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ABSTRACT. The main objective of this article is to establish a new model
and find some vortex axisymmetric solutions of finite core size for this
model. We introduce the hydrodynamical equations governing the atmo-
spheric circulation over the tropics, the Boussinesq equation with con-
stant radial gravitational acceleration. Solutions are expanded into se-
ries of Hermite eigenfunctions. We find the coefficients of the series and
show the convergence of them. These equations are critically important
in mathematics. They are similar to the 3D Navier-Stokes and the Euler
equations. The 2D Boussinesq equations preserve some important aspects
of the 3D Euler and Navier-Stokes equations such as the vortex stretch-
ing mechanism. The inviscid 2D Boussinesq equations are known as the
Euler equations for the 3D axisymmetric swirling flows.This model is the
most frequently used for buoyancy-driven fluids, such as many largescale
geophysical flows, atmospheric fronts, ocean circulation, clued dynamics.
In addition, they play an important role in the Rayleigh-Benard convec-
tion
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In this paper, we represent some exact solutions of the vortex type for two
dimensional Boussinesq equations defined over the entire plane. These systems
describe the evolution of the velocity field u of an incompressible fluid under a
centrist force which is proportional to some scalar field T (e.g., the tempera-
ture), the latter being transported by u. The standard 2D Boussinesq system
with centrist force reads as:

du+u-Vu+ pu+ 2 x u+ Vp=vAu+rge,,
(1) T +u-VT = Kr AT,

V-u=0,

where u is the fluid speed, T' stands for temperature, g is the gravitational
acceleration constant, e, is the monad vector in the r-direction, « is the thermal
expansion coefficient, £ is the earth's rotating angular velocity, @ is the heat
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sourse, K is diffusion coefficient of temperature, v the kinematic viscosity
and ¢ = C;h? (i = 0,1) represents the turbulent friction. Here Cy and C
are constants, and h is the vertical length scale. We can think about this
added friction term as due to the turbulent averaging process, although the
mathematical derivation of this scaling law is based on the analysis of the
dynamic transitions of convection problems. Suppose that the field of vorticity
& =V X u is enough localized, and if we consider £ constant, then we have:

até —+u - Vf + galayl U — gpoay2u1 = I/Af — @yLVT,
(2) T +u-VT = kpAT,
V.£=0.

We are able to restore the speed of the fluid through Biot-Savart legislation:

ot
(3) ulyet) = 5= [ W2 e e,

S 2m r2 |y — 2

where y = (y1,12) € R%, y= = (—y2,51) and |y|* = yf + y3. For simplicity
purposes, we focus on Equation (2), but our methods are applicable to the
Thermohaline ocean circulation equations too. We employ Equations (2) and
(3) to establish a vorticity representation of the two-dimensional viscous flow.
Two-dimensional vortex motion studies go back to the work of Helmholtz [7],
and later by Lord Kelvin [10], Sir Lamb [11], Prandtl [17], Milne-Thomson
[1,13,16], Batchelor [4], and others. Bernoff and Lingevitch in [2,5] achieved
that the motion of vortex is the integral of the background irrational current.
For a comprehensive survey of the inviscid point vortex model and recent de-
velopments, see [3,15]. Gallay and Wayne in [6] proved that the solutions of
vorticity equation tend to Oseen vortex rapidly. Uminsky in [20] using Her-
mite eigenfunctions introduced a new multi-moment vortex method (MMVM).
By using MMVM, Smith and Nagem in [19] studied vortex pairs and dipoles.
Sharifi and Raesi in [18] presented the first solutions of vortex type for 2D
Boussinesq equations under a vertical force.

In this paper, we extend the results of [18] to the Boussinesq equation under
the central gravitational force on a rotating plane with turbulent friction terms.
We express a moment expansion of the vorticity based on Hermite functions.
Then, we establish a convergence criterion of the moment expansion. We show
that, if this criterion meets for ¢ = 0, then it meets, for all subsequent times
t > 0. Our convergence criterion relies on the observation that for any value of
t, the Hermite functions are the eigenfunctions of a self-adjoint linear operator
in a weighted subspace of L?(IR?). We prove that if the initial vorticity distri-
bution lies in this space, then the solution of the vorticity equation with that
initial condition lies in it. We rewrite the two-dimensional vorticity equation
as a system of ODEs with simple, quadratic nonlinear terms whose coefficients
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can be evaluated in terms of derivatives of a single explicit function. Further-
more, we establish a sufficient condition on the initial vorticity distribution
to guarantee that the expansion of the vorticity generated by the solution of
these ODEs converges for all time. Finally, we introduce the hydrodynamical
equations governing the atmospheric circulation over the tropics, Boussinesq
equation with constant radial gravitational acceleration. In the same way, we
obtain the exact solutions of this model.

This article is organized as follows. In Section 2, we offer an expansion of so-
lutions for the Boussinesq equations in the vorticity form. In Section 3, the
convergence of the series of the solution is shown. In Section 4, we find the
ODE:s satisfied by the coefficient of the expansion in the Hermite base.

1. Review of the single center vortex method

In this section, we express the solutions of Equation (2), based on Hermite
functions. Let

1 2 2
(4) Ouo(y, t;n) = —5e ¥/,
™
1 _vI2/02
(5) Yoo(y,t; Q) = provhd IvI*/97,

where n? = 773 + 4vt and Q? = Q% + 4kt and 19 and €y represent the initial
core size of our localized vortex structure. Note that for any value of 79 and
Qo, Ogp and Yo are exact solutions of the two-dimensional vorticity equation
recognized as the Lamb-Oseen vortex. As a consequence, we can choose any
value of 79 and €2y in the definition of our Hermite spectral method; 1y and €2
are chosen to portray a typical length scale in the initial vorticity distribution.
The Hermite functions of degree (k1, k2) are defined as follows:

(6) Ory i (¥, 15m) = Dyl Dy2O0o(y, 5 1),

Nk1,62 (y7 tv Q) = Dgll DZQZ TOO (y7 ta Q)

An expansion of the solution of the vorticity equation based on Hermite func-
tions, which are called the moment expansion, are defined as follows:

(7) Ey.t) = Y Nlki, k2 t]Op, o (. £:7),
.‘{1,){,2:1
o0

T(y,t) = > Jlk1, kit e (y, 6 Q).
Hl,l'iz:l

The vorticity function £(y,t) = ¢Ogo(y,t) is an exact solution (the Oseen, or
Lamb, vortex) of the two dimensional vorticity equation for all values of ¢. Let
(&, T)(y,t) be the resolvent of Equation (2), then Biot-Savrat law implies that
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the velocity field is as below:

Viy,t)= > Nk, ki Vi, o (v, 157),

K1,ka=1

where Vi, «,(v,tm) = Dy Dy2Voo(y,t;n) and Voo(y,t;n) is the induced ve-
locity from ©go(y, t;n) which is specifed as follows:

1 —Y2,Y _Iv|2/n2
Voo(y,t;n) = 57( |;|2 1)(1—6 VI,

It can be easily seen, for any value of ¢, the Hermite functions O, x,(y,t; 1)
are the eigenfunctions of the self-adjoint linear operator:

1 1
L"e = 1772&@ + §V- (yO).

Note that, L" can be transformed into the Hamiltonian quantum mechanical
harmonic oscillator. The eigenfunctions of L" construct an orthogonal set in

the X7 = {f € L2(R?) | ©,"%f € L2(R?)}, which is a Hilbert space. Let
677(Y7t) = GOO(yvt;n)a n(l(yat) = TOO(yvt;Q)'

Nagem et al. [14] showed the convergence of expansions (7), under the following
conditions:

) [ ettt nray <.

) [ @ yy <.

In the next section, we prove Theorem (2.3). Under the initial vorticity dis-
tribution satisfies Equation (8) for some n = 7y and ©Q = gy, Theorem (2.3)
shows that the solution of the vorticity equation with that initial condition will
satisfy Equation (8) for all time ¢ with

n=A4vt+n3, Q= /4Kt + Q3. Hence, if the initial vorticity distribution
satisfies Equation (8), then our moment expansion converges for all times ¢.

2. Existence of solution for vorticity equation

In this section, we are ready to prove a theorem on the existence of solution
for the vorticity equation. In the following, we first prove two lemmas to prepare
the ground for this theorem.

Lemma 2.1.

dy(t)
dt

4e(&o, To) | 4Krp

< (S SN

Proof: According to Lemma 2.1 in [6], we have: [|ullo < c[[€][5][€]]37,

where 1 < p <2 < g < oo and % + 177"‘ = % Similar to the proof of Theorem
3.4 in [14] it could be proved this lemma. This means that () is limited for
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each ¢t > 0 if v(0) is finite. Now to prove that €(t) < oo, differentiate €(t), we
have:

o Y = o3 [ wPe; e

+ Q/RQ >0, &y, )0 (y, t)dy
4y 4v

o (U / [y[26;5 (€(y, 1)) *dy

+ 2/ @;15 (I/AE —Uu- Vf + Qlay17.t2 - Qoay2u1
R2

T aTpg

0 (420,, T — 110,,T) ) dy.

Integrating by parts in the last term in Equation (10) implies that:
(1) 2 [ eytcwae

— —2;// o," \V§|2+ £y VE)dy,

and the second item in the right side of Equatlon (11) satisfies the following
relation:

2 [ o ()( €y vgdy<u/@ y)|VE2dy

(12 / 0, () (&) dy
Now using ||u||eo S ¢(&o,Tp) and Cauchy’s inequality we have :

2 / O, €(u- VEy < 2e(to, Ty) / ;1 €(y 1) VEldy
R2 R2

2 T
< SO T0) [ gotey, o))y + V/Rz 9, W)IVEldy.

14 R2

also

T — T
. s [ o (L= 00T)
]R2

< 2a7’0g/ @;15 (0, T + 0y, T) dy
RQ

atogu(t)  2atgg
< 2 + 2 a(t)
dy(t)

<
=~ =l

4e(&o, To) | 4Kr
)
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Lemma 2.2. Define:

The term ||VT|[2 is bounded.

Proof: According to [18], if 6(0) is limited, then §(¢) will be limited for all
t>0.
Also:

2 - @;15(9183/1 Uy — Qoayzul)dy

Q
< @’lézdquQl/ 0, (8, uz)*dy
4 Rz n R2 n

Q

+ [, 0"y + /R 0, (9y,u1)?dy
< max (1, Qo)
- 4

S max((il,ﬂo)

e(t) +max(Ql,Qo)/ @;1(6y1u2)2dy
R2

e(t) + max(S, QO)/ 07| Vu| *dy.
R2

Now we bound the term ||Vul||2, let f(y,t) = Vu(y,t) and define:

Ct)= [ 6, (Vuly,1)*dy.

R2
Differentiate (t) obtain the following equation:

dg(t)y _ v

_ _41 20 —1 £2
(14) T = o [ Pey o

o2 [ ey 0.y
R
4v 4y B
= 0 - [ WPer )y
n m Jr2
+ 2/ @glfV(yAu—u~Vu—Qu
R2
— 2? xu—Vp+ Tge_r>)dy.
Now by considering that the last term in Equation (14) we have:

(15) 2 2®;1fV(uAu)dy:21//R2 @;H"(Af)dy

R
_ 2
_ _QV/RQ O, (VIP + 5 -y V)
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The second term in the last part of Equation (15) satisfies the following in-
equality:
2
—1
v |, O WEsfy-V)dy

R2
4dv _ V2 _
(16) <o e+t [ e vt

On the other hand inequalitis ||ul|ec < ¢(€0,70,t) and ||Vulleo < (€0, T0,t)
in [8] impliy that:

—2/ 0, [V (u- Vu)dy =
Rz
72/ (@;1f)Vu~Vudy72/ (@;lf)u~V(Vu)dy
R2 R2
SQC(&)»TOJ)/, ®;1f2dy+2c(£o,To,t)/ 0, [fIV fldy.
R2 R2

< 2¢(&o, To, t)¢(t) + 26(50,T0,t)/ 0, 1111V fldy.
RQ
Now we have:

(17) 260, T, 1) / O |f]1V fdy

T
_&/ 0, (f*(y.t dy+1// 0, |V f[*dy.
Theorem 2.3. Define

(18) e(t)= [ ;' (&(y.1)*dy,

Rz
(19) o0 = [ na (Tt

If kr < 2v and the primary vorticity and temperature, i.e. & and Ty, guarantee
that €(0) < oo and ¥(0) < oo for some 1y and Qq, respectively, and & and Tj
are in the L™, then e(t) and v(t) will be finite for all times of t > 0.

Proof:
d¢(t (&, To, t 4uv
T < 2eto, 7o,y + S0 ) By

and this means that if §(0) is limited then §(¢) will be limited for all ¢ > 0.
Also:

(20)

2| 6, V(- 2,5 x u)d :—4/@1ffi)dy_o

R2
and

2 [ 0, fV(-Qu)dy = —2Q g 0,1 = —20((t).

R2
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So according to Equations (10)-(13) we can write:
dG(t) S (471/ + 4C(§o,T0)
dt 0> v
where [|[VT||2 < ¢1(&, to, ). Using the Gronwall lemma if €(0) is limited, then
¢(t) remains limited for all ¢ > 0.

+ 2a199)e(t) + daroger (€o, to, t),

3. ODEs of the coefficients of the expansion

In this section, we rewrite the two-dimensional vorticity equation as a sys-
tem of ODEs with simple, quadratic nonlinear terms whose coefficients can be
evaluated in terms of derivatives of a single explicit function. In other words
we show that the coefficients in this expansion satisfy a system of ordinary
differential equations whose coefficients can be explicitly represented in terms
of a fixed, computable kernel function. In the following, we look for differential
equations generating the coefficient N[k1, ka;t], J[k1, K2;¢]. Assuming that the
(&, T)(y,t) is a solution of Equation (2) and define

(21) §"(y,t) = Y Nlu1, h2; 11O, n, (y: im),

K1,K2

m

(22) um(yat) = Z N["{/h/{fQ;t]Vﬁl,Kz (yatan);

R1,R2

(23) T™(y,t) = Y Jk1, kei e, m, (y, £ Q),

R1,Rk2

where €™, u™, and T™ are Hermit approximations of order m (Glerkin approx-
imation by Hermit functions). Then by the use of Glerkin standard approxi-
mation for Equation (2) we have:

" dN|[k1, kot -
o = 3 Pl )+ Y Nl wot )00,
Ki1,k2 KRi1,k2
= Z N["£17I{2;ﬂ(VA@K1,H2 (y)t’n))
Ki,R2
P (ZﬁM[llv ZQ; t]‘/h,b (y7 i 77)) : V( Z N[’ih K23 t](_')ﬁl,ﬂz (yv t; 77))
l1,l2 K1,K2

+OéTong y23y1( Z J["ih R2; t]nnl,ﬁz (y> t; Q)) - ylayz( Z J[’%h R2; t]nnl,nz (y> t; Q))

K1,R2 K1,K2

2P |00y ) Ml bost]Vi2 1, (y, t5m))) = 010y, (Y Ml s t]Vi) o, (y, tsm)) |

l1,l2 l1,l2
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where P™[.] is a projector on the subspace produced by Hermit functions of
degree m or less. Noting that:

at@l'il,l{z = VA@H/I:KZ .

Then we have:

dN k1, Ko; t]
dt
_Plil,ﬁz ZMll7l27 ll,lg y7t 77 Z Mmlam% ]Gml,mz(yat;n))
L l1,l2 miy,ma

r m
aTogy2
+Picy i 0 ( Z I[mlva;t]nm1,mz (y,t;Q))]

Y1
Vit T,

QT i
Prrs |25, (S I[ml,mz;t]nml,mz(y,t;Q))]

Y2
2 2
L VY™t Y2 my,ma
m

2Py, ey [200y, (O My, Lo t)V2, (y,15m))) — 010y, (> Ml I ]V, (w.tsm)) |

ll,lg l17l2
dJ[k1, Ke2;t]
dt
_in,nz ZM l17127 ll,lg(yat 77 Z Im17m2a }nm1,m2(y7t Q))
l1,l2 mi,mz

Note that k1 + ko < m, then

@mhmZ (y7t§77> = (D(ZTDZ?@OO(Q + avn))|a:0;
Vi (ystim) = (Dy D2 Vooly + b, 77))|b—07
Mmyme (U 6Q2) = (D& DEnoo(y + ¢, Q))le=
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The system of ordinary differential Equations (24) and (24) become as follows:

dN[k1, kost]
dt B

7(K1, K2n) Z Z M{ly, lp; t]M [my, ma; t]

l1,lo=1m1,mo=1

/ Hy, o ( Dll Dl2 2 Voo(y,m)) - Vy(Dy* Dy 22 ©00(y, 1)) dy

+T(‘%1a’%2an)a70.g Z I[mhm?;t] /2 Hﬁhfiz (y)%(D;?lJrlD;T;QTOO(yaQ))dy
R

mhmg—l

—7(k1, K2, N)aTog Z I[my, ma;t /H,{l,,w( )%(D;TD;ZHITOO(;(/,Q))dy

mi,mo= 1
m
+2¢OT(H17K’2777) 117127 / HK/17H2 Dgl/11+1Dl2 ‘/020(y777))dy
l1,lo=1

—2p17(K1, K2, 1) Z Ml lost / Hi\ro(y )(DélnglfQHVolo(y,??))dy,

l1,la=1
dJ[ky, kast]
dt B

T(k1, k2,2 Z Z My, lo; t]I[my, ma; t]

ll l2 1177,1,7712 1

x / P s (W) (D3 D Voo, ) - V4 (Dig DI Yooy, )y

The first integral in (24) is calculated in [20] and the last integral in Equation
(24) is calculated in [18] the two remaining integrals in Equation (24) are
calculated in appendix.
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Finally, using appendix and Equations (24)-(24) we have corrected the dif-
ferential equations for Mk, ka,t] and I[k1, k2, t] to:

dN k1, Kk2; ]
24 2L R =
(24) 7
T(K1, K2n) Z Z MI(ly, lo; t] M [my, ma; t]
l1,la=1m1,ma=1
X T[k1, k2,11, 1, my, ma;n] + 7(k1, K2, m)aTog
x> I[ma,ma;t)Blka, ko, ma, ma;n, Q)
my,m2
+ 28007-<"<‘:17"'<‘:2777) Z M[lhl2;t]A[K1,K27m1am2;n’Q]
l1,l2=1
- 2<P17'(/‘€17/‘€2777) M[ll7l27] [I{17l{27m1am27n’9]a
l1,lo=1
(25)
dj[ﬁl,lig;t]
dt B
T(Hl,KJQQ) Z Z M[ll,lg;t]l[mhmg;t]
l1,la=1m1,ma=1
(26) X é[KJlaKJZallalZam17m2;n7Q]7

where 6 is calculated in [18], T is calcualted in [14], A is calcualted in [9], A
calculated in appendix and B introduced as follows:

&1&ok1kol(my + 1)Imo!T (3 (p + ¢ + 1))QpFatt if p and ¢ be even.
_1)R1+r2+ntnggrtry

X Zr 0 = OTZrz =0 2?22 52 %!7L2!n2n92n2+2

—920 _ —_
5o ) Q)G G 2) (707)
« (1= (ro—mo+2€3)(mao+1)
(m272Z2+1)(m1+1)
0 otherwise,

where ¢ = 2”_2% and fy = w such that

qa_

&=

=0

1
q—(2i+1) Hp 2z+1
qg+p—2i° p—2i
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q:=mg — 20+ Ko — 20+ 1, p:=1r9 —mg + 2l + 7 — ko + 2¢.

4. Conclusions

In this paper, we have derived a system of ordinary differential equations
whose solutions give a representation of solutions of the two-dimensional vortic-
ity equation in terms of a system of interacting vortices. We have also derived
a sufficient condition on the initial vorticity distribution which guarantees that
this representation in terms of interacting vortices is equivalent to the origi-
nal solution of the two-dimensional vorticity equation. Considering different
value for v, the effect of viscosity coefficients on the vortex and also the vortex
symmetry rate can be investigated. The coefficient K1 is also effective in de-
termining the rate of vortex symmetry so that time of destroying or symmetry
of the vortex will be a different value of this coefficient. One of the important
fields of research for the future could be to find vortex solutions for 3D equa-
tions, to expand its solutions into a series of Hermite eigenfunctions, and to
confirm the convergence of series of the solutions.
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Appendix A.

Alk1, K2, my,ma;n; Q] = / Ou0 (1)Oo0(y + b; t) Voo (y + a; t)dy =
R2

) y3+u3 1 —vi—2bi1y1—bF—y3—2b5yp—b3
z )
e " - ——e n
R2 ™
1 —y?—2a1y1—a?—yZ—2a9yp—a3
R z —
2 ° dyla=0,b—0 =
2,2 —ob
1 —b7 —b3 —a?—a2 26191 _2bgyy —y?—2a1y1 —y3 —2asys
72 e 7,2 e Q2 X e 1]2 e Q2 y
7TQ R2

—(y1+9%b14+n%a1)? *(y2+92'b2+712a2)2 4
=B | e n?a? dyy - e n?0? dys = 182 - w7,
R2 R2

where
5 1 oM a3 5 @1 0%a)?  (@%h4n2ay)?
1= —=€ 1 e Q , Pg =€ n%Q -e n*Q s
w2
and this implies that:
(o7) [ D D3 T )y =

(=1)"F%2 Dy D2 DI D2 (B B w2,
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Note that:
(28)
1 b2 la|? _ 922 |a|? _2n%0%a1b; 272024509
6162 = W e 7?7 .e aZ .e 7w .e aZ .e QZnt e Q2nt
s
2
_ 1 ﬁ[(_1+%)|b‘2+ﬂalﬁwa27f’2)]

w62 ’
SO
(29)

[ H a0 (D5 D Yoo (. )y =

1 (1422 |p|2 4 2(a1by Fagbs)
(71)H1+52(71-Q)27TQ4D511 Dgzz Dzl Dgzz [6 ) [( n2 )10 2 ]] |a:0,b:0
02 L[(,1+972)‘b|2+2(“11’1"’“252)]
K
_ (_1)H1+I€2 ?Dbll ng D;Til DZ;Z [6 2 n2 2 4=0,b=0
but

2 2 b b
B O L

e 2

11 &\, 0 T|p|2(n—r
E: ke Z <r>2 (=14 F) (arby + agby)"[b|?" ")
r=0

n=0

1 1 /n 02 ! <r> N .

o T Ty 2" . *14’ — )" aib ) 1(a2b2)r’ 1
n—r [o'0) n 2
e 2h 2(n—r—h2) | _ i . i LLAPYS o Qﬁ n—r
x(Z(h2>(b1) ?(ba) 2)-2772” =Dl WA 1+ 5)

h2:0 n=0 r=0

r n—r r n—r _ o .

Z Z (h )( , >(a1)h1(a2)7 hl(bl)h1+2h2(b2)2(n ha)+ h17
h1=0 hy=0 1 2

SO
(30)
11492 2(ayby+agby)

D D D pa (e (VIR Ry

— 1 1 (n 02 = (r\(n—r

et 2N (—-1+ )" ( )( )
Lz;) ! rz:(:) <T) U hlzzjo hzz;o h ha
ha! hy—m (r—h)! (r—hi—ma) __ (h1 + 2ho)!

X— 1 [ S A 1 2) LT ARR2)T
(hl — ml)' (al) (7’ — hl — mg)' (al) (hl + 2h2 — Hl)!

> (bl)hl—i-2h2—m (2(7’L —-—r—= h2) +r— hl)' .(b2)2(n—7'—h2)+r—h1—ng
(2(n—7r—hg)+r—hy — Kka)!

a=0,b=0



210

Assume hy = mqy, r =mq + mo, ho =

M. Kamandar

Ki1—m1
2

,n= m1+”1;m1+“2, and define:

Q2ga gmi1t+ma—ry—ko .
m  plmitma—r—ra+2) if k1 —my
2\ KitKrp—my—my
X(*lJr%) z and Kg — Mo
A[Hh R2,MM71,M2;1, Q] =
X "1”17"7'11| ey is positive and even
(2!
0 otherwise

(1]
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