the n x 1 matrix ag := (a(u)), where « is the
membership of vertex u of G. Besides, the matrix of membership of edges of
G is equal to the n x n matrix B¢ := (8(uv)), where S(uv) is the membership
of edge joins vertices u and v.

Example 3.4. Suppose L = (|0,1],A,V,®,—,0,1) and a path RL-graph G = (au, B1)

. N _f (a+b-1) if a+b>1,
on G* = (V4, E1), as in Figure 1, wherea@bf{ 0 ifatb<l, and
1 ifb—a>0,
a— b= (1—a+b) ;;b_ZQQ Vi ={q1,92,q3, a1}, E1 = {0142, 4243, 4304},

Bi(qiq;) = a1(q) ® ai(q;), for every qiq; € Er, ar(q1) = 0.9, aa(g2) = 0.7,
ai(gs) = 0.8, ar(qa) = 1, Bi(q1q2) = 0.6, B1(g2q3) = 0.5 and [1(g3q4) = 0.8.

010 0 0.9 0 06 0 0
1010 0.7 06 0 05 0
Hence, Ag =1 1 1| 2c= |gg| ™dPa= | o5 o o8|
0010 1 0 0 08 0
0.9) 0.7) (0.8) 1)
9 0.6 g 0.5 93 0.8 Qs

FI1GURE 1. The path RL-graph G and the cycle RL-graph H

Definition 3.5. Let G = (aq,51) on G* = (V1,E1) and H = (ag,2) on
H* = (V,,E3) be two RL-graphs. Then a kronecker product of two RL-
graphs G and H is defined by K = G® H = (o, 8) on K* = (V, E), where
A = Ag ® An, ax = ag © ag and Bx = B © Ba.

Theorem 3.6. Let G = («a1,p1) and H = (a9, [2) be two RL-graphs on
G* = (W, E1) and H* = (Va, Es), respectively. Also, let K = («,3) on
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K* = (V,E) be their kronecker product. Then K on K*, is an RL-graph and
V] = [Vi x [Val.

Proof. Suppose Vi = {q1,¢2,-..,q,} and Vo = {q},4¢5,...,4q,,}. So, we know
ag = (a1(q;)), where ¢; € Vi, for all ¢« € {1,2,...,n}, and ay = (a2(q})),
where ¢, € V3 for all i € {1,2,...,m}. By using the definition of ax, hence,
(ax)1j+i = 01(qi 1) ®az(qy) forall j € {1,2,...,m}andi € {0,m,...,nm}.
Also, consider B¢ := (B1(¢iq;j)), where ¢;,q; € V4 for all 4,5 € {1,2,...,n}
and g = (B2(qiq;)), where ¢, q; € Vp for all i,j € {1,2,...,m}. Thus,
Bk = Pi(qgs) ® Bu, where ¢,qs € Vi for all ;s € {1,2,....,n}. As
Bilags) ® Bu = Pi(ags) ® Ba2(qiq;), we know that we need to prove
Bi(qgs) ® Ba2(qiq;) < ca(q) ® az(g;). Hence, by using the definitions of 3;
and s,

Br(ags) ® Ba(qiq)) < ar(q) ® a1(gs) @ az(q;) ® aa(q))
< a1(q) ® as(q;) by Propsition 2.6(R3).
Therefore, K is the RL-graph on K*, and |V| = |V4]| x |V3|. O
Example 3.7. Consider the residuated lattice L, and the path RL-graph G
in FExample 3.4, and suppose the cycle RL-graph H, as in Figure 1, where

Vo = {Qing»q/B}f E2 = {qiqéa Qiqg’w ngé}) aQ(q/l) = 0.6, O‘Q(qé) = 0.8, O‘?(qé) = 0.9,
Ba(qiq;) = (a2(qi) A az(d))) ® (a(qi) A az(d))) for every qiq; € Fa, f2(diq2) = 0.2,

0 1 1 0.6
B2(qids) = 0.2 and B2(ghqy) = 0.6. So, Ag = |1 0 1|, ag = |08]| and
1 1 0 0.9
0 02 02
Ba= 102 0 0.6|. Then K = (a,8) on K* = (V, E) is their kronecker
02 06 0

product, as in Figure 2, where V.= {q{,d5,...,¢/s}, E = {¢/¢¢, i df,d5 ),

4596, 4591, 548, di a8 41 a8, a5 aF L a5 48 5 a6 47 5 46 a8 4 5y a7 dllas a8 4oy aR 0

49910, 99411}, a(q)) = 0.5, a(gy) = 0.7, a(g3) = 0.8, a(qy) = 0.3, a(g5) = 0.5,

alqf) = 0.6, a(¢¥) = 0.4, alqf) = 0.6, a(q)) = 0.7, a(qly) = 0.6, a(glh) = 0.8,

alqfy) = 0.9, Bladd) =0, B(q'qs) =0, Blgiqd) = 0, Blg5qg) = 0.2, Blg5q)) =

0, B(g5q5) = 0.2, Blgfqs) = 0, B(qiqs) = 0, Blagqy) = 0, B(g5qy) = 0.1,
B

Blasar) = 0, Blagas) = 0.1, Blerqir) = 0, Blarqiz) = 0, Blagdio) = 0,
Blagarz) = 0.4, Bg9qio) = 0 and S(g9q1) = 0.4.

Here, it is shown that the kronecker product of two RL-graphs is a commu-
tative property (i.e., G® H = H ® G), and it is expounded by an example.
It is stated that the kronecker product of two strong RL-graphs is a strong
RL-graph. In contrast, two RL-graphs are not strong while their kronecker
product is the strong RL-graph. It is bounded « and S of the kronecker prod-
uct of two RL-graphs by « of its constituent graphs and g of its constituent
graphs, respectively. Besides, these are clarified by an example.
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q7

K

FIGURE 2. The graph K*

Theorem 3.8. Consider two RL-graphs G = (a1, 61) on G* = (Vi, Ey) and
H= (az,B2) on H* = (Vo,E3). Then K =G® H = (o, ) on K* = (V, E)
and K' = H® G= («/,0) on K'* = (V',E") are isomorphic RL-graphs.

Proof. Consider Vi = {g;|1<i<n}, Vo= {g|1< i< m},V={¢'|1< i< mn}
and V' = {¢"| 1 < i < mn}. Let h : V — V' be a map such that
h(‘l}’ﬂ') = q/:/+1+n3 _, forallj e {1,2,....,m} and i € {o,m,...,nm}. If
Qi = qjryy S0 that j, 3" € {1,2,...,m} and 4,4 € {0,m,...,nm}, then i =7
and j = 5. Hence,

" 11 11
h(qj‘i‘l) =4 L +14+nj—n =4qv 4 14nj — h(qj’+i’)'

It is well defined, and thus, it is a function. If h(q;-'ﬂ») = h(qji,;) so that

j,i € {1,2,...,m}and i,i’ € {0,m,2m,...,nm}, then q”i/+1+nj L= q’i”Jer L

Hence, E+1+7‘LJ* n = —+1+n] —n. Thus, —Jrnj = E+”] Slnce -, E €
{0,1,2,...,n} and nj,nj’ € {n,2n,...,mn}, we have i = ¢’ and j = j'. Hence,
ah; = qgiﬂ-/. Thus, h is a one-one function. We know that A® A'= A'® A.
S0, Gi+;qi+;+ € E if and only if h(git+;)h(gi4+;/) € E’. Obviously, it is also
an onto function. We know that a(qj;) = a1(qi 1) ® az(q;) such that j €
{1,2,...,m}and i € {o,m,...,nm}, and &/(¢}/ ) = 042((1’%4_1)@) a1(g;r) such that

7 e{1,2,....,n}and i € {o,n,...,mn}. Assume j' = %—&-1, and i =nj—n
So,

o' (h(d)s:) = o




94 E. Raisi Sarbizhan and M.M. Zahedi

As B(q) 9] 1) = Bl(q%ﬂq%ﬂ)@ﬂz(q;q},) so that 4,4’ € {o,m,...,nm} and
47" € {1,2,...,m}, and B'(q¢}\,qf! ) = ﬁg(qTiL+1Q%+1) ® B1(q;q;) so that
i,i' € {o,n,...,mn} and j,j € {1,2,...,n},

!/ 1 1 /! " "
B D)) = B gl 1)
= ﬁ2(q/nj;n+1q/nj;—n+1)
® /81 (q#+1Q%+1)
= 62((];'(];/) ® 61((]%4_1(]%_,'_1)
= B(q} i yar)-
Thus, K and K’ are two isomorphic RL-graphs. |

Example 3.9. Consider the residuated lattice L, and two RL-graphs G and
H and their kronecker product K in Example 3.7. Then K' = (&/,5') on

K'* = (V',E') is the kronecker product of two RL-graphs H and G, as shown

- - ! " " " ! i 1" 1 1" 1 1" 1 1" 1
in Figure 3, where V' = {ql yda 7"'aQ12}; E' = {Q1 96 »41 910,92 95 »492 97 492 99
1" 1 i " 1 " 1 " 1 i " 1 " 1 i " 1 1" 1 s
42 911,93 496 »93 48 » 493 910,93 912>94 97 494 91195 91096 99 496 911> 497 910597 912>
s

ad'qd!1}, o (q¢f") = 0.5, a’(¢4') = 0.3, o/(¢§') = 0.4, a'(¢)') = 0.6, &/ (¢f') = 0.7,
alag) = 05, of(gr) = 06, o'(gs') = 08, o'(ss") = 08, allaro) = 0.,
' (q¢17) = 0.7, &/(q13) = 0.9, B'(¢"q5") = 0, B'(¢("aip) = 0, B'(¢y'q5") = O,

/3/(qé//q’/7//) 0 /8/(qé//qé//) — 0} /8/(qé//qi/{) — 07 B/(qé//qg/) — O} B/(qé//qé//) — O}
B'(a5'dtp) = 0, B'(a5'd13) =0, B'(¢y"a7") = 0, B'(¢{'qi1) = 0, B'(¢5"qiy) = 0.2,
B'(a5'ay’) = 0.2, B'(g'ai1) = 0.1, B'(¢7'qp) = 0.1, B'(¢7'¢}3) = 0.4 and
B'(qd'qY]) = 04. So, h : V.— V' is the function such that h(q]) = ¢{’,
May) = a5’ hg5) = qg', hla)) = &', h(a5) = ¢¢", hgg) = a1y, ha7) = ¢5',
hag) = ¢7', h(gy) = i1, h(dio) = ¢, h(dty) = a§" and h(gys) = qi3- Thus,

K and K' are isomorphic RL-graphs.

Ficure 3. The graph K'*
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Theorem 3.10. Let G = (a1,01) on G* = (V1,E1) and H = (az,B2) on
H* = (V4, Es) be two strong RL-graphs. Then their kronecker product is a
strong RL-graph.

Proof. The proof is similar as Theorem 3.6 with some modifications. O

Example 3.11. Suppose L = ({1,2,...,10},V, A, ®,—, 1,10), and two strong
RL-graph G = (a1, 81) on G* = (V1, E1) and H = (ae, B2) on H* = (Va, Es)
(a+b—10) if a+b> 10, d
1 if a+b<10, "

a— b= { (1 —:L—Fb) 77:‘; 2_3?8: 1= {qlaq27QB}; Ey = {Q1q27QQQ3};
ai(q1) =5, a1(q2) =7, a1(g3) = 9, Bi(q1g2) = 2, Bi(q2q3) =6, V5 = {q1, ¢,
@, 41} By = {dids, 205, G344 0104}, 2(qh) = 7, a2(qy) = 8, as(gs) = 9,
az(qy) =5, B2(q145) =5, B2(a5a3) = 7. B2(q3q)) = 4 and Pa(¢1qy) = 2. Then
their kronecker product is K = («, 8) on K* = (V, E), as in Figure 5, where

s vl vl vl vl Vi vl i

V=Ad a5, ... a2}, E={d/a¢. V&, 0545, a5 4%, 45 a6, a5 a8, 4 a5, i a7, a5 4t
Q502 96955 96 U1 97 o> 47 B2y 48 99, 5 1 1> a(dy) = 2, algy) = 3, a(gy) = 4,
a(g)) =1, a(gf) =4, algg) =5, a(q7) =6, a(gg) =2, a(gy) =6, algfy) =7,
algfh) =8, aldly) =4, B(die) =1, Bla{ ) = 1, Blayqd) =1, B(g5q7)

i Figure 4, where a ® b = {

7

( 1
Blasas) = 1, Blgsgs) = 1, Bldjar) = 1, Blaigs) = 1, Blasdio) = 1,
! / ! / /)
Blasdiz) = 1, Blagag) = 1, Blegay) = 3, Bld7alo) = 3, Bla7aly) = 1,
B(qdqs) =1 and B(ggqly) = 1. We can see K is a strong RL-graph.

5 7) 9)
@ e g
G

FIGURE 4. The strong RL-graphs G and H

Remark 3.12. The following example indicates that it is possible that kronecker
product of two RL-graphs is a strong RL-graphs while they are not strong RL-
graphs.

Example 3.13. Suppose L in Ezample 3.11, and two RL-graphs G = (a1, 1)
on G* = (V1,Ey) and H = (g, B2) on H* = (Va, Es), as in Figure 6, where



96 E. Raisi Sarbizhan and M.M. Zahedi

FicURE 5. The graph K*

Vi = {q,}, B1 = {q12}, ai(@) = 9, aa(g2) = 6, Silqige) = 1,
Vo= {1, 2}, B2 = {d16a}, 02(dh) = 7, a2(qy) = 3 and Ba(qia3) = 1. Then
their kronecker product is K = (o, 8) on K* = (V, E), as in Figure 6, where
V=Ad¢\.43,....di}, B ={d/d}.d5q5}, alq]) = 6, algz) = 2, a(qs) = 3,
alg)) =1, B(¢{q)) =1 and B(dy¢y) = 1. Clearly, K is a strong RL-graph but
G is not a strong RL-graph.

9 6 7 3
o 'R 5 1 5
qa q;
G H

q q

® ' o

q a5

o——oO

@ ' ®

G®H

FIGURE 6. The RL-graphs G and H, and their kronecker
product G @ H

Proposition 3.14. Let G = (aq, 1) and H = (a2, B2) be two RL-graphs on
G* = (V1, Ey) and H* = (Va, E3), respectively. Then the kronecker product of
them is the RL-graph K = (o, 8) on K* = (V, E) such that

@

N a@e N =\ <alg) <\ a@)=\ aa(@® \/ alq).

qeV qeVs qev qeVv qeV; qeVL

N Bilad)e N\ Baled)= N Bled) < Bled)

qq'€En qq'€E> qq'€E
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and

Bad)< \/ Blad)=\ Bilad)e \/ Balad)
qq'€E qq’'€Ey qq9'€E>
for every q € V and for every qq' € E.

Example 3.15. Let G and H be two RL-graphs, and the kronecker product of
them K in Example 3.11. Then

1=505=\ ai(@® A axlg)= )\ alg) < 8

qeV; qeVs qev
= \ alg)
qeVv
= \/ a1(q) ® \/ a2(q)
qeV1 qEV2
= 9®9=28,
and
1=202= A Bia)e A Bd) = ) B)
qq'€En qq'€E> qq'€E
3
\/ Blad)
aq'€E
< 'V Bilad)® \/ Baled)
qq’ €E4 qq' €E>
= 67
3.

Here, a disconnected RL-graph is determined. Moreover, if H is an RL-
graph, and G and G’ are two isomorphic RL-graphs, then the kronecker product
of G and H and the kronecker product of G’ and H are isomorphic RL-graphs.
This theorem is illuminated by an example. It is also stated that if at least one
of two RL-graphs is a disconnected RL-graph then their kronecker product is a
disconnected RL-graph as well. This issue is explicated through some examples.
Additionally, some notions such as regular RL-graphs, a-regular RL-graphs,
and totally regular RL-graphs are defined. Then, it is stated that the kronecker
product of two totally regular RL-graphs is totally regular RL-graphs.

Definition 3.16. Let G = («, 8) on G* = (V, E) be an RL-graph, while G* is
a disconnected graph. Then G is called the disconnected RL-graph.

Example 3.17. Let L = ({1,2,...,10},V, A, ®,—,1,10), where a®b=a Ab

10 Zf a< b7 _ *
b ifb<a and an RL-graph H = (a, ) on H* =
(VLE), as in Figure 7, where V' = {a1,a2,a3}, E' = {a1az2}, ala1) = 7,
alag) =8, alasz) = 1 and f(ajaz) = 7. Clearly, this RL-graph is disconnected.

and a — b =
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FIGURE 7. The RL-graphs H, Gy and G»

Example 3.18. Let L in Ezample 3.17, and two RL-graphs G = (a1, 1)
and H = (ag,82) on G* = (V1,E1) and H* = (Va, Es), respectively, as in
Figure 8, where Vi = {q1,q2,q3,494}, E1 = {142, 4243, 434, (104}, c1(q1) = 9,
a1(qz) =7, a(gs) = 6, a(qa) = 2, Bi(q192) = 6, Bi(q2qs) = 3, Pi(gzqa) = 1,
Pilqras) = 2, Vo = {q1, 45, 65,44}, B2 = {d145, 0205, 4344, 0144}, 2(q1) = 9,
az(g5) = 6, az(gy) = 6, az(qy) = 2, B2(q195) = 6, Pa(ghas) = 3, Pa(asqs) = 1
and Ba2(qiqy) = 1. Also, let a function h : Vi — Va such that h(q;) = 4, for
every 1 < i < 4. Hence, we can see that these two RL-graphs are isomorphic
with threshold c; = 7 but these two RL-graphs are not isomorphic with threshold
Cy = 6.

(2) (6)
G H

F1GURE 8. The RL-graphs G and H

Remark 3.19. The above example indicated that it is possible that two RL-

graphs are isomorphic with threshold c;, however they are not isomorphic with
threshold cs.

Theorem 3.20. Let G = (a1,61) on G* = (V1,E1) and H = (ag,f2) on
H* = (V4,Es) be two RL-graphs and let G' = (o}, 1) be an RL-graph on
G* = (V{, E}) such that G and G' are two isomorphic RL-graphs. Then
K=G®H=(0,f) and K = G' @ H = (o, ) are two isomorphic RL-
graphs on K* = (V,E) and K'* = (V', E'), respectively.
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Proof. By using the proof of Theorem 3.6 and the definition of isomorphic two
RL-graphs, these RL-graphs are isomorphic. O

Example 3.21. Suppose L and the RL-graph H in Example 3.17, and two
isomorphic RL-graphs G1 = (a1, 81) and Go = (g, B3) on GT = (V1, Ey) and
G35 = (Va, Es), respectively, as in Figure 7, where Vi = {q1,42,93,94,G5},

E1 = {0192, 4243, 4304, 145, (145}, oa(qr) = 9, a1(q2) = 7, ai(gz) = 5,
ai(qs) = 6, @1((15) =3, fi(q1q2) = 6, Bi(q1gs) = 2, P1(g3qs) = 1, Bi(qaqs) = 2,
Bi(qags) = 1, {a1, a5, 65,44, &5}, B2 = {d145, 4144, 4244, 4505, 4305}, 2(q)) =
7, a(gy) = 6 az(q3) =9, aa(qy) = 5, az(qs) = 3, Pa(qiq3) = 6,

Bo(didy) = 2, Ba(qaas) = 1, Ba(qpas) = 1 and Ba(aqsqs) = 2. Addition-
ally, let h be a function between Gy and Gz, where h(q1) = ¢4, h(g2) = ¢},

h(gs) = q4, h(qs) = ¢4 and h(gs) = ¢i. Clearly G1 and Go are isomorphic RL-
graphs. Then the kronecker product of G1 and H is the RL-graph G1 ® H =
(o, 8") on (G1 @ H)* = (V', E'), as in Figure 9, where V' = {u1,ua,...,u15},

E' = {uius, u1u14, uota, UsU13, Uas, UsUz, Urt11, UsU10, U10U1d, U11U13 }, & (u1) = 7,
o/ (ug) = 8, a'(uz) = 1, o/(ug) =7, &'(us) = 7, o/(ug) = 1, a’(uy) = 5,

o' (ug) =5, a'(ug) = 1, &/ (u1g) = 6, &'(u11) = 6, &' (u12) = 1, o’ (u13) = 3,

OL’(’LL14) = 3, o/(u15) = 1, ﬂ/(U1U5) = 6, ﬂ’(ulum) = 2, B/(Ugu;l) = 6,

B (uguiz) = 2, f'(ugug) = 2, f'(usur) = 2, B'(ururr) = 1, f'(uguio) = 1,

B'(uipu1s) = 1 and ' (u11u13) = 1. Also, the kronecker product of Go and H
is the RL-graph Go @ H = (o/’,ﬁ”) on (Ge® H)* = (V" E"), as in Figure 10,

where V” = {Ul, V2,..., 1}15} E = {1}11}8, V1011, U207, V2V10, 1}41}11,1)4’014, V5010,
U5’U13,’U71}14,1}8’U13} Oé”( ) = 7 ( ) = 7 04”(113) = 1 Oz (’U4) = 6

o (vs) = 6, o/’(v6) 1, a”(v7) = 7 o' (vg) = 8, a’’(vg) = 1, o' (v1p) = 5,
o (v11) =5, &’ (v12) =1, &’ (v13) = 3, &’ (v14) = 3, &’'(v15) = 1, " (viv8) = 6,
B’ (viv11) = 2, B"(vav7) = 6, B"(v2v10) = 2, B (vav11) = 1, B (v4v14) = 1,
B" (vsv1g) = 1, B"(vsv13) = 1, B"(vrv1a) = 2 and B (usuz) = 2. So, we
define a function g : V' —» V” such that g(uy) = vr, g(ug) = v, g(ug) = vs,
g(us) = v1, g(us) = v2, gue) = ve, g(ur) = vio, g(us) = vi1, g(ug) = vy,
g(u10) = vy, g(ui1) = vs, g(uiz) = vi2, g(uiz) = viz and g(uis) = vig. So,
they are isomorphic RL-graphs.

Theorem 3.22. Let G = (a3,61) on G* = (V1,E1) and H = (ag,f2) on
H* = (Va,Es) be two RL-graphs, while G is a disconnected RL-graph and
it has P; = (a1, i) on P = (Vi;, Ey;) partitions. Then K = (o, ) on

K* = (V,E) is their kronecker product, where K* is a disconnected graph,
Vaa=VV V a@o a)
qev i q'€VaqeV;

and

V 8=V V Vo Builaia) © Ba(qd).

q9'€E i qq'€F2 qiiqij€EF1;
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V20 Ove

Vg

Vg

FIGURE 10. The graph (Gy ® H)*

Proof. Since G* is the disconnected simple graph and H* is the connected
simple graph, by using the definition of the kronecker product of two matrices,
K™ is the disconnected graph. The rest of the proofs are straightforward. [

Example 3.23. Let two RL-graphs G1 and H in Example 3.21 while H is a
disconnected RL-graphs. According to the Example 3.21, we see that G1 @ H
on (G1 ® H)* is the disconnected RL-graphs.
\V oq) = 8
qeV’
= 9I®1)V(E®9)
= \/ \/ a1(q) ® ax(d)V \/ \/ a1(q) ® a(d).

qEV1 ¢'€EV qEVL q'EVa2

Definition 3.24. Let G = (o, 8) on G* = (V, E) be an RL-graph that G* is
a regular graph. Then G is called the regular RL-graph. If o has the same
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value for all vertices of the regular RL-graph G, then G is a-regular RL-graph.
Additionally, if 5 has the same value for all edges of the regular RL-graph G,
then G is S-regular RL-graph. Besides, it is a totally regular RL-graph if G is
a-regular and S-regular RL-graph.

Example 3.25. Consider L in Example 3.2, and an RL-graph G = (a1, 31) on
G* = (Vi, Ern), as Figure 11, where Vi = {q1,q2, 93,94}, E1 = {142, 4243, 434,

Q1C]4aQ2Q47QIQ3}; 041(611‘) = {a'ab7 C}, fOT every q; S Vl; Bl(quJ) = {aab}7 fOT
every q;q; € E1. Then this RL-graph is totally reqular RL-graph.

@b @b

a4 q;
(@} {a}

a4
(b}

G H

FiGUrE 11. The totally regular RL-graphs G and H

Theorem 3.26. Let G = (a1,61) on G* = (V1,E1) and H = (ag,f2) on
H* = (Va, E3) be two RL-graphs. Then

(i) If they are regular RL-graphs, then their kronecker product is a regular

RL-graph.

(ii) If they are a-regular RL-graphs, then their kronecker product is an
a-regular RL-graph.

(iii) If they are B-regular RL-graphs, then their kronecker product is a (-
regular RL-graph.

(iv) If they are totally reqular RL-graphs, then their kronecker product is a
totally regular RL-graph.

Proof. (i) Consider that G is a k-regular RL-graph, and H is a k’-regular RL-
graph. Since every vertices of k-regular RL-graph G connect to k vertices,
each row of its adjacency matrix has k rows equal to 1. So, when this matrix is
kronecker product by the adjacency matrix H, then each row will have k x k'
rows equal to 1. Besides, their kronecker product is k x k’-regular RL-graph.

The proof of (ii), (iii), and (iv) are similar to above by some modifications. [

Example 3.27. Let L and RL-graph G in Example 3.25, and a totally regular
RL-graph H = (az,2) on H* = (Va, E3), as in Figure 11, Vo = {q}, ¢, 5},
B = {q}ds, dhab, dhb}s 02(a)) = {a.b} for every g € Vi and fa(dld)) = {a}
for every q;q; € Eo. So, these RL-graphs are totally reqular RL-graphs. Con-
sider their kronecker product GRH = (o, f) on (G®H)* = (V, E), as in Figure

/1 1 /1 1 /1 11 /1 1 /1 1 1 1 v

12, where V. ={q{,q3,...,q¢12}, E = {q{q5, 4V a6, a1 a8, 4/ 99, i a1 @i s 45 4, 45 a5 »
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"1 " 1 n 1 1" 1 1 i " 1" /i 1" 1 i " I n 1 " 1 1" 1
4247:492499,492910,92 912,93 94,9395 493497, 49398 y 43 910, 93 911> 9498 > 9499 - 44 911> 94 912>
" 1" " 1" " 1" /v " 1" " 1 " 1 " 1" /i " 1 " 1" 1" 1 " 1"

4547, 9549, 95910+ 95 9125 46 97 » 46 48 » 96 910+ 96 911> 97 911> 97 912> 48 910> 98 9125 99 910>
a9 q11}, alg) = {a,b} for everyq;' € V and B(q/'q}) = {a} for every q/q} € E.
So, it is totally reqular RL-graph.

FIGURE 12. The graph (G ® H)*

4. Applications of the kronecker product of two RL-graphs

The kronecker product of two RL-graphs has some applications. In this
section, two applications of this operation are stated that one of them is de-
termined the maximum efficiency work among its members and anther one is
estimated the maximum interact among its members. The issue is clarified by
an example.

Application 4.1. a: Let two construction companies. We tend to cal-
culate their work efficiency when these two companies work together.
Accordingly, we model these two companies by RL-graphs and we cal-
culate their work efficiency when these two companies work together
by the kronecker product.

If L=({1,2,...,100}, V,A,®,—,1,10), where a @ b =a A b,
100 if a<b,
b if b<a,
RL-graph G = (aq,81) on G* = (V1, Ey), where
(i) Each member of this company is labeled with a; for every 1 < i < n.
So, Vi = {a;] 1 <i<n}.
(ii) We put an edge between the two members a; and a; for every a;
and a;. So, E1 = {aa;| 1 <i#j<n}.
(iii) a1 (a;) equals the amount of work efficiency.
(iv) Bi(asa;) = a(a;) ® afa;) for every two members a; and a;.

a— b= then the first company is modeled the
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By considering a suitable change, the second company, like the first
company, is represented by an RL-graph H = (ag, 82) on H* = (Va, Es).
So, their kronecker product K = (a, ) on K* = (V, E) can now be
used to determine their work efficiency. Thus, the maximum of 3 is
the maximum of their work efficiency.

b: Consider two separate groups working in a specific field. The first
group has n members but not all of these people have the same social in-
teraction with each other. Hence, L = ({1,2,...,10}, V, A, ®, —, 1,10),

a+b—10) if a+b>10,

Where“®b:{ ( 1 ) z’jzaerg 10,
a—>b:{ 10 ifb—a>0,
(I0—a+b) ifb—a<0,

RL-graph G = (a1, 1) on G* = (V4, Ey), where

(i) each of these people in this group is labeled with a; for every
1<i<nand V; = {a;] 1 <i<n},

(ii) if two people from this group have worked together so far, they
will be connected to each other by one edge, which is shown with
two vertices,

(iii) aq(a;) equals the amount of interaction people have,

(iv) the interaction of two people with 1 (a;a;) is shown.

By considering a suitable change, the second group, like the first group,

is represented by an RL-graph H = (ag,82) on H* = (V;, Es). So,

their kronecker products can now be used to estimate compatibility and
interaction, and determine the four people who will interact the most.

Thus, the maximum of 5 of the kronecker products is the maximum

interact groups that have four members.

and this group is modeled by

Example 4.2. a: Let A and B be two construction companies. Also, the
company A has 4 members that are labeled by aq, as, az and aq such
that the efficiency of a1 work equals %80, the efficiency of as work
equals %70, a3 efficiency work equals %20 and a4 efficiency work equals
%50. So, the company A is modeled by the RL-graph G = (aa, 1)
on G* = (Vi,Ey), as in Figure 13, where Vi = {a1,a2,a3,a4},
El = {alag,a1a37a1a4,agag,a2a4,a3a4}, 041((11) = 80, Ocl(az) = 70,
al(ag) = 20, a1(a4) = 50, ,31((11(12) = 70, 61(a1a3) = 20, 61(a1a4) = 50,
B1(azasz) = 20, B1(azas) = 50 and B1(asas) = 20. On the other hands,
the company B has 3 members that are labeled by by, by and bs such that
the efficiency of by work equals %40, the efficiency of ba work equals
%50 and b efficiency work equals %90. So, the company B is modeled
by the RL-graph H = (aa, B2) on H* = (Va, E3), as in Figure 13, where
‘/2 = {bl,bg,bg}, Eg = {blbz,b1b3,b2b3}, Ozz(bl) = 40, 042(b2) = 50,
az(b3) = 90, Ba(bib2) = 40, Ba(bibz) = 40 and Ba(b2bs) = 50. Then
their kronecker product is K = (o, 8) on K* = (V, E), as in Figure 183,
where V= {c1,ca,...,c12}, E = {cics, c1¢6, C1¢8, C1¢9, C1C11, C1C12, Caly,
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C2Cg, C2C7, C2C9, C2C10, C2C12, C3C4, C3C5, C3C7, C3C8, C3C10, C3C11, C4C8, C4Cy,
C4C11, C4C12, C5C7, C5C9, C5C10, C5C12, C6CT, C6C8, C6C10, C6C11, C7C11, C7C12,
€8C10,C8C12, 09610709011}, 04(01) = 40, 05(02) = 50, 01(03) = 80, a(04) = 40,

CeCg) — 20 ,6(06610) = 40 ,B(CGCH) = 50 B(C7C11) = 20 ,3(C7612) = 20,
csc10) = 20, B(csc12) = 20, B(egerp) = 20 and Bcgerr) = 20. Since

ales) = 50, alcg) = 70, aler) = 20, alecs) = 20, alcy) = 20,
05(010) = 40 05(011) = 50 04(012) = 50 5(6165) = 40 6(6106) 40,
ﬂ(ClCS) = 20 ﬂ(Cng) = , 61611) = 40 ﬁ(61612) = 40 (6264) 40,
5(0206) = 50 (0207) = , CQCQ) = 20 5(62010) = 40 ,3(02612) = 50,
5(6304) 40 ﬁ(CgC{,) C3C7) = 20 /3(0308) = 20 5(03010) = 40,
5(03011) =50, 6(0408) = 20 ﬂ(C409) = 20, ﬂ(C4011) = 40, (C4012) = 40,
5(0567) = 20 ,8(05(39) = 20 6(65(310) = 40, ﬂ(65612) = 50 (6667) = 20,
Blescs) =

A(

\/ Blag) = 50

qiq; €V
= flcace) = B(caci2) = B(cserr) = Bleses)
= 5(05612) = /8(66311)7

the group that includes people a1, as, b and bs or a1, ay, by and by or
as, a4, by and by or as, aq, ba and bz has the maximum work efficiency.

2 Suppose two groups that the first group has three members that are la-

beled by a1, as and ag, where the interact of a1 equals 9, the interact of
as equals 6, the interact of as equals 4, the interact of ayas equals 5, the
interact of ajaz equals 3 and the interact of asas equals 1. The second
group has four members that are labeled by by, ba, bs and by, where the
interact of by equals 10, the interact of by equals 9, the interact of bs
equals 5, the interact of by equals 3, the interact of b1bs equals 9, the
interact of babs equals 4, the interact of bsbsy equals 1 and the interact
of biby equals 3. Also, L = ({1,2,...,10},V,A,®, —,1,10), where
(a+b—10) if a+b> 10,
a® b= { 1 if a+b<10,
10 if b—a>0,
(I00—a+b) ifb—a<0.
two RL-graphs G = (a1, 1) on G* = (V1,Ey) and H = (ag, f2) on
H* = (Va, Es) as in Figure 14, where Vi = {a1,a2,a3}, E1 = {a1aq,
ajas,asas}, Va = {b1,ba,b3,b4}, Eo = {b1b2,babs, bsba,b1bs}, a1(ar) = 9,
ai(az) = 6, ai(az) = 4, Bi(araz) =5, Pi(araz) = 3, Bi(azaz) = 1,
O[Q(bl) = 10, OZQ(bQ) = 9, Ck2(b3) = 5, Olg(b4) = 3, ﬂg(blbg) = 9,
Ba2(babs) = 4, B2(bsbs) = 1, and B2(b1by) = 3. So, their kronecker prod-
uct RL-graph is K = («a,8) on K* = (V, E), as in Figure 14, where
V= {ca,ca,...c12}, E = {cics, 18, c1¢10, C1C12, C2C5, C2C7, CaCy, C2C11,
C3Ce, C3Cg, C3C10, C3C12, C4C5, C4C7, C4C9, C4C11, C5C10, C5C12, C6CY, C6C11,
C7C10, C7C12, C8Cy, C8C11 }, (1) = 9, a(cz) = 3, ales) = 4, aley) = 2,
ales) = 6, alcg) =5, aler) =1, alcg) = 1, aleg) = 4, alciy) = 3,

a — b= Then, their models are
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01(611) = 1, Ot(Clg) = 1, ﬂ(Clcﬁ) = 4, ﬂ(clcs) = 1, 6(61610) = 2,
Blciciz) = 1, Bleacs) = 4, B(cacr) = 1, B(caco) = 2, B(cacnn) = 1,
B(cace) = 1, Bleszcg) = 1, Blescio) = 1, Blescre) = 1, Bleacs) = 1,
B(cacr) = 1, Bleacy) = 1, Blescrn) = 1, Blescro) = 1, Blescrz) = 1,
B(ceco) = 1, Blcecin) = 1, Blerero) = 1, Blercrz) = 1, Blegeg) = 1

1
and B(cgc11) = 1. So, its mazimum 8 are B(cacs) and B(cice). In fact,
the group with a1, as, by, and bs, has the mazximum interact among its
members.

@0) 70) @0)
a V’“ Oa, by
50 ’ q 20 4 2o
A .A. u by by
‘G 2 G 2 B )
G =

A\N
\S3

P NSRS N
S

0 (B 7 c4
XS
fVasresaW
g N
K* —

FIGURE 14. The RL-graph G, the RL-graph H and the graph
K*

5. Conclusion

In this study, using kronecker product graphs, the notion of kronecker prod-
uct RL-graphs has been established from two RL-graphs. In order to identify
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the close relationship between two RL-graphs and their kronecker product,
some theorems and examples have also been presented. The material pre-
sented in the mathematical sciences has always helped improve human life; so
they have always used these concepts to solve their problems. So we can say
that different notions can use as utilities that may apply in many fields. Ac-
cordingly, using this kronecker product of two RL-graphs, we can relate two
groups unrelated to each other and predict how much their work efficiency will
change if these two groups merge. By obtaining this information, more accu-
rate decisions can make. We are willing to investigate this topic in more detail
in our future work, gain more insights into these structures, and measure their
complexity. We also decided to compare this modeling method with other mod-
eling and show which modeling method is the best. Furthermore, we intend to
create a deep relationship between graphs and automata by kronecker product
and to study and identify these relationships in detail. In addition, we search
for more associations between these structures for application in the computer
network.
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