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ABSTRACT. Let (R, m) be a commutative Noetherian local ring, a an ideal
of R. Let t € Ng be an integer and M a finitely generated R-module such
that the R-module §i (M) is a-cominimax for all i < t.We prove that For
all minimax submodules N of & (M), the R-modules

Hompg (R/a,§5(M)/N)  and  Exth(R/a, §5(M)/N)

are minimax. In particular, the set Assg (§%(M)/N) is finite.
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1. Introduction

Throughout this paper, (R, m) is a commutative Noetherian local ring with
identity, M is a finitely generated R-module and a be an ideal of R. For an
R-module M, the i*" local cohomology module of M with respect to a is defined
as

Hy(M) := lim Extp (R/a", M).
neN
We refer the reader to [8] for more details about local cohomology.
In [18], the author introduced the notion of formal local cohomology modules

FH(M) = lim Hi, (M/a"M)
neN

for each i > 0. The basic properties of formal local cohomology modules are
found in [18] and [4].

In [12], Hartshorne defines an R-module M to be a-cofinite if Suppg M C
V(a) and ExtiR(R/a, M) is finitely generated for all i > 0. He asks when the
local cohomology modules of a finitely generated module are a-cofinite. In this
regard, the best known result is that for a finitely generated R-module M if
either a is principal or R is local and dimR/a = 1, then the modules Hi (M)
are a-cofinite. These results are proved in [14, Theorem 1] and [9, Theorem
1.1], respectively.
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Since for an a-cofinite module N, we have Assg N = Assg (Homg (R/a,N)), it
turns out that Assg N is finite. Huneke [13] raised the following question: If M
is a finitely generated R-module, then the set of associated primes of HE(M) is
finite for all ideals a of R and alli > 0. Singh [19] gives a counter-example to this
conjecture. However, it is known that this conjecture is true in many situations.
For example, Brodmann and Lashgari [7, Theorem 2.2]showed that, if for a
finitely generated R-module M and an integer t, the local cohomology modules
HO(M), HL(M), ..., HE 1 (M) are all finitely generated, then Assg(HS(M)) is
finite.

In [20], Zéschinger introduced the interesting class of minimax modules, mod-
ules containing some finitely generated submodule such that the quotient mod-
ule is Artinian. As a generalization of the concept of a-cofinite modules, the
concept of a-cominimaz modules was introduced in [5]. An R-module M is said
to be a-cominimaz if Suppg(M) C V(a) and Extj (R/a,M) is minimax for all
j- Since the concept of minimax modules is a natural generalization of the con-
cept of finitely generated modules, many authors studied the minimaxness of
local cohomology modules and answered the Hartshorn’s question in the class
of minimax modules (see [1,2,5,16]).

Finally, the notions of weakly Laskerian modules has been introduced by
Divaani-Aazar and Mafi in [11]. An R module M is said to be weakly Laske-
rian R-module if the set of associated primes of any quotient module of M
is finite. Moreover the class of weakly Laskerian R-modules is closed under
taking submodules, quotients and extensions, i.e., it is a Serre subcategory of
the category of R-modules( [10, lemma 2.3]). They also, as a generalization of
cofinite modules with respect to an ideal, defined an R-module M to be weakly
cofinite with respect to ideal a of R or a-weakly cofinite if Suppr(M) C V(a)
and Exth (R/a, M) is weakly Laskerian for all i > 0.

The formal local cohomology modules have been studied by several authors
(see, for example, [4], [18] and [15]). In [6], was investigated some Artinianness
properties of formal local cohomology modules. they proved that, in each of

the following cases, § (M) is Artinian iff a C y/Anng (§4(M)) for all i # t:
(1) a is principal.
(2) dimR < 2.,
(3) dimR/a < 1.
Now, considering the weakly Laskerianness properties, we develop these con-

cepts for formal local cohomology modules.and continue and investigate comin-
imaxness properties of formal local cohomology modules.

2. (co)minimaxness properties

We begin with remark which to show that the class of cofinite modules with
respect to an ideal is strictly contained in the class of cominimax modules with
respect to the same ideal.
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Remark 2.1.

(1): ( [3, 2.1])Let (R,m) be a local ring and p a prime ideal of R such that
dimR/p = 1. Then R-module E(R/p) is p-cominimax but not p-cofinite; Be-
cause for all i > 0, we have ExtiR(R/p,E(R/p)) = 0. On the other hand,
Homg (R/p, E(R/p)) = (0 :5R/p) p) = Er/p(R/p) is not finitely generated.

(2): If M is Noetherian or Artinian, then M is a-cominimax.

The following lemma is used in the sequel.

Lemma 2.2. Let a be an ideal of a Noetherian ring R and M a minimax
R-module such that Suppg (M) C V(a). Then the R-modules

Torf(R/a, M), Ext (R/a, M)
18 minimazx for alli > 1.
Proof. The assertion follows from [5] [Corollary 2.5]. O

Theorem 2.3. Let a be an ideal of a Noetherian ring R and M a weakly Laske-
rian R-module such that Suppg (M) C V(a). Then the following statements are
equivalent:

(a) M is a-cominimaz.

(b) The R-modules Homg (R/a, M) and Ext%{(R/a7 M) are minimaz.

Proof. According to Theorem 2.3,the conclusion (b) follows from (a) is obvious.
In order to prove (b) = (a), by definition of weakly Laskerian R-module,
there is a finitely generated submodule N of M such that dim(M/N) < 1 and
Supp(M/N) C V(a). Also, the exact sequence

0—N-—M-—7M/N—0 (%
induces the exact sequence
0 — Hompg(R/a,N) — Hompg(R/a,M) — Homg (R/a, M/N) —
Exth (R/a,N) — Extk (R/a, M) — Extk (R/a, M/N) — Ext3 (R/a, N).
Hence, because Homg (R/a, M) and Ext%{(R/ a, M) are minimax it follows that
the R-modules Homg (R/a, M/N) and Ext%{(R/a, M/N) are finitely generated.

Therefore, in view of lemma (2.2), the R-module M/N is a-cominimax. Now it
follows from the exact sequence (x) that M is a-cominimax. O

Theorem 2.4. Let a be an ideal of a local ring (R, m) and M be a is nonzero
finitely generated R-module. Lett € Ng. Suppose that the R-module SL(M) s a-
cominimaz for alli < t, and the R-modules Ext}; (R/a, M) and Extgl(R/a, M)
are minimaz. Then the R-modules Homg (R/a, (M) and Ext} (R/a, FE(M))
are minimaz.

Proof. We use induction on t.The exact sequence

0 —Tq(M) — M — M/T{(M) — 0 (x%)
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induces the long exact sequence:
0 — Hompg (R/a,I'y(M)) — Homg (R/a,M) — Hompg (R/a, M/I'q(M))

— Exth(R/a,Tg(M)) — Exth (R/a, M) — -

Since Homp (R/a, M/I's(M)) = 0, so Homp (R/a,T's(M)) and Extﬁ(R/a, I'y(M))
are minimax. Assume inductively that t > 0 and that we have established
the result for nonnegative integers smaller than t. By applying the functor
Hompg (R/a,-) to the exact sequence (x), we can deduce that Ext} (R/a, M/Tq(M))
is minimax for j = t,t + 1. On the other hand, FJ(M/Tqy(M)) = 0 and
SJ;‘(M/FQ(M)) ~ {S’Ja(M) for all j > 0. Therefore we may assume that I'q(M) = 0.
Let E be an injective hull of M and put N = E/M. Then Homp(R/a,E) =
0 = I'4(E). Hence Exth (R/a,N) ~ Ext}{'(R/a, M) and F4(N) ~ gt (M) for
all j > 0. Now, the induction hypothsis yields that Homg(R/a, T4 (M)) and
Ext%{(R/a, Ft(M)) are minimax, as required. O

We are now ready to state and prove the main theorem.

Theorem 2.5. Let a be an ideal of a local ring (R, m) and M a finitely generated
R-module, and t € Ng such that ExtiR(R/a, M) are minimaz for alli <t + 1.
Let the R-modules Sh(M) be weakly Laskerian R-modules for all i such that
i<t. Then the following assertions hold:

(a) The R-modules F.(M) are a-cominimaz for all i such that i < t.

(b)  For all minimaz submodules N of §,(M), the R-modules

Homg (R/a, §5(M)/N) and  Extg(R/a,§5(M)/N)
are minimaz. In particular, the set Assg(F4(M)/N) is finite.

Proof.

(a) We proceed by induction on t. In the case t = 0 there is nothing to
prove. So, let t > 0 and suppose the result has been proved for smaller
values of t. By the inductive assumption, §;(M) is a-cominimax for i =
0,1,--- ,t—2. Hence by theorem 2.4 and the assumption, Homg (R/a, § 1 (M))
and EXt%{(R/Cl, 41 (M)) are minimax. Therefore by Theorem 2.3, i (M) is a-
cominimax for all i < t. This completes the inductive step.

(b) In view of (a) and theorem 2.4, Homg (R/a, §%(M)) and Ext} (R/a, & (M))
are minimax. On the other hand, according to Lemma 2.2, N is a-cominimax.
Now, the exact sequence

0— N — FL(M) — FL(M)/N — 0.
induces the exact sequence:
— Hompg (R/a, 3% (M)) — Homg (R/a, §5(M)/N) — Exth(R/a,N)

— Exth(R/a, §5(M)) — Extk (R/a, §&(M)/N) — Ext? (R/a,N)
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Consequently,
Hompg (R/a, 35 (M)/N) and  Extk(R/a,§5(M)/N).
are minimax, as required. O

Corollary 2.6. Let a be an ideal of a local ring (R,m) and M a finitely gener-
ated R-module such that ExtiR(R/a7 M) are minimax for alli and the R-modules
FL(M) are weakly Laskerian R-modules for all i. Then:
(a) The R-modules §(M) are a-cominimaz for all i.
(b) For any i > 0 and for any minimaz submodule N of F, (M), the R-
module §,(M)/N is a-cominimaz.

Proof. (a) obvious. (b) In view of (a) the R-module §,(M) is a-cominimax for
all i. Hence the R-module Homg (R/a,N) is minimax, and so it follows from
Lemma 2.2 that N is a-cominimax. Now, the exact sequence

0 — N — FH(M) — FL(M)/N — 0
implies that the R-module ' (M)/N is a-cominimax. O

Corollary 2.7. Let a be an ideal of a local ring (R,m) and M a finitely gener-
ated R-module such that the R-modules S;(M) are weakly Laskerian R-modules
for alli. Then the following conditions are equivalent:

(a) The R-modules ExtiR(R/a, M) are minimaz for all i.

(b)  The R-modules F, (M) are a-cominimaz for all i.

Proof. (a) = (b) follows by Corollary 2.6.
(a) = (b) follows by [17], Proposition 3.9. O
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