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Abstract. We know that Γ−ring, Γ−incline, Γ−semiring, Γ−semigroup
are generalizations of ring, incline, semiring and semigroup respectively.

In this paper, we introduce the concept of Γ−BCK-algebras as a general-

ization of BCK-algebras and study Γ−BCK-algebras. We also introduce
subalgebra, ideal, closed ideal, normal subalgebra, normal ideal and con-

struct quotient of Γ−BCK-algebras. We prove that if f : M → L be

a normal homomorphism of Γ−BCK-algebras M and N, then Γ−BCK-
algebra M/N is isomorphic to Im(f), where N = ker(f).
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1. Introduction

In 1995, M. Murali Krishna Rao introduced the notion of a Γ−semiring as
a generalization of Γ−ring, ternary semiring and semiring [11]. Let M be a
semiring and α ∈ Γ. Define a mapping ∗ : M ×M →M such that a ∗ b = aαb,
then (M,+, ∗) is a semiring. It is denoted by Mα, where {Mα|α ∈ Γ} is a class
of semirings. As a generalization of ring, the notion of a Γ−ring introduced by
Nobusawa in 1964. Sen introduced Γ−semigroups as a generalization of semi-
groups [15]. Murali Krishna Rao studied regular Γ−incline, Γ−field semiring
and Γ−group [12,13]. The set of all negative integers Z is not a semiring with
respect to usual addition and multiplication but Z forms a Γ−semiring, where
Γ = Z. The vital reason for the development of Γ−semiring is a generalization
of results of rings, Γ−rings, semirings, semigroups and ternary semirings.

By an algebra (groupoid), we mean a non-empty set G together with a
binary multiplication and a some distinguished element 0. Such an algebra
is denoted by (G, ·, 0). Each such algebra will follow equality axioms and the
rule of substitution as well as some other rules. Many of such algebras were
inspired by some logical systems. For example, so-called BCK-algebras are
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inspired by a BCK logic. We have BCK-algebra and BCK positive logic, BCI-
algebra and BCI positive logic, positive implicative BCK-algebra and positive
implicative logic, implicative BCK-algebra and implicative logic and so on.
The connection between such algebras and their corresponding logics is much
stronger. Therefore one can give a translation procedure which translates all
well formed formulas and all theorems of a given logic, into theorems of the
corresponding algebra. Two classes of abstract algebras, namely BCK and
BCI-algebras were introduced by Y. Imai and K. Iseki Japanee Mathematicians
in 1966 to generalize the concept of set theoretic difference and non-classical
propositional calculii [7]. Every BCI-algebra M satisfy 0 ∗ x = 0 for all x ∈M
is a BCK-algebra. Every abelian group is a BCK-algebra, ∗ defined as group
subtraction and 0 defined as group identity. P(S) of S form a BCK-algebra
if A ∗ B is defined as A \ B and 0 is the empty set. BCK ∗ operation is an
analogue of the set theoretical difference. Residuated lattices, Boolean algebras,
MV-algebras, BE-algebras, Wajsberg algebras, BL-algebras, Hilbert algebras,
Heyting algebras, NM-algebras, MTL-algebras, Weak−R0 algebras etc., can be
expressed as particular cases of BCK algebras. Thus these are subclasses of
BCK-algebras, which have a lot of applications in computer science.

BCK-algebras were studied by many mathematicians and applied to group
theory, functional analysis, probability theory, topology, etc. Ideal theory plays
an important role in studying these algebras. Meng introduced the concept of
implicative ideals in BCK-algebras and investigated its relationship with the
concepts of positive implicative ideals and commutative ideals [10]. The study
of BCK-algebras was motivated by classical and non-classical propositional cal-
culii modeling logical implications. BCK-algebras are algebraic formulations of
the BCK system in combinatory logic, which has applications in the language
of functional programming. The purpose of this paper is to introduce subalge-
bra, ideal, closed ideal, normal subalgebra, normal ideal of Γ−BCK-algebras,
quotient Γ−BCK-algebra, and study some of the algebraic properties.

2. Preliminaries

In this section, we recall the following definitions and results which are
necessary for completeness.

Definition 2.1. [6] An algebra (X, ∗, 0) is called a BCK-algebra if it satisfies
the following axioms
i) [(x ∗ y) ∗ (x ∗ z)] ∗ (z ∗ y) = 0,
ii) (x ∗ (x ∗ y)) ∗ y = 0,
iii) x ∗ x = 0,
iv) 0 ∗ x = 0,
v) x ∗ y = y ∗ x = 0 imply x = y for all x, y, z ∈ X.
We can define a partial ordering ≤ on X by x ≤ y if and only if x ∗ y = 0.

Theorem 2.2. In any BCK-algebra (X, ∗, 0) the following hold,
i) (x ∗ y) ∗ (y ∗ z) ≤ z ∗ y,
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ii) x ∗ [x ∗ (x ∗ y)] ≤ x ∗ y,
iii) 0 ≤ x,
iv) x ∗ y = 0 if and only if x ≤ y,
v) x ≤ y implies x ∗ z ≤ y ∗ z and z ∗ y ≤ z ∗ x,
vi) (x ∗ y) ∗ z = (x ∗ z) ∗ y,
vii) x ∗ y ≤ z if and only if x ∗ z ≤ y,
viii) 0 ∗ (x ∗ y) = (0 ∗ x) ∗ (0 ∗ y),
ix) (x ∗ y) ∗ x = 0,
x) (x ∗ z) ∗ (y ∗ z) ≤ x ∗ y for all x, y, z ∈M .

Definition 2.3. [10] A BCK-algebra M is said to be commutative if
y ∗ (y ∗ x) = x ∗ (x ∗ y) for all x, y ∈M.

Example 2.4. Let M = {0, a, b}. Then binary operation ∗ is defined with the
following table,

∗ 0 a b
0 0 0 0
a a 0 0
b b a 0

Then {M, ∗, 0} is commutative.

Definition 2.5. [10] A non-empty set I of a BCK-algebra X is called an ideal
of X if i) 0 ∈ I ii) x ∗ y ∈ I and y ∈ I imply x ∈ I.

Definition 2.6. [10] Let M and N be BCK-algebras. A map f : M → N is
called a homomorphism if f(x ∗ y) = f(x) ∗ f(y) for all x, y ∈M.

Definition 2.7. [10] A non-empty subset I of a BCK-algebra M is called a
subalgebra of M, if x ∗ y ∈ I, for x, y ∈ I.

Definition 2.8. [11] Let M and Γ be two non-empty sets. Then M is called
a Γ−semigroup if there exists a mapping M × Γ ×M → M (the images of
(x, α, y) will be denoted by xαy, for x, y ∈M,α ∈ Γ) such that,

xα(yβz) = (xαy)βz for all x, y, z ∈M,α, β ∈ Γ.

Definition 2.9. [11] Let (M,+) and (Γ,+) be commutative semigroups. Then
M is said to be a Γ−semiring M if there exists a mapping M × Γ ×M → M
(the images of (x, α, y) will be denoted by xαy for x, y ∈ M,α ∈ Γ) such that
it satisfies,

(i) xα(y + z) = xαy + xαz,
(ii) (x+ y)αz = xαz + yαz,
(iii) x(α+ β)y = xαy + xβy.
(iv) xα(yβz) = (xαy)βz for all x, y, z ∈M and α, β ∈ Γ,

Every semiring M is a Γ−semiring with Γ = M and ternary operation as
the usual semiring multiplication.
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Definition 2.10. [11] A Γ−semiring M is said to have zero element if there
exists an element 0 ∈M such that 0 +x = x = x+ 0 and 0αx = xα0 = 0. And
is said to be a commutative Γ−semiring if xαy = yαx for all x, y ∈M,α ∈ Γ.

Definition 2.11. [11] Let M be a Γ−semiring. An element a ∈M is said to
be an idempotent of M if there exists α ∈ Γ, such that a = aαa and a is said
to be α idempotent. And an element a ∈M is said to be a regular element of
M if there exist x ∈M,α, β ∈ Γ such that a = aαxβa.

3. Γ−BCK-algebra

In this section, we introduce the concept of Γ−BCK-algebra and study its
properties.

Definition 3.1. Let M be a set with an element 0 and Γ be a non-empty set.
If there exists a mapping M × Γ×M →M (images to be denoted by xαy, for
all x, y ∈M and α ∈ Γ) satisfies the following axioms:
i)[(xαy)β(xαz)]β(zαy) = 0,
ii) xαy = yαx = 0⇒ x = y,
iii) xαx = 0,
iv) 0αx = 0 for all α, β ∈ Γ, x, y, z ∈M .
Then M is called a Γ−BCK-algebra.

Note: Let M be a Γ−BCK-algebra and α ∈ Γ. Define a mapping
∗ : M ×M → M such that a ∗ b = aαb for all a, b ∈ M. Then (M, ∗, 0) is a
BCK-algebra and it is denoted by Mα.

Example 3.2. Let M = {0, a, b, c, d, e} and Γ = {α, β, γ, δ, ψ}. The ternary
operation is defined by the following tables

α 0 a b c d e
0 0 0 0 0 0 0
a a 0 a a a a
b b b 0 b b b
c c c c 0 c c
d d d d d 0 d
e e e e e e 0

β 0 a b c d e
0 0 0 0 0 0 0
a a 0 b b b b
b b c 0 c c c
c c d d 0 d d
d d e e e 0 e
e e a a a a 0

γ 0 a b c d e
0 0 0 0 0 0 0
a a 0 c c c c
b b d 0 d d d
c c e e 0 e e
d d a a a 0 a
e e b b b b 0

δ 0 a b c d e
0 0 0 0 0 0 0
a a 0 d d d d
b b e 0 e e e
c c a a 0 a a
d d b b b 0 b
e e c c c c 0

ψ 0 a b c d e
0 0 0 0 0 0 0
a a 0 e e e e
b b a 0 a a a
c c b b 0 b b
d d c c c 0 c
e e d d d d 0



Γ−BCK-algebras – JMMR Vol. 11, No. 3 (2022) 137

Let N = {0, 1, 2, 3} and Γ = {α, β}. The ternary operation is defined by the
following tables

α 0 1 2 3
0 0 0 0 0
1 1 0 2 2
2 2 3 0 3
3 3 1 1 0

β 0 1 2 3
0 0 0 0 0
1 1 0 1 1
2 2 2 0 2
3 3 3 3 0

Then M and N are Γ−BCK-algebras.

Example 3.3. Let M = {0, x, y} and Γ = {α, β}. The ternary operation is
defined by the following tables

α 0 x y
0 0 0 0
x x 0 0
y y x 0

β 0 x y
0 0 0 0
x x 0 y
y y 0 0

Then M is a Γ−BCK-algebra.

Example 3.4. Any BCK-algebra (M, ∗, 0) can be considered as Γ−BCK-
algebra if we choose Γ = {0} and the ternary operation x0y is defined as
(x ∗ 0) ∗ y for all x, y ∈M .
Let M = {0, b1, b2, b3}. The ternary operation is defined by the following table

∗ 0 b1 b2 b3
0 0 0 0 0
b1 b1 0 0 0
b2 b2 b1 0 0
b3 b3 b3 b3 0

Then M is a BCK-algebra.
If Γ = {0} the ternary operation is defined by the following table

0 0 b1 b2 b3
0 0 0 0 0
b1 b1 0 0 0
b2 b2 b1 0 0
b3 b3 b3 b3 0

Then M is a Γ−BCK-algebra when Γ = {0}.
Example 3.5. Let Γ = {0, x} and M = {0, y}. Then ternary operation is
defined by the following tables

0 0 x
0 0 0
x x 0

y 0 x
0 0 0
x x 0
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Then M is a Γ−BCK-algebra.

Example 3.6. Let M = Γ = {0, x}. Then ternary operation is defined by the
following tables

0 0 x
0 0 0
x x 0

x 0 x
0 0 0
x x 0

Then M is a Γ−BCK-algebra.

Example 3.7. Let M = {0, a, b, c} and Γ = {α, β, γ}. The ternary operation
is defined by the following tables

α 0 a b c
0 0 0 0 0
a a 0 a a
b b b 0 b
c c c c 0

β 0 a b c
0 0 0 0 0
a a 0 b b
b b c 0 c
c c a a 0

γ 0 a b c
0 0 0 0 0
a a 0 c c
b b a 0 a
c c b b 0

Then M is a Γ−BCK-algebra.

Definition 3.8. A non-empty subset A of a Γ−BCK-algebra M is said to be
subalgebra if aαb ∈ A for all a, b ∈ A and α ∈ Γ.
A non-empty subset N of a Γ−BCK-algebra M is said to be a normal subal-
gebra if (xαa)α(yαb) ∈ N for any xαy, aαb ∈ N, α ∈ Γ.

Example 3.9. Let M = {0, 1, 2, 3} and Γ = {α}. The ternary operation is
defined by the following table

α 0 1 2 3
0 0 0 0 0
1 1 0 1 1
2 2 2 0 2
3 3 3 3 0

I = {0, 1} is a normal subalgebra.

Definition 3.10. A Γ−BCK-algebra M is said to be commutative if
yα(yβx) = xα(xβy) for all x, y ∈M , α, β ∈ Γ.
A Γ−BCK-algebra M can be partially ordered by x ≤ y if and only if xαy = 0
for all α ∈ Γ. This ordering is called a Γ−BCK ordering.

Example 3.11. Let M = {0, x, y, z}, Γ = {α, β}. Then ternary operation is
defined with the following tables

α 0 x y z
0 0 0 0 0
x x 0 x x
y y y 0 y
z z z z 0

β 0 x y z
0 0 0 0 0
x x 0 x z
y y x 0 x
z z y x 0

Then the Γ−BCK-algebra M is commutative.
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Example 3.12. Let M = {0, x, y}, Γ = {α, β}. Then ternary operation is
defined by the following tables

α 0 y z
0 0 0 0
y y 0 0
z z y 0

β 0 y z
0 0 0 0
y y 0 0
z z y 0

Then the Γ−BCK-algebra M is commutative.

Definition 3.13. Let M and N be Γ−BCK-algebras. A map f : M → N is
called a homomorphism if f(xαy) = f(x)αf(y) for all x, y ∈M,α ∈ Γ

Definition 3.14. Let M and N be Γ−BCK-algebras and f : M → N be a
homomorphism. Then the set {x ∈ M/f(x) = 0} is called the kernel of f and
it is denoted by ker(f) and the set {f(x)/x ∈M} is called the image of f and
is denoted by Im(f).

Theorem 3.15. Any Γ−BCK-algebra M satisfies the following condition,
xα(xβy)αy = 0 for all x, y ∈M,α, β ∈ Γ.

Proof. We have by definition of Γ−BCK-algebra,
((xβy)α(xβz))α(zβy) = 0 for all x, y, z ∈M,α, β ∈ Γ. (1)
Put y = 0, z = y, in (1). Then xα(xβy)αy = 0. �

Theorem 3.16. Let M be a Γ−BCK-algebra. Then the following are equiva-
lent
(i) M is commutative,
(ii) x ≤ y ⇒ x = yα(yβx) for all x, y ∈M,α, β ∈ Γ.

Proof. (i)⇒ (ii): Suppose that M is commutative. Then xα(xβy) = yα(yβx).
for all x, y ∈M,α, β ∈ Γ. That implies xα0 = yα(yβx), hence x = yα(yβx).
(ii)⇒ (i): Suppose y ≤ x then x = yα(yβx). On the other hand x ≤ y, then
xαy = 0. Then x = xα0 = xα(xβy). Hence xα(xβy) = yα(yβx). �

Lemma 3.17. Let M be a Γ−BCK-algebra. Then 0 ≤ x for all x ∈M .

Proof. We have 0αx = 0 for all α ∈ Γ, then 0 ≤ x. Hence 0 is the least element
of the Γ−BCK-algebra M . �

Theorem 3.18. If f : M → N is a homomorphism of Γ−BCK-algebras M
and N , then Im(f) is a subalgebra of N.

Proof. Let f : M → N be a homomorphism of Γ−BCK-algebras M and N,
x, y ∈ Im(f). Then there exist u, v ∈ M such that f(u) = x, f(v) = y. That
implies f(u)αf(v) = xαy for all α ∈ Γ. That implies f(uαv) = xαy. Then
xαy ∈ Im(f). Hence Im(f) is a subalgebra of N. �

Lemma 3.19. Let f : M → N be a homomorphism of Γ−BCK-algebras M
and N . Then ker(f) is a subalgebra of M .
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Proof. Let f : M → N be a homomorphism of Γ−BCK-algebras M and N,
x, y ∈ ker(f). Then f(x) = f(y) = 0 and so f(xαy) = f(x)αf(y) = 0α0 = 0.
Hence xαy ∈ ker(f). Therefore ker(f) is a subalgebra of M . �

Lemma 3.20. Let f : M → N be a homomorphism of Γ−BCK-algebras, M
and N . Then (i)f(0) = 0, (ii)if xαy = 0, then f(x)αf(y) = 0.

Proof. (i) Now f(0) = f(0α0) = f(0)αf(0) = 0.
(ii) Suppose xαy = 0. Then f(xαy) = f(0) implies f(x)αf(y) = 0. �

Theorem 3.21. Let f : M → N be a homomorphism of Γ−BCK-algebras, M
and N . Then f is injective if and only if ker(f) = {0}.

Proof. Suppose ker(f) = {0} and f(x) = f(y), for some x, y ∈ M. Then
f(xαy) = f(x)αf(y) = 0, that implies xαy ∈ ker(f) = {0}, implies xαy =
0 for all α ∈ Γ.
Similarly, yαx = 0 for all α ∈ Γ. Therefore x = y.
Conversely, suppose f is injective and x ∈ ker(f). Then f(x) = 0 = f(0), that
implies x = 0, implies ker(f) = 0. �

Lemma 3.22. Let N be a normal subalgebra of a Γ−BCK-algebra M . If
xαy ∈ N, for all x, y ∈M , then yαx ∈ N,α ∈ Γ.

Proof. Let x, y ∈ M and xαy ∈ N. We have yαy = 0 ∈ N for all α ∈ Γ. Then
yαx = (yαx)α(0) = (yαx)α(yαy) ∈ N,α ∈ Γ, since N is a normal subalgebra
of M. Therefore yαx ∈ N .

�

Let N be a normal subalgebra of a Γ−BCK-algebra M . Define a relation
“ ∼N ” on M by x ∼N y if and only if xαy ∈ N for any x, y ∈M,α ∈ Γ.

Theorem 3.23. Let N be a normal subalgebra of a Γ−BCK-algebra M. Then
” ∼N ” is a congruence relation.

Proof. Let x ∈M,α ∈ Γ. Then the relation ∼N is reflexive, since xαx = 0 ∈ N.
The relation ∼N is symmetric, follows from Lemma 3.22.
Suppose x ∼N y,y ∼N z ∈ N. Then xαy ∈ N and yαz ∈ N. By Lemma
3.22 yαz ∈ N, thus (xαz)α(yαy) = (xαz)α0 = (xαz) ∈ N, since N is normal
subalgebra. Hence x ∼N z. Then “ ∼N ” is an equivalence relation. Let
x ∼N y and p ∼N q for any x, y, p and q ∈ M. Then xαy ∈ N, pαq ∈ N, we
have (xαp)α(yαq) ∈ N. Therefore xαp ∼N yαq, since N is a normal subalgebra.
Hence ∼N is a congruence relation. �

Definition 3.24. Let N be a congruence relation on a Γ−BCK-algebra M .
Denote M/N = {[x]N/x ∈M, }, where [x]N = {y ∈M/x ∼N y.}
Define [x]Nα[y]N = [xαy]N , α ∈ Γ. M/N is a Γ−BCK algebra. Then Γ−BCK-
algebra M/N is called the quotient Γ−BCK-algebra.
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Example 3.25. Let M = {0, 1, 2, 3} and Γ = {α, β}. The ternary operation
is defined by the following tables

α 0 1 2 3
0 0 0 0 0
1 1 0 1 1
2 2 2 0 2
3 3 3 3 0

β 0 1 2 3
0 0 0 0 0
1 1 0 2 2
2 2 3 0 3
3 3 1 1 0

N = {0, 1} is a normal subalgebra.
Denote M/N = {[x]N |x ∈M}. Define [x]Nα[y]N = [xαy]N , α ∈ Γ. Then M/N
is a quotient Γ−BCK-algebra.

Theorem 3.26. Let N be a normal subalgebra of a Γ−BCK-algebra M . Then
the mapping f : M → M/N defined by f(x) = [x]N is a surjective homomor-
phism and ker(f) = N .

Proof. f(xαy) = [xαy]N = [x]Nα[y]N = f(x)αf(y)
f(M) = {f(x)/x ∈M} = {[x]N/x ∈M} = M/N. Therefore f is surjective.
ker(f) = {x ∈M/f(x) = N} = {x ∈M/[x]N = N}
= {x ∈M/[x]N = [0]N} = {x ∈M/x ∈ N} = N �

4. Ideals in Γ−BCK-algebras

In this section, we introduce the notion of ideal, closed ideal, normal ideal
of Γ−BCK-algebras and study some of the properties of Γ−BCK-algebras.

Definition 4.1. Let M be a Γ−BCK-algebra and I be a non-empty subset of
M . Then I is called an ideal of M if
i) 0 ∈ I ii) xαy ∈ I, α ∈ Γ, y ∈ I ⇒ x ∈ I.
M and {0} are trivial ideals.
An ideal I is proper if I 6= M.

Example 4.2. Let M = {0, a, b, c} and Γ = {α, β}. The ternary operation is
defined by the following tables

α 0 a b c
0 0 0 0 0
a a 0 a b
b b b 0 b
c c b c 0

β 0 a b c
0 0 0 0 0
a a 0 a b
b b b 0 b
c c c c 0

I1 = {0, a, c} is an ideal of a Γ−BCK-algebra M .
I2 = {0, a, b} is not an ideal and is a subalgebra of the Γ−BCK-algebra M .
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Example 4.3. Let M = {0, 1, 2, 3} and Γ = {α, β}. The ternary operation is
defined by the following tables

α 0 1 2 3
0 0 0 0 0
1 1 0 1 1
2 2 2 0 2
3 3 3 3 0

β 0 1 2 3
0 0 0 0 0
1 1 0 2 2
2 2 3 0 3
3 3 1 1 0

I1 = {0, 1, 2} is an ideal of the Γ−BCK-algebra M .

Theorem 4.4. Let I be an ideal of a Γ−BCK-algebra M, if y ∈M, x ∈ I and
y ≤ x, then y ∈ I.

Proof. Suppose y ≤ x, x ∈ I, y ∈M, then yαx = 0 for all α ∈ Γ. So
yαx ∈ I, thus y ∈ I, since x ∈ I. �

Definition 4.5. A non-empty subset I of a Γ−BCK-algebra M is called an
implicative ideal of M if it satisfies
i) 0 ∈ I,
ii) If (xα(yβx))γz ∈ I and z ∈ I imply x ∈ I for all x, y ∈M,α, β, γ ∈ Γ.

Theorem 4.6. Every implicative ideal of a Γ−BCK-algebra M is an ideal of
M .

Proof. Suppose I is an implicative ideal of M .
Let xγz ∈ I, z ∈ I, x ∈M,α, γ ∈ Γ. Then
xγz = (xα0)γz = [xα(xβx)]γz ∈ I.
Therefore x ∈ I.

�

Definition 4.7. Let I be a non-empty subset of a Γ−BCK-algebra M. Then
I is called a closed ideal if I is both an ideal and a subalgebra of M.

Example 4.8. Let M = {0, a, b}, Γ = {α, β}. Then ternary operation is
defined by the following tables.

α 0 a b
0 0 0 0
a a 0 a
b b b 0

β 0 a b
0 0 0 0
a a 0 b
b b a 0

Then {0, a} is a closed ideal of the Γ−BCK-algebra M .

Lemma 4.9. Let N be a normal subalgebra of a Γ−BCK-algebra M. Then
[0]N is a closed ideal of M.

Proof. We have [0]N = {x ∈M/x ∼N 0} = {x ∈M/xα0 ∈ N}
= {x ∈ M/x ∈ N} = N. Suppose that xαy, y ∈ [0]N . Then xαy ∼N 0 and
y ∼N 0. Then (xαy)α0, yα0 ∈ N. That implies xαy, yα0 ∈ N.
That implies xαy, 0αy ∈ N. Implies that (xα0)α(yαy) ∈ N. That implies
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xα0 ∈ N. Therefore x ∈ [0]N . Hence [0]N is an ideal of M.
Let x, y ∈ [0]N . Then x ∼N 0 and y ∼N 0, thus xαy ∼N 0, hence xαy ∈ [0]N .
Therefore [0]N is a closed ideal of M. �

Theorem 4.10. Let f : M → N be a homomorphism of Γ−BCK-algebras M
and N. Then ker(f) is a closed ideal of M.

Proof. Let f : M → N be a homomorphism and 0 ∈ M . Then f(0α0) =
f(0)αf(0) ⇒ f(0) = 0, that implies 0 ∈ ker(f).
Let xαy ∈ ker(f), α ∈ Γ, x, y ∈M and y ∈ ker(f). Then
0 = f(xαy) = f(x)αf(y) = f(x)α0 = f(x) so x ∈ ker(f). Hence ker(f) is
an ideal of M. Suppose x, y ∈ ker(f) and α ∈ Γ. Then f(xαy) = f(x)αf(y),
then f(xαy) = 0α0 = 0, implies xαy ∈ ker(f). Hence ker(f) is a closed ideal
of M. �

Definition 4.11. Let I be an ideal of a Γ−BCK-algebra M. Then I is called
normal ideal of M if it is a normal subalgebra.

Example 4.12. Let M = {0, 1, 2, 3} and Γ = {α, β}. The ternary operation
is defined by the following tables

α 0 1 2 3
0 0 0 0 0
1 1 0 1 1
2 2 2 0 2
3 3 3 3 0

β 0 1 2 3
0 0 0 0 0
1 1 0 2 2
2 2 3 0 3
3 3 1 1 0

I = {0, 1} is a normal ideal of the Γ−BCK-algebra M .

Theorem 4.13. Let I be a normal ideal of a Γ−BCK-algebra M. Then I is a
subalgebra of M .

Proof. Let I be a normal ideal of M and x, y ∈ I, α, β ∈ Γ.
Then xαx = 0 ∈ I and yα0 = y ∈ I. Therefore (xαy)β(xα0) = (xαy)βx ∈ I,
since I is a normal ideal. Therefore xαy ∈ I. �

Theorem 4.14. If I is a normal subalgebra of a Γ−BCK-algebra M, then I
is a normal ideal of M .

Proof. Let I be a normal subalgebra of M . Suppose xαy ∈ I, y ∈ I and
α, β ∈ Γ. We have 0αy = 0 ∈ I. Then (xα0)β(yαy) ∈ I, that implies xβ0 ∈ I,
implies x ∈ I. Therefore x ∈ I. �

Definition 4.15. A homomorphism f : M → N , where M,N are Γ−BCK-
algebras, is said to be a normal homomorphism, if ker f is a normal ideal of
M .
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Example 4.16. Let M = {0, 1, 2, 3} and Γ = {α, β}. The ternary operation
is defined by the following tables

α 0 1 2 3
0 0 0 0 0
1 1 0 1 0
2 2 2 0 0
3 3 2 1 0

β 0 1 2 3
0 0 0 0 0
1 1 0 2 2
2 2 3 0 3
3 3 3 3 0

Then M is a Γ−BCK-algebra. Define f : M →M by f : 0→ 0, 1→ 0,
2→ 0, 3→ 3. Then f is a normal homomorphism.

Theorem 4.17. Let f : M → L be a normal homomorphism of Γ−BCK-
algebras M and N . Then Γ−BCK-algebra M/N is isomorphic to Im(f) where
N = ker(f).

Proof. Let f : M → L be a normal homomorphism of Γ−BCK-algebras of M
and N . Then by definition ker(f) is a normal ideal of M . Let N = ker(f).
Therefore ker(f) is a normal subalgebra of M . Define a mapping φ : M/N →
Im(f) by φ([x]N ) = f(x) for all x ∈M. Let [x]N = [y]N . Implies x ∼N y, i.e.,
xαy ∈ N and yαx ∈ N, that impliesf(x)αf(y) = [0]L = f(y)αf(x), implies
f(x) = f(y), implies φ([x]N = φ([y]N ). Therefore φ is well defined.

φ([x]Nα[y]N ) = φ([xαy]N )

= f(xαy)

= f(x)αf(y)

= φ([x]N )αφ([y]N )

Hence φ is a homomorphism from M/ ker(f)→ Im(f)

φ([x]N ) = 0Im(f), that implies f(x) = 0Im(f),

⇒ x ∈ ker(f), implies x ∈ N.
Therefore [x]N = [0]N .

Therefore φ is one-one. Hence φ is an isomorphism from M/ ker(f) onto Im(f).
�

5. Conclusion:

In this paper, we extended the concepts of BCK-algebra to Γ−BCK-algebras,
quotient Γ−BCK-algebra. We studied closed ideal, normal ideal and some of
properties were investigated. We proved that a normal ideal of a Γ−BCK-
algebra is a subalgebra, if f : M → N is a homomorphism of Γ−BCK algebras,
then ker(f) is a closed ideal. We further study fuzzy implicative ideals of
Γ−BCK-algebras.

Acknowledgements. We wish to thank the reviewers for excellent sugges-
tions that have been incorporated into the paper.



Γ−BCK-algebras – JMMR Vol. 11, No. 3 (2022) 145

References

[1] Akram, M., Spherical fuzzy k-algebras, Journal of Algebraic Hyperstructures and Logical

Algebras, 2(3) 85–98 (2021).
[2] Akram, M. Davvaz, B. and Feng, F., Intutionistic fuzzy soft K-algebras, Mathematics

in Computer science, 7(3) 353–365 (2013).

[3] Dar, K. H., and Akram, M., On K-homomorphisms of K-algebras, International Math-
ematical Forum, 2(46) 2283–2293 (2007).

[4] Huang, Y. S., BCI-Algebra, Science Press, Beijing, China, (2006).
[5] Iseki, K., On BCI-algebras, Kobe University. Mathematics Seminar Notes, 8(1) (1980)

125–130.

[6] Iseki, K. and Tanaka, S., An introduction to the theory of BCK-algebras, Mathematica
Japonica, 23(1) (1978) 1–26.

[7] Imai, Y. and Iseki, K., On axiom systems of propositional calculi, XIV, Proceedings of

the Japan Academy, 42 (1966) 19–22.
[8] Iseki, K., An algebra related with a propositional calculus, Proceedings of the Japan

Academy, 42 (1966) 26–29.

[9] Jie, J. M. and Jun, Y. B., BCK-Algebras, Kyung Moon Sa Co., Seoul, Republic of
Korea, 1994.

[10] Meng, J., On ideals in BCK-algebras, Math., Japonica 40 (1994) 143–154.

[11] Murali Krishna Rao, M., Γ−semirings-I, Southeast Asian Bull. of Math., 19(1) (1995)
49–54.

[12] Murali Krishna Rao, M. and Venkateswarlu, B. Regular Γ−incline and field Γ−semiring,
Novi Sad J. of Math., 45 (2) (2015), 155-171.

[13] Murali Krishna Rao, M., Γ-Group, Bulletin Int. Math. Virtual Inst., 10(1) (2020) 51–58.

[14] Radfar, A., Rezai, A., Saeid, A. B., Extensions of BCK-algebras, Cogent Math., 3 (2016).
[15] Sen, M. K., On Γ−semigroup, Proc. of Inter. Con. of Alg. and its Appl., Decker Publi-

caiton, New York (1981) 301–308.

Arsham Borumand Saeid
Orcid number: 0000-0001-9495-6027

Department of Pure Mathematics

Faculty of Mathematics and Computer
Shahid Bahonar University of Kerman

Kerman, Iran

Email address: arsham@uk.ac.ir

M. Murali Krishna Rao

Orcid number: 0000-0003-4798-1259
Department of Mathematics

Sankethika Institute of Tech. and Management

Visakhapatnam, 530 041, India
Email address: mmarapureddy@gmail.com

K. Rajendra Kumar
Orcid number: 0000-0002-2392-894X

Department of Mathematics

GIS, GITAM (Deemed to be University)
Visakhapatnam- 530 045, A.P., India

Email address: rkkona1972@gmail.com


	1. Introduction 
	2. Preliminaries
	3. -BCK-algebra 
	4.  Ideals in -BCK-algebras 
	5. Conclusion:
	References

