/@@ Journal of Mahani Mathematical Research
Shahid Bahonar

University of Kerman

Print ISSN: 2251-7952 Online ISSN: 2645-4505

LANGUAGES OF SINGLE-VALUED NEUTROSOPHIC
GENERAL AUTOMATA

M. SHAMSIZADEH B, M.M. ZAHEDI , AND KH. ABOLPOUR

Article type: Research Article
(Received: 03 May 2022, Received in revised form: 23 June 2022)
(Accepted: 10 August 2022, Published Online: 10 August 2022)

ABSTRACT. In this paper, we define the concepts of single-valued neu-
trosophic general automaton, complete and deterministic single-valued
neutrosophic general automaton. We present a minimal single-valued
neutrosophic general automaton that preserves the language for a given
single-valued neutrosophic general automaton. Moreover, we present the
closure properties such as union and intersection for single-valued neu-
trosophic general automata.
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1. Introduction

The concept of ‘fuzzy’together with a number of other notions in mathe-
matics and other areas were fuzzified by Zadeh [36] in 1965. The applications
of fuzzy sets have been found very useful in the domain of mathematics and
elsewhere. In this real, among the early surveys was the concept of fuzzy au-
tomaton suggested by Wee [35] and Santos [22]. Doostfatemeh and Kremer [9]
introduced the concept of general fuzzy automata.

Neutrosophy is one of the useful tools to deal with uncertainty in real-world
issues. Neutrosophy is a branch of philosophy that was introduced by Florentin
Smarandache [23-25]. A neutrosophic set is a general framework that general-
izes the concept of fuzzy set, interval-valued fuzzy set, and intuitionistic fuzzy
set. Wang et al. [34] introduced single-valued neutrosophic sets which is a neu-
trosophic set defined in the range [0, 1]. The neutrosophic set is an appropriate
mechanism for interpreting real-life philosophical problems but not for scientific
problems since it is difficult to consolidate. In neutrosophic sets, the degree
of indeterminacy can be defined independently since it is quantified explicitly
which led to different from intuitionistic fuzzy sets. A number of authors have
been applied the concept of the neutrosophic set to many other structures es-
pecially in algebra [10,16], decision-making [1,2,7,17], medical [3,4, 6], water

O]]
P4 shamsizadeh.m@gmail.com, ORCID: 0000-0002-9336-289X
DOI: 10.22103/jmmr.2022.19442.1251 © the Authors

Publisher: Shahid Bahonar University of Kerman
How to cite: M. Shamsizadeh, M.M. Zahedi, Kh. Abolpour, Languages of single-valued
neutrosophic general automata, J. Mahani Math. Res. 2023; 12(2): 57-75.

57


https://orcid.org/0000-0002-9336-289X
mailto:shamsizadeh.m@gmail.com
https://orcid.org/0000-0003-3197-9904
https://orcid.org/0000-0001-9402-5441
https://jmmrc.uk.ac.ir/article_3384.html

58 M. Shamsizadeh, M.M. Zahedi and Kh. Abolpour

quality management [20] and traffic control management [18,19]. For more
see [12-14].

Afterward, the concept of intuitionistic general fuzzy automaton was intro-
duced and studied by Shamsizadeh and Zahedi [30]. For further information
see the recent literature as [5,8,21,28,29,31,32]. The concept of interval neutro-
sophic finite state machine was introduced by Tahir Mahmood [15]. In 2019 [11]
Kavikumar introduced the notion of neutrosophic general fuzzy automata.

In this note, by considering the notion of neutrosophic set, we extend the
notion of the single-valued neutrosophic general machine and introduce the
notion of single-valued neutrosophic general automaton and present a mini-
mal single-valued neutrosophic general automaton. We give the concepts of
complete and deterministic for single-valued neutrosophic general automaton.

2. Preliminaries

In this section, some concepts and definitions related to single-valued neu-
trosophy and automaton are introduced.

Definition 2.1. [9] A general fuzzy automaton (GFA) is considered as:
F = (QaEaR7 Zang,FlaFQ)a

where (i) @ is a finite set of states, Q = {q1,42,...,¢n}, (ii) ¥ is a finite set
of input symbols, 3 = {a1,as,...,an}, (iii) R is the set of fuzzy start states,
R C P(Q), (iv) Z is a finite set of output symbols, Z = {by,ba,..., b}, (V)
w: Q — Z is the output function, (vi) & : (Q x [0,1]) x & x Q — [0,1] is the
augmented transition function, (vii) function Fj : [0, 1] x [0, 1] — [0, 1] is called
membership assignment function. Function Fj(u,d), as is seen, is motivated
by two parameters p and §, where p is the membership value of a predecessor
and ¢ is the weight of a transition.

With this definition, the process that occurs upon the transition from state g;
to ¢; an input ay, is characterized by:

p N ay) = 6((ais 1 (a0))s ans g5) = Fr(p(a), 8(ais a, 45))-
It means that membership value (mv) of the state g; at time ¢ +1 is calculated
by function F} utilizing both the membership value of ¢; at time ¢ and the
weight of the transition.
There have been many options for the function Fj(u,d). For instance, it can be

)
max{u,d}, min{u, d}, &, or any other pertinent mathematical functions.

(viii) Fy : [0,1]* — [0,1], is called multi-membership resolution function. The
multi-membership resolution function determines the multi-membership active
states and allocates a single membership value to them.

We let Quct(t;) be the set of all active state at time ¢;, ¥V; > 0. We have
Qact(to) = R and Qact(ti) = {((L,uti (C]))qu € Qact(tifl)aaa € E,&(q’,a,q) €
A}, Vi > 1. Since Qqct(t;) is a fuzzy set, to demonstrate that a state ¢ belongs
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t0 Qact(t;) and T is a subset of Quct(t;), we should write: ¢ € Domain(Qact(t;))
and T C Domain(Qact(t;)); henceforth, we simply specify them by: €
Qact (tz) and T g Qact (tz)

Definition 2.2. [26] Let ¥ be a space of points (objects), with a generic
element in ¥ denoted by x. A neutrosophic set A in ¥ is characterized by a
truth-membership function T4, an indeterminacy-membership function 74 and
a falsity-membership function Fu. T4(x),Is(x) and F4(x) are real standard
or non-standard subsets of J07,17[. That is Ty : ¥ —|07,1T[[I4 : ¥ —
J07, 17, Fa : ¥ —]0~,1F[. There is no restriction on the sum of Ts(z), I4(x)
and Fa(z), so 07 < supTa(z)+supla(x)+sup Fa(z) < 3T,

Definition 2.3. [33] Single-valued neutrosophic set is the immediate results
of neutrosophic set if it is defined over standard unit interval [0, 1] instead of
the non-standard unit interval 07, 17[. A single-valued neutrosophic subset
(SVNS) A of Q is defined by SVNS(A) = {(z,Ta(x),14(x), Fa(z))|z € T},
where T4 (z), Ia(x), Fa(x) : ¥ — [0,1] such that 0 < supTa(x) + sup I4(z) +
sup Fla(x) < 3.

Definition 2.4. [27] A single-valued neutrosophic general machine (SVNGM)
M is a six-tuple machine denoted by M = (Q, %, 4, R, E1, Es), where

Q@ is a finite set of states,

¥ is a finite set of input symbols,

RC 15(62) is the set of single-valued neutrosophic initial states,

6 (Q % [0,1] x [0,1] x [0,1]) x & x Q — [0,1] x [0,1] x [0,1] is the
single-valued neutrosophic augmented transition function,

5. By = (ET, El, EF), where EY : [0,1] x [0,1] — [0,1] is a t-norm and it
called the truth-membership assignment function. ET (T, Tj) is moti-
vated by two parameters T" and Ty, where T is the truth-membership
value of a predecessor and Ty is the truth-membership value of the
transition. Also, EY : [0,1] x [0,1] — [0,1] is a t-norm and it is called
the indeterminacy-membership function. E{ (I, I5) is motivated by two
parameters I and 5, where I is the indeterminacy-membership value
of a predecessor and I is the indeterminacy-membership value of the
transition. Moreover, Ef : [0,1] x [0,1] — [0,1] is a t-conorm and it
is called the falsity-membership function. E¥ (F, Fs) is motivated by
two parameters F' and Fy, where F' is the falsity-membership value of
a predecessor and Fj is the falsity-membership value of the transition.
In this definition, the process that takes place upon the transition from
the state ¢; to g; on an input a; is represented by:

Ll o

T (q) = 01((qi, TH@i), I'(00), FY (@), an, a5) = EF (T (42), 01 (qi, ax, q5)),
I'"(qy) = 02((qis THai), I (qi), FH(@2))s ar 45) = B (I(qi), 02(qis ar, 7)),
F'* Y (q5) = 63((gi, T"(@:), I'(@i), F'(@:)), ar, 4;) = Ef (T (i), 03(gi, ar, 7)),
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where

0((qi: T"(q0) I'(a:), F' (@), an 45) = (01((q5: T"(@:), I'(a:), F' (@1)), an. 45).
02((qis T (q0), TH(ai), F'(4)), ak, a5), 03 (i TH(@i), TH(ai), FH (1)), ans 47)),

and
3(qis ar, q5) = (01(qi» ar, q5), 62(qs, ar, 45), 93(qi, ax, q;))-

6. By = (ET, El EL), where ET : [0,1] x[0,1] — [0,1] is a T-conorm and
it is called multi-truth-membership function, EJ : [0,1] x [0,1] — [0, 1]
is a T-conorm and it is called multi-indetermincy-membership function,
Ef :0,1] x [0,1] — [0,1] is a T-norm and it is called multi-falsity-
membership function.

3. Languages of single-valued neutrosophic general automata

Definition 3.1. A single-valued neutrosophic general automaton (SVNGA) M
is a eight-tuple machine denoted by M = (Q, %, R = {(q0,1,1,0)}, Z,@, 8, E1, Es),
where (Q,E,R = {(qo, 1, 1,0)},5, E1, E>) is a SVNGM and
e 7 is a finite non-fuzzy set of output symbols,
e w: (Qx][0,1]x[0,1]x[0,1])xZ — [0,1]x[0,1] %[0, 1] is the single-valued
neutrosophic output function, where

w(qvb) = (wl (q’b),w2(q7b)aw3(%b))v
and we define
@' ((q,T"(q), I*(q), F*(q)),b) = (@1 ((¢, T*(q), I'(q), F*(q)), D),
@5((q, T*(9), I'(q), F*(q)), b), @5((q, T*(q), I' (q), F*(q)), b)),

such that

@1 ((q. T q), I (q) “(q)),b) = T"(q) Awi(q,b),
F'(q)),b) = I'(q) Awa(g,b),
w ((q,Tt(Q) (q) “(q)),b) = F'(q) V ws(q, b).

Example 3.2. Let SVNGA M (Q, %R = {(0,1,1,0)}, Z,&,0, By, E»)
}

such that Q = {p,q,r},% = {a}, R = {(p,0.3,0.4,0.9)}, Z = {b}, 6 and w are
defined as follows:

5(p, a,p) = (0.3,0.3,0.3), 5(p,a,q) = (0.4,0.7,1),
d(p,a,r) = (0.5,0.5,0.6), 0(g,a,p) = (0.6,0.7,1),
§(q,a,r) =(0.4,0.6,0.2), é(rya,q) = (0.1,0.7,0.8),

w(p,b) = (0.4,0.2,0.7), w(q,b) =(0.4,0.2,0.9), w(r,b) = (0,0,1).
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Now, we can consider Fy as follows:
1. ET =T NTs, E{:I/\L;, EF:F\/F(;,

E]T(Tt(ql), 61 (%‘, Ak, qm))7

<=

Tt+1(qm) —_
=1
"gm) = \/ BL(T(0:), 02(qi> ar> gim)),
i=1
t+1 _ A F t
r (qm) — /\ E3 (F (Qi)a53(Qiaak7Qm)),

1

.
I

2. E?:TT(% E{:II(s? E1F:F+F§—FF5,

E?(Tt(qZ% 61 (Qi, ag, Qm))a

<s

Tt+1(Qm) =
=1

I'"gm) = \/ E{(I'(¢),02(¢i> Gk @)
=1

Ft+1(qm) - /\ Eé:‘(Ft(qi)v(SS(qivakaqm))?

1

o
I

3. BT =T ATy, B} =IANI;, EF = FV Fy,

T (gm) = Tp(Tp(T*(43), 61(ai, aks Gim)))
ItJrl(qm) = TP(TP(It(Qi)a 62(%? g, qm))v
F'™* % (gm)) = Sp(Sp B3 (F'(4:), 0344, ak, 4m)));

61
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where T}, is the product t-norm and S, is the product t-conorm.
If we choose the case 1, then we have

T" (p) = E{ (T*(p),61(p, a,p)) = 0.3 0.3 = 0.3,

I"(p) = BL(I"(p), 82(p, a,p)) = 0.4 A 0.3 = 0.3,

F'(p) = Ef (F*(p), d3(p, a,p)) = 0.9V 0.3 = 0.9,

T (q) = EF (T*(p),61(p, a,q)) = 0.3 A 0.4 = 0.3,

I'(q) = EL(I™ (p), 62(p, a,q)) = 0.4 A 0.7 = 0.4,

F"(q) = E{ (F*(p),d3(p,a,q)) =09V 1=1,

T (r) = EF(T% (p),61(p, a,7)) = 0.3 A 0.5 = 0.3,

I'(r) = B{(I"(p), 82(p, a,)) = 0.4 A 0.5 = 0.4,

Fhi(r) = EF (F*(p), 85(p, a,r)) = 0.9V 0.6 = 0.9,

T'(p) = ET(T" (p),61(p. a,p)) V E{ (T (q),61(q,a,p)) = (0.3 A 0.3) V (0.3 A 0.6) = 0.3,
1'*(p) = EL(I" (p), 62(p, a, p)) V EL(I" (), 62(q, a,p)) = (0.3 A 0.3) V (0.4 A 0.7) = 0.4,
F'2(p) = EF(F' (p), 65(p, a, p)) A EF (F"(q), 03(q, a,p)) = (0.9V 0.3) A (1V 1) = 0.9,
T%(q) = ET(T" (p), 61(p, a,q)) V ET (T (r), 81(r, a,q)) = (0.3 A 0.4) V (0.3 A 0.1) = 0.3,
I*(q) = EL(I" (p), 62(p, a, q)) V EXL(I' (r), 65(r, a, q)) = (0.3 A 0.7) V (0.4 A 0.7) = 0.4,
F'2(q) = E{ (F"(p), d3(p, a,q)) A Ef (F"*(r), 85(r, a,9)) = (0.9 V1) A (0.9V 0.8) = 0.9,
T%2(r) = EX(T" (p), 61(p, a,7)) vV ET (T" (q),61(q,a,7)) = (0.3 A 0.5) V (0.3 A 0.4) = 0.3,
I'2(r) = EL(I'" (p), 62(p, a,7)) V EL(I' (), 62(q, a,7)) = (0.3 A 0.5) V (0.4 A 0.6) = 0.4,
F'(r) = Ef (F"(p), 03(p, a,7)) A Ef (F"*(q),85(q, a,7)) = (0.9V 0.6) A (1 0.2) = 0.4,
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also,
wi®((p, T*(p), I (p), F**(p)),b) = 0.3 A 0.4 = 0.3,
wi ((p, T*(p), I (p), F**(p)),b) = 0.4 A 0.2 = 0.2,
Wl ((p, T* (p), I (p), F(p)), b) = 0.9V 0.7 = 0.9,
wi' ((p, T (p), I (p), F"* (p)),b) = 0.3 A 0.4 = 0.3,
wy' ((p, T (p), I (p), F"* (p)),b) = 0.3 A 0.2 = 0.2,
Wi ((p, T (p), I (p), F™ (p)),b) = 0.9V 0.7 = 0.9,
Wi (g, T™ (q), I' (p), F'' (q)),b) = 0.3 A 0.4 = 0.3,
Wi ((q. T (q), I' (p), F'' ()),b) = 0.4 A 0.2 = 0.2,
Wi ((q, T (q), I (p), F'* (¢)),b) = 1V 0.9 = 1,
w?((r,T“(r),lfl(r),Ftl(r)),b) = 0.3A0=0,
Wi ((r, T (r), I (), F'* (r)), ) = 0.4 A O = 0,
w?((r, T (r), I (r), F (r),0) =09V 1 =1

Clearly, we can see that there are some simultaneous transition to the action
states p and q at time to.

Definition 3.3. Let M = (Q, ={(40,1,1,0)}, Z,®,0, 1, E3) be a SVNGA.
We define max-min SVNGA /\/l (Q,% R = {(q0,1,1,0)}, Z, 0, 6*, E1, E>)
such that 0* : Que X ¥* X Q — [0,1] x [0,1] x [0,1], where
Qact - {Qact (to), Qact (tl) } and fOI‘ every 1 Z O7
< 1 if p=q
1 55 ((¢,T"(q), I' ,
(1) 1((a, 7)., 'a), F {0 otherwise
< 1 ifp=q
(2) 55((¢, T"(q), I'(q), F = o
0 otherwise
(3) 55((a. T'(9). I'(q). F e
1 otherwise
and for every i > 1,6*((¢,T%(q), I'(q), F*(q)), a,p) = 6((¢, T*(q), I'(q), F'(q)). a, p)

and recursively,

51 (¢, T"(q), I'(q), F'(q)),a102...an, p) = V{61 ((q: T" (), I'(q), F'(q)), a1, p1) A
A Sl((pn—la Tt(pn—1)7 It(pn—l)v Ft(pn—l))a Gn,p)
’pl S Qact(tl)ap2 S Qact(tQ)a vy Pn—1 € Qact(tn—l)}7
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S;((qaTt(q)vlt(q)7Ft(Q))valaQ'“a’mp) = v{52((q’Tt(q)7It(q)vFt(q))valvpl) Noeee
A 02 ((Pr—-1,T"(pn—1), I'(Pr-1), F*(Pn—1)), an, p)
’pl S Qact(t1)7p2 S Qact(tQ); veyPn—1 € Qact(tnfl)L

05 ((a, T*(0), I'(9), F*(@)),a1a2...a, p) = A{03((a, T"(a), I'(a), F*(a))s ar,p1) V - -
V S3((pnfl7Tt(pnfl)aIt(pn71>7Ft(pnfl)>7an7p)
’pl S Qact(t1)7p2 S Qact(t2)7 veyPn—1 € Qact(tn—l)}7

in which a; € X, for all 1 <4 < n and assuming that the entered input at time
tiisa; for 1 <i<n-—1.

Example 3.4. Let SVNGA M = (Q,%, R = {(q0,1,1,0)}, Z,&,0, Ey, Es)
in Example 3.2. By choosing case 1 in Example 3.2, we obtain a maz-min
SVNGA.

In the rest of paper, instead of max-min SVNGA we say that SVNGA.

Definition 3.5. Let M = (Q, %, R = {(g0,1,1,0)}, Z,&, 8, E1, E5) be a SVNGA.,
Define the relation R on ¥%* as follows: xRy if and only if there exists p € @
such that

ST((q07Tt0(qo)7Ito(qo)7Ft0(qo))7x’p) >0 Sik((q()tho(qo)aIto(qo)thO(QO))vyap) > 07
05 (40, T™ (q0), 1" (q0), F* (q0)), 2, p) > 0 & 35 (g0, T* (q0), 1" (90), F** (q0)), v, ) > O,
35 ((q0, 7% (q0), I (q0), F™ (q0)), 7, p) < 1 05((q0, T (q0), " (q0), F**(q0)), v, p) < 1.

Theorem 3.6. Let M = (Q, %, R = {(¢o,1,1,0)}, Z,&, 0, E1, E3) be a SVNGA.
The relation R defined in Definition 3.5, is an equivalence relation on ¥*.

Proof. Clearly, Rz and if xRy, then yRz. Now, let xRy and yRxz. Then

57 ((90, ™ (90), I (90), F** (90)), %, p) > 0 & 37 ((90, 7" (90), I (90), F* (90)), ¥, p) > O,
35((90, T*(90), I (90), F** (g0)), %, p) > 0 & 05((90, T" (90), I (90), F* (90)), ¥, p) > 0,
55 (90, T* (q0), 1" (q0), F*° (q0)), ,p) < 1 ¢ 85 (g0, T* (q0), 1" (90), F*° (q0)) 9, 1) < 1,

also,
SI((qO7TtO(q0)aIto(qo)7Ft0<q0))7yap) >0& ST((Q07TtO(qo)7ItO(qo)7Fto(qo))ava) > Oa
S;((qoaTtO(qO)aIto(QO)tho(q0)>7yap) >0& 5;((q07Tt0<qo),Ito(q0)7Fto(qo))aZ7p) > 07

5§((q07TtO(QO)aItO(QO)»FtO(qO))vyvp) <l& S;((q()thO(qO)»ItO(QO)vFto(qO))vZ,p) <1
Therefore, we have

57 (g0, T* (q0), 1" (q0), F*° (q0)) 2, p) > 0 & 87 ((q0, T* (q0), " (90), F*(q0)), 2, p) > 0,
g;((Q()thO(QO)aIto(qO)’FtO(QO))vxvp) >0& g;((qo,Tto(qO)aIto(qo),FtO(qO))vz’p) > 07
35 ((q0, 7™ (q0), I (q0), F" (q0)), 7, p) < 1 05 ((q0, T (q0), " (q0), F*(q0)), 2, p) < 1.
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Therefore, R is an equivalence relation on >*. O

Definition 3.7. Let M = (Q,%, R = {(q0,1,1,0)}, Z,&, 0, E1, E) be a SVNGA.
M is called a complete SVNGA if for every p € Q and a € X, there exists at
least one state g € @ such that

51 (pa a, q) > 07

52(]9) a, Q) > Oa

d3(p,a,q) < 1.

Example 3.8. Let SVNGA M = (Q,%, R = {(q0,1,1,0)}, Z,&,6, E1, E2) as
i Example 8.18. M is a complete SVNGA.

Definition 3.9. Let M = (Q, %, R = {(¢0,1,1,0)}, Z,&, 8, E1, E5) be a SVNGA
and z € ¥*. Then z is called to be recognized by M if

07°((q0, T (q0), I (q0), F**(0)), , p) A @1 (p, T Tl (p), TP Tl (p), Flotl=l (p)) 1) > 0,
35°((90, 7% (g0), I (q0), F™ (q0)), @, p) A @a(p, T (p), I'o Il (p), Flot1=l(p)), b) > 0,
03°((q0, T (q0), I (q0), F**(0)), x, ) V @3(p, Tl (p), o Tl (p), Frotl=l (p)) 1) < 1,

for some p € Q. Also, L(M) = {z € X*|z is recognized by M} is called the
language recognized by M.

A set L C ¥* is called a recognizable set if there exists a SVNGA M such
that L(M) =L

Example 3.10. Let SVNGA M = (Q,%, R = {(qo,1,1,0)}, Z,&,6, E1, E3) in
Ezample 3.2. Then L(M) = a*.

Theorem 3.11. Let M = (Q, 2, R = {(g0,1,1,0)}, Z,@, 0, E1, E3) be a SVNGA
such that T%(qo) > 0,1 (qo) > 0 and F*(qy) < 1. Then there exists a com-
plete SVNGA M€ such that L(M°®) = L(M).

Proof. Let M¢ = (Q%,%,R = {(qo,1,1,0)}, Z,&¢, 6¢, By, E5) such that Q¢ =
Q Ut} t ¢ @, and §° and w® be as follows: for every p,q € @Q and a € X,
0¢(p,a,q) = d(p,a,q). Consider 6¢(p,a,t) = (0.5,0.5,0.5) if for every ¢ € Q,
d(p,a,q) = (c1,c2,c3), where ¢; = 0 or cg = 0 or ¢ = 1. Also, let 6°(¢,a,t) =
(0.5,0.5,0.5) and w®(p,b) = w(p,b), for every p € Q and b € Z and let w°(¢,b) =
(0,0,1). Clearly, M¢€ is a complete SVNGA and L(M) C L(M°).

Now, let ajas...a, = x € L(M*®). Then there exist p,q € Q¢ such that

STC((qoa Tto (q0)7 Ito (QO)a Fto (qo))a xvp) A a)f(pv Tto+|x‘ (p)a It0+|x‘ (p)a Ft0+|m‘ (p))a b) > 07
05 (a0, T* (90), 1" (0), F*° (90)), x, p) A @5 (p, T F 11 (p), 10Tl (p), ot (), b) > 0,
Sgc((q(h Tto (q0)7 It() (qo)a Ft() (CIO)), l‘,p) V wg(l% Tt0+|z‘ (p)a Ito+|x‘ (p)a Ft0+|x‘ (p))7 b) <1

Since & (p, Ttot1#l(p), Itot1=l(p), Ftotlzl(p)) ) > 0, we have Tt +1#l(p) > 0 and
wi(p,b) > 0. So, p # t. Since 67°((g0, T"(¢0), 1" (q0), F*(q0)), z,p) > 0, we
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have there exist ¢1,q2, ..., gn—1 € @ such that

((g0, T™(q0), 1" (q0), F'*(90)), a1, 1) > 0,
(g1, T (1), I (1), F (q1)), a2, q2) > 0,

Si((qn—laTtn_l(qn—l)aItn_l(qn—l),Ftn_l(Q’n—l))aanap) > 0.

Then T (q,—1) > 0and §1(gn_1,an,p) > 0,50 ¢,—1 € Q. In asimilar way, we
can see that g1, g2, ..., gn—1 € Q and 01((g0, 7% (g0), I**(q0), F**(q0)), x,p) > 0.

Similarly, 92((g0, T*(g0), 1" (q0), F**(q0)), . p) > 0 and
33((q0, T (q0), I**(q0), F*(q0)),x,p) < 1. Therefore, z € L(M). Hence,
L(M) = L(M°). O

Definition 3.12. Let M = (Q,%, R = {(¢0,1,1,0)},Z,&,6, E1, Es) be a
SVNGA. Then M is called a deterministic SVNGA if for every ¢ € @ and
a € ¥ there exists at most a state p € @ such that 6(¢q,a,p) = (c1,c2,¢3),
where ¢; > 0,c0 > 0 and c3 < 1.

Example 3.13. Let SVNGA M = (Q,%, R = {(q0,1,1,0)}, Z,&,8, E1, E3) in
Ezxzample 8.2. M is not a deterministic SVNGA.

Theorem 3.14. Let M = (Q, %, R = {(¢o0,1,1,0)}, Z,@, 0, E1, E3) be a SVNGA.
Then there exists a deterministic SVNGA Mg such that L(M) = L(Mg).

Proof. Let Mg = (Qa, X, Ra, Z,&4, 04, E1, E»), where Qq = {Q, |z € £*}, such
that

Q:={pe Q|ST(((JO7Tto(Qo),Ito(Qo)thO(QO))al“’p) >0,
01 ((90, T"(90), 1" (90), F** (90)), z, p) > 0,
07 ((q0, T*(q0), I (q0), F* (qo)), x,p) < 1},
then
Qa = {p € Q|67 (90, 7" (q0), I (g0), F*(q0)), A, p) > 0,
55 (90, T (g0), I (q0), F™(q0)), A, p) > 0,
07 (90, T*(q0), I (q0), F'* (g0)), A, p) < 1}
={q}.
Consider Rq = {(Qa, T (Qr) = T (qo), I (Q4) = I (qo), F'*(Qx) = F'0)},

(0.5,0.5,0.5) if Qua = Qy

(4) 0a(Qz,0,Qy) = {(07 0,1) otherwise
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wa(Qz,b) = (0.5,0.5,0.5) if w(q,b) = (c1, ca,c3), where ¢ # 0 # ¢o, and ¢35 # 1,
for some g € Q. Clearly, M, is a deterministic SVNGA. Now, we prove that
L(My) = L(M). Let x € L(M). Then there exists p € @ such that

57 ((q0, 7™ (q0), I (q0), F™ (q0)), z, p) A @1 (p, T\ (p), Il (p), Frot Il (p)), b) > 0,
35 ((q0, T" (q0), I (q0), F™(q0)), 2, p) A @a(p, T (p), I'o Il (p), Flotl=l(p)), b) > 0,
35 ((q0, T (q0), T (q0), F™(q0)), @, p) V @s(p, T H 1" (p), 1ol (p), Flotl=l(p)), b) < 1.

So, we have

)
)

57 (g0, T* (q0), I (q0), F** (q0)), , p) > 0,
(40), 1" (q0), F** (q0)), z, p) > 0,
((q0,T™ (q0), I (q0), F*(q0)), z, p) < 1.

Then p € Q. By definition 64 and wy we have

05 ((Qa, T (Qn), I'"(Qr), F*(Q4r)), 7, Qz) > 0,
05 ((Qa, T (QA), I (Q4), F'*(Qn)), 2, Qx) > 0,
553 ((Qa T (Qa), I (Qa), F(Qn)), 7, Qs) < 1,

also

Ba1(Qu, TRTITNQ,), T H1l(Q,), Fetlel(Q,)),
Ba2(Qq, T TN(Q,), I'oHI=1(Q,), Fot1#1(Q,)),
Ba3(Qu, T Q) I T17H(Qy), FoM71(Q,)),

S

Therefor, z € L(My) and L(M) C L(My). Now, let z
exists @y € Qg such that

031 ((QAT™(Qn), I°(Qn), F™(Qn))s 2, Qy)

N Gar(Qy, TOFIEN(Qy), 17 (Q,), FPHI#(Q,)),b) > 0,
02 ((QaT™(Qa), I"(Qn), F™(Qn)), 7, Qy)
Qy)
( )

b)
b) >0
b)

L(My). Then there

A @az(Qy, THHQy), I (Q,), Flot17l(Q,)), b) > 0,
053 ((QaT™(Qn), I (Qn), F(Qn)), 7, Qy
Vwd3(vaTt0+‘xl(Qy)»Ito+|Il( )

By definition 4, we have @, = Q. Since

Ba1(Qu, TTI7N(Qy), I H1N(Q,), Fot1l(Q,)), b) > 0,
Ba2(Qu, T T1"N(Qy,), I F11(Q,), Flot11(Q,)), b) > 0,
Ga3(Qu, TOHN(Q,), TH11(Q,), Flot1*l(Q,)),b) < 1,

LFTIE(Qy),0) < 1.
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then T4l > 0, wa1 (Qp,b) > 0 and TP Tl > 0, W (Qy,b) > 0 also, Flotlzl <
1, wa2(Qz,b) < 1. So, there exists p € @, such that wi(p,b) > 0,wa(p,b) > 0
and ws(p,b) < 1, also

07 (g0, T* (o),
o ((g0, 7" (g0),
((90, 7" (q0)
)- (

Therefore, x € L(M). Hence, L(My) = (./\/l) O

Definition 3.15. Let M be a complete deterministic SVNGA. Then we say
that M is minimal if for every complete deterministic SVNGA M’ such that
L(M) = L(M’), we have |M| < |M’|, where |[M| is the number of states
SVNGA M.

Remark 3.16. Let M = (Q, %, R= {(g0,1,1,0)}, Z,0,6, B, E,) be a complete
deterministic SVNGA and R be the equivalence relation defined in Definition
3.5. Then the number of classes of equivalence relation R is not more than the
number of states Q.

Definition 3.17. Let M = (Q,%, R = {(q,1,1,0)},Z,&,6, E1, E3) be a
complete deterministic SVNGA and R be the equivalence relation defined
in Definition 3.5. Let Q" be the set of equivalence classes of R, i.e., Q' =
{[2]|[x] is an equivalence class of R}, R’ = {([A],1,1,0)}. Define &’ : Q" x ¥ x
Q' = [0,1] x [0,1] x [0,1] by

1 _ (17170) if [xa] = [y}
5) O ([z],a: o)) = {(O,O7 1) otherwise
and w' : Q' x Z — [0,1] x [0,1] x [0,1] by

(1,1,0) ifx € L(M)
(6) w'([z], a) = . :
(0,0,1) otherwise
Clearly, M' = (Q', 2, R’ = {([A],1,1,0)}, Z,&, 8, E1, Es) is a complete deter-
ministic SVNGA.

Theorem 3.18. Let M = (Q,%, R = {(qo, lal,O)},Z,@,S,El,Eg) be a com-
plete deterministic SVNGA and M’ = (Q', X, R’ = {([A],1,1,0)}, Z,&',0', By, E9)
be the SVNGA defined in Definition 3.17. Then L(M’) = L(M).

Proof. Let x € L(M). Then by definition ¢’ and w’ we have
51" (([AL, T* ([A]), I ([A]), F* ([A]), , [«]) = 1,

[A], TP ([A]), T ([A]), F*([A)), 2, [2]) = 1,

[A], T ([A]), I ([A]), F**([A))), 2, [2]) = 0,

((
35 ((
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also,
@ (], T ([a]), 1o (], PPt ([a])),b) = 1,
@y ([, T ([a]), 'H I ([a]), PP+l ((a])), b) = 1,
@y([a], T ([a]), 10 ([a]), P+l ([a])), b) = 0.
Therefore, x € L(M’). Now, let € L(M'). Then

~1

5y ((IALT™ ([A]), I ([A]), F'°([A])), 2, [y])

A& ([y), T ([y]), ot =l([y)), Fot#l((y))), b) > 0,
5" ((IALT™ ([A]), I ([A]), F'°([A])), 2, [y])

Ay ([y), T ([y]), o1 ([y)), Flot#l([y))), b) > 0,
3" (([ALT" ([A]), I ([A)), F' ([A])), =, [4])
v @y ([yl, T ([y]), ot I=l([y)), Frot1#l((y))), b) < 1.

By definition ¢, we have [y] = [z], and by definition w’, we have | ([z],b) > 0,
wh([x],b) > 0 and wh([z],b) < 1. Then x € L(M). Then the claim holds. O

Theorem 3.19. Let M = (Q,Z,R = {(qo, 1, 1,0)},2,@,5, E1, E>) be a com-
plete deterministic SVNGA. Then M’ defined in Definition 3.17, is a minimal
SVNGA such that L(M) = L(M).

Proof. By Remark 3.16 and Theorem 3.18, it is obvious.
O

4. Closure properties of single-valued neutrosophic general
automata

Theorem 4.1. Let Ly and Lo be two recognizable sets. Then Ly U Lo is a
recognizable set too.

Proof. Let M, = (Q1, %, Ry, Z,&', 6%, By, Es) and
My = (Q2, %, Ry, Z,0?,0%, F1, E3) be two SVNGAs such that L(M;) = L;
and L(Mj) = Ls and let Q1 ﬂQg = (. Consider M = (Q, X, R, Z,&,6, E1, E»),
where Q = Q1 UQs, R = Ry UR,, § and w are defined as follows:

51((17 (l,p) if q,p S Ql
(7) 6(q,a,p) = 1 6°(¢,a,p) ifq,peQa,
(0,0,1) otherwise

_Jwl(g,b) ifge
®) w(a,b) = {wz(mb) ifge @y’
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Now, we show that L(M) = Ly U Ly. Let = ajas...a, € L(M). Then there
exist p,q € Q and b € Z such that

S

F((p, T (p), I (p), F** (p)), ,q) A @1 ((q, T (q), 1" (q), F*"~(q)), ) > 0,
5((p, T (p), I (p), F*(p)), z, q) A @a2((q, T (q), I (q), F™"*(q)),b) > 0,
3((0, T (p), I (p), F'(p)), z, q) V @2((q, T (q), I'""*(q), F'"*(q)),b) < 1.

S O

So, there are p1,po, ..., prn—1 € Q such that

01((p, T (p), I (p), F*(p)), ax, p1) > 0,
01((p1, T™ (p1), I" (p1), F* (p1)), az, p2) > O,

Sl((p'n—la Ttn71 (pn—1)7 Itn71 (pn—l)a Ftnil(p’n,—l))a G, q) > 0.

Therefore, T%(p) > 0, d1(p, a1, p1) > 0, d1(p1,a2,p2) > 0,...;01(Pn—1,@n, q) >
0. Then by definition of 4, we have p, p1,...,pn—1,q € Q1 0r P, P1,P2, ---, Pn-1,9 €
Q2. Without loss of generality, let p,p1,p2,...,0n-1,9 € Q1. Then
511 ((p, T' (p), I (p), F* (p)), =, q) > 0. Similarly,
031 ((p, T* (p), I (p), F* (p)), x, q) > 0, 651 ((p, T* (p), 1" (p), F**(p)), %, q) < 1.
Also, by definition of w, @i ((q,T'1(q),I'""~1(q), Ft»-1(q)),b) > 0,
@3((¢, T (q), I'"~*(q), F*"~(q)),b) > 0 and
@i((q, Tt1(q), I'"=1(q), F'»~1(q)),b) < 1. So, z € L(M;) and L(M) C
L(M;)UL(My). By definition of M, it is clear that L(M;)UL(Ms) C L(M).
Hence, L(M;) U L(My) = L(M). O

Theorem 4.2. Let Ly and Lo be two recognizable sets. Then L1 N Lo is a
recognizable set too.

Proof. Since L; and Ls are recognizable sets, there exist two
complete 3 deterministic 3 SVNGAs
My = (Q1,%, Ri = (g0, T (q0), I (90), F**(90)), Z, &', 6", En, Ez) and My =
(QQ,E,RQ = (po,Tto(p0)7It0(p0),Fto(po)), Z, (:)27(527E1,E2) such that L(Ml) =
Ly and L(Msy) = L. Consider M = (Q,%, R, Z,@,0,Ey, Ey) as follows:
Q= Q1 xQ2, R ={((90,p0), T* (g0, 10), I"* (g0, ), F**(q0,10))}, T* (g0, po) =
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T* (go) AT* (po), I' (g0, po) = I'*(qo) AT*(po), F**(qo, o) = F*(qo) VF" (po),

61((q1,2): a; (p1,p2)) = 01(q1, @, p1) A 67 (g2, a, p2),

82((q1,42), @, (p1,p2)) = 63(q1, @, p1) A 63 (g2, a, p2),

3((q1,92), @, (p1,p2)) = 05(q1, a,p1) V 83 (g2, @, p2),

Wl(Qh b) /\Wl q2,b),
)
)

w1((g1,g2),b) = (
W2((Q1,Q2)vb) ZWQ(QM )/\w2(q27b7
(“}3(((]17(]2)7{)) :wB(CIh )/\MS(Qva

Now, we show that L(My) N L(Msz) = L(M). Let z = ay...an, € L(M1) N
L(My). Then z € L(M;) and x € L(My). So, there exist ¢ € Q1 and ¢ € Q-
such that

07 (90, T™ (90), " (90), F* (90)), %, ) A @1 (¢, T (), I~ (q), F*"~(q)), b) > 0,
85" ((q0, T (90), 1" (90), F** (90)), #, q) A @5 ((q, T * (), I (q), F*"~*(q)), b) > 0,
5*1((6107Tt°(%) " (g0), F*(q0)), =, q) V @3((¢, T (q), I'"~* (q), F*"~(q)),b) < 1
3*2((QOaTtO(QO) (q0), F**(g0)), x, q) A&7 ((q, T**(q), I'"~*(q), F*"~*(q)), b) > 0,
05((90, T"(90), " (90), F* (90)), %, ¢) A @3 ((q, T"~* (9), I~ (q), F*"~*(q)), b) > 0,
35%((90, T (90), 1" (90), F** (90)), 2, ) V @3 ((q, T™* (q), I~ (q), F'"*(q)),b) < 1

Therefore, there are q1, qo, ..., gn—1 € @1 and p1,p2, ..., Prn—1 € Q2 such that

07 (g0, T™ (g0), I (90), F*(0)), a1, q1)
Ao AT (@t T (gn1), I (1), F 1 (gn-1))s s q) > 0,

55" (90, 7% (q0), I (q0), F*(q0)), a1, q1)
Ao N3 ((@n=1s T (Gn—1)s I (@n=1), F (@n=1))s s q) > 0,

05" (90, T (q0), 1 (q0), F*(q0)), a1, q1)
VoV (@ne1s T (@), I (@n1), F 1 (gn1))s s g) < 1,

012 ((po, T* (po), 1 (po), F** (po)), ar, p1)
Ao AT (Pt T (1) I (D), FP7 = (D-1)), @y p) > 0,

352((po, T™ (po), I (po), F' (po)), a1, p1)
A e NS5 (Pr=1, T (1), I (), F 7 (pa1)), @, p) > 0,

052 ((po, T (po), I (po), F* (po)), a1, p1)
Vo VO (a1, T (1), I (Paa), F 7 (1)), @, p) < 1.

Then T" (qo) > 0, I*(qo) > 0, F*(qo) < 1, T*(po) > 0, I**(po) > 0, F*(po) <
1. So, T (go,po) > 0, I' (g0, po) > 0, F'(qo,po) < 1. Also, 61 (qo,a1,q1) > 0,
5%(%7@17(11) > 07 5:%(6107@17611) < 17 and 6%(2907&17291) > 07 6%(1)07a17p1) > 07
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5§(p03alap1) < 1L Then 51((q07p0)7a1a(Q17p1)) > 07 62((q0ap0)aa1a(q17pl)) >
0, 63((q0,p0), a1, (q1,p1)) < 1. Similarly, 61((gi,pi), @it1, (¢iv1,Pit1)) > 0
02((qi,pi)> i1, (Qi+1,Pig1)) > 0, 03((qis i), Git1, (Qig1,Dit1)) < 1, where i =
1,2,....,n—1and g, = q,p, = p. So,

)

81 (((g0,p0), T" (g0, P0), I (g0, o), F** (g0, po)), 2, (¢, p)) > 0,
S;(((Q07p0)aTto(q07p0)7lt0(q07p0)7FtO(QO7p0))ax7 (q7p)) > 07
83(((90,20)s T (g0, o), I* (q0> P0)s F** (g0, p0))s , (¢, p)) < 1,

Also,

@1 (((q,p), T *(q,p), I'"*(q,p), F*'"*(q,p)),b) > 0,
@2(((g:p), T *(q,p), I*"* (g, p), F""~(q,p)),b) > 0,
@3(((q,p), T (q,p), I~ (q,p), F*"~*(q,p)),b) < 1.

Therefore, z € L(M) and L(M;) N L(Mz) C L(M). Now, let z = ajas...a, €
L(M). Then there exists (¢,p) € Q1 X Q2 such that

57 (((q0: Po), T"(q0: Po): " (g0, o), F* (90, p0)) 7. (g, p))
A (((g,p), T (g, p), I~ (¢, p), F*"~"(q,p)), b) > 0,
) 35 (((g0,p0), T" (g0, P0), I*° (90, P0), F** (g0, Po)), 2, (¢, p))
A@a(((g,p), T (g, p), I'"~" (¢, p), F*"~(q,p)), b) > 0,
35 (((q0: P0), T™(q0: Po): 1" (g0, o), F* (90, p0)), 7, (g, p))
(g,

V@3(((gp), T (q,p), """ (g, p), F""~*(q,p)),b) < 1.

Since T (qo) > 0, I'°(go) > 0, F*(qo) < 1, T (pg) > 0, I*°(py) > 0, F*o(pg) <
1, and by considering the definition of §, we have

571 (g0, T" (q0), T (q0), F*° (q0)), , q) > 0,
85" ((90, T (90), 1" (90), F** (90)), x, q) > 0,
05" (g0, T (g0), T (90), F*°(90)), 2, 4) < 1,
572((q0, T (g0), 1" (q0), F*(q0)), = q) > 0,
35%((q0. T (g0), 1" (q0), F**(q0)), . q) > 0,
057 (g0, T (90), T (90), F*°(90)), 2, 4) < 1,
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and by the definition of w and (9) we have:

@1 ((g, T (q), I'" 1 (q), F*"~(q)),b) >0,

@y (g, T (q), I'"~*(q), F'"~(q)),b) > 0,

@3((q, T (), I'*(q), F'"~*(g)),b) < 1,

@Y ((g, T (q), I'"~*(q), F'"~(q)),b) > 0,

@3 ((g, T (q), I'"~* (q), F*"~(q)),b) > 0,

@3 ((g, T (q), I'*(q), F''(q)),b) < 1
Therefore, z € L(M;) and « € L(M3). So, L(M) C L(M;)N L(Mz). Hence,
L(M) = L(M1) N L(Ms). O

5. Conclusion

In this note, by using the notions of single-valued neutrosophic set and gen-
eral fuzzy automaton, we presented the concepts of single-valued neutrosophic
general automaton, complete and deterministic single-valued neutrosophic gen-
eral automaton. For a given single-valued neutrosophic general machine we
were given a minimal single-valued neutrosophic general automaton that pre-
serves the language. After that, we presented the closure properties such as
union and intersection for single-valued neutrosophic general automaton.

Now, there is an important question: Is there a relationship between single-
valued neutrosophic general automata and finite group and topology? As well,
is there any relation between neutrosophic general automata and vector space?
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