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ABSTRACT. In this paper, closed forms of the sum formulas Y77 _ kxk Wy,
and Y p_, kxkW_,, for generalized Hexanacci numbers are presented.
As special cases, we give summation formulas of Hexanacci, Hexanacci-
Lucas, and other sixth-order recurrence sequences.
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1. Introduction

The generalized Hexanacci sequence
W, (Wo, Wi, Wa, W3, Wa, Ws; 7, 8,t,u,0,Y) fn>0
(or shortly {W,,}n>0) is defined as follows:
1) W, = ™Wy_1+sWy_o+tW,_3+uW,_g+0W,_5+ yW,_g,
Wo = co,Wi=c1,Wa=cy, Wy =rc3,Wy=rc4, W5 =c5, n2>6,
where Wy, Wy, Wy, W3, W4, Wy are arbitrary real or complex numbers and

r,s,t,u,v,y are real numbers. The sequence {W,},>¢ can be extended to
negative subscripts by defining

v U t s r 1
W_, = _7W—n+1 - 7W—n+2 - *W—n+3 - *W—n-&-4 - *W—n+5 + 7W—n+6
Y Y Yy Y Y Y

for n = 1,2,3,... when y # 0. Therefore, recurrence (1) holds for all integer
n. Hexanacci sequence has been studied by many authors, see for example [28,
40, 95] and references therein.

As {W,} is a sixth-order recurrence sequence (difference equation), its char-
acteristic equation is
2

(2) 28 —ra® — szt —ta® —ua® —vr —y=0
whose roots are «, 3,7, 6, A, u.
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Note that we have the following identities:

a+B+y+o+A+pu=r,

af+art+ay+aptAtad+By+Bu+Ay+ A+ B+ A +ypu+vyd+pd = —s,

aBA+ afy + afu+ ary + adp + afBd + ald + ayp + BNy + BAu + ayd +
apd + BAS + By + Myp + ByS + Bud + M6 + Aud + yud = t,

af Ay + afip + afAd + afyu + adyp + abyd + afud + aryd + alud +
By + aypd + BAYS + BApd + Bypd + Aypd = —u

afBAyp + afAYd + afAud + afyud + adypud + BAyud = v,

aBiyud = —y.

Generalized Hexanacci numbers can be expressed, for all integers n, using
Binet’s formula.

Theorem 1.1. [95] (Binet’s formula of generalized (r,s,t,u,v,y) numbers
(generalized Hexanacci numbers))

n

_ y2e

®) "o = @B e e N
n p2B8”
B=a)(B=7)(B—=0)(B—-N(B—pn)
n p3Y"
(y=a)(y = B)(y =) (v = N (v — n)

paoO”

- -A0 - -N6 )
n D5 A™
A=) A=B)A=7)(A =) (A —p)
n DPe”
(m—a)(p—B) (=) (=) —A)’

where

po= Ws—(B4+v+0+A+p)W,

F(BA+ By + B+ Ay + A+ B0+ X6+ v+ 0 + pd)Ws
—(BNy + BAp A+ B + Bryp + Ay + By + Bud + Ao + Ao + yud) Wa
+(BMYp A+ BAYS + BAuS + Bypd + Aypd) Wi — BAypdWo,

pr = Wy—(a+~v+d+A+u)Wy
+lad+ay+ap+ad + Xy + Ap+ X0 +yp+v0 + pd)Ws
—(aAy + a4+ add + ayp + ayd 4+ apd + My 4+ Ao + Apd + yud)Wa
+(adyp + adyd + adpd + aypd + Ayud)Wp — adyudWy,
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ps =

pPs =

ps =

Pe =

Ws—(a+B8+0+ A+ p)W,y

+Haf +ar+ap+ A+ ad+ Bu+ A+ B0+ A + pd)Ws

—(aBA+ aBu+ alp+ afd + add + BAn + apd + BAS + Bud + Aud)Wo
+(afBAu + aBAS + afud + aiud + BAuS) Wy — afAudWy,

Ws —(a+B+y+A+p)W,
+HaB+ar+ay+ap+ BA+ By + Bu+ Ay + An+ yp)Ws

—(aBA+ afy + aBu+ ady + alp + ayp + LAY + BAu + By + Ayp) Wa
+H(aBAy + aBAp + afyp + adyp + BAyp) Wi — afAyuWo,

Ws —(a+B+~y+6+p)Wy
+HaB+ay+ap+ad+ By + Bu+ B+ yu + 76 + pd)Ws

—(afy + afu+ afd + ayp + ayd + apd + Byp + Byo + Bud + yud)We
+(aByp + aByd + aBpd + aypd + Byud)Wi — aByudWo,

Ws—(a+B8+~v+5+ )W,
+Haf+ar+ay+ A+ ad+ By + Ay + B+ Ao+ vI) W3

—(afA+ afy + aXy 4+ afd + ard + BAy + ayd + IS + Sy + Ay0) W,
+(aBAy + afAd + afyd + aryd + BAYO) W1 — aBAyoWy.

Usually, it is customary to choose r, s, t,u, v,y so that the Equ. (2) has at
least one real (say «) solution.
(3) can be written in the following form:

where

W, = A1a™ 4+ AxB™ + Agy™ + Ayd™ + As A" + Agu™,

_ P1
B sy P T ey ey

Ay = D2
B=a)(B—B—=06)(B-N(B—p)’

Ay = P3
(v=—a)y=B) v =0) (v =Ny — )’

Ay = D4
(6—a)(6—B)(6 —7)(6 = A) (6 —p)’

Ay = D5
A=) A=B)A=71)A =86 (A —p)’

Ag = DPe

(b= a)(p=B) (=)= 06)(n—A)

o0
Next, we give the ordinary generating function > W, 2" of the sequence {W,, }.

n=0
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Lemma 1.2. [95] Suppose that fw, (x) = > W,a™ is the ordinary generating

n=0

oo
function of the generalized (r,s,t,u,v,y) sequence {W,},>0. Then, > W,a"
n=0

s given by
oo
A
4 W "= ;
) nz:% . 1—rz— sa? — ta® — uat — vad — yab
where
A = Wy+ (W1 — TW())J? + (W2 —rWy — SW0)$2

+(W3 - TWQ - SW1 - LLVVQ).Z‘3

+(W4 — TWg — SWQ — th — UWO)I4

+ (W5 — Wy — sW3 — tWy — uWy — vWp)a®.
No Sequences Notation Ref.

(Numbers)

1  Gen. Hex- {Vn}z{Wn(W(),Wl,WZ,W3,W4,W5;1,1,171,1,1)} [96]
anacci

2 Gen. Sixth {V }={W (W, W Wy W3 W, Wgs2,1,1,1,1,1)} [97]
order Pell

3 Gen Sixth {V,}={W, Wy, W, Wy, Wy, Wy, Ws1,1,1,1,1,2)} [og]
order Jacob-
sthal

4 Gen. 6 {V, }={W, (Wy, W, Wy Wy, W, W5 2,357 11,13)}99]

primes

TABLE 1. A few special case of generalized Hexanacci se-
quences.

For some specific values of Wy, Wy, Wy, W3, Wy, W5 and r, s, t,u,v,y it is
worth presenting these special Hexanacci numbers in a table as a specific name.
In literature, for example, the following names and notations (see Table 2) are
used for the special cases of 7, s,t,u, v,y and initial values.

For easy writing, from now on, we drop the superscripts from the sequences,
for example we write P, for Pflﬁ).

The following theorem presents some linear summing formulas of generalized
Hexanacci numbers with positive subscripts.

Theorem 1.3. Forn > 0 we have the following formulas: If sx? +tx® +uz* +
va® 4+ 28y 4+ rx — 1 £ 0, then

Zka’“ _ O ()
k=0

sx? +tad +uxt +vxd +2by +rax — 17



A Note on Sum Formulas of Generalized Hexanacci Numbers — JMMR Vol. 12, No. 2 (2023) 141

Sequences (Numbers) Notation Ref
Hexanacci {Hn} = {Wn(o,1,1,2,478;1,1,1,171,1)} [96]
Hexanacci-Lucas {En} = {Wn(G,1,3,7,15,31;1,1,1,1,1,1)} [96]
sixth order Pell (PO = (W, (0,1,2,5,13,34;2,1,1,1,1,1)} (97]
sixth order Pell-Lucas  {Q®} = {W_(6,2,6,17,46,122;2,1,1,1,1,1)}  [97]
modified sixth order {E} = {W (0,1,1,3,8,21;2,1,1,1,1,1)} (97]
Pell

sixth order Jacobsthal  {.J®} = {W_(0,1,1,1,1,1;1,1,1,1,1,2)} (6,98]
sixth order Jacobsthal-  {j'©} = {W, (2,1,5,10,20,40;1,1,1,1,1,2)} (6,98]
Lucas

modified sixth order {K'®} = {W (3,1,3,10,20,40;1,1,1,1,1,2)}  [98]
Jacobsthal

sixth-order Jacobsthal {Q,EIG)} = {Wn (3,0,2,8,16,32;1,1,1,1,1,2)} [98]
Perrin

adjusted  sixth-order {526)} = {Wn 0,1,1,2,4,8;1,1,1,1,1,2)} (98]
Jacobsthal

modified  sixth-order {R} = {W,(6,1,3,7,15,31;1,1,1,1,1,2)} (98]
Jacobsthal-Lucas

6-primes {Gn} = {Wn(0,0,0,0, 1,2;2,3,5,7,11,13)} [99]
Lucas 6-primes {Hn} = {Wn(6, 2,10,41,150,542;2,3,5,7,11,13)} [99]
modified 6-primes {En} = {Wn(0,0,0,0,l, 1;2,3,5,7,11,13)} [99]

TABLE 2. A few members of generalized Hexanacci sequences.

where

O1(z) = 2" PWoys — (ro—1)a" ™MW,y — (s2? +rz— 1)z PBW, 13 — (s2® +
tz® +rx — )2 F2W,, 0 — (sz? + tz® +uz* + rx — D)2 MW, + y2" 5w, —
W5 + 2t (re — )Wy + 23(s2? + rz — 1)W3 + 2%(s2? + ta® + rx — 1)Wa +
z(s2? + tad + uxt + re — )Wy + (s2? + to3 + uzt + va® + ra — )W

Proof. Tt is given in Soykan [85, Theorem 2.1]. O

The following theorem presents some linear summing formulas of generalized
Hexanacci numbers with negative subscripts.

Theorem 1.4. Let x be a complex number. For n > 1 we have the following
formulas: If y + ra® + sz + ta® + ux?® + ve — 2% £ 0, then

St = O4(z)
k=1

y+rx® + srt + tad + ur? + vr — 26’

where
Ou(x) = ="MW _, 5+ (r — )" PW_ iy + (s +re — 222" MW, 13 +
(t+ 72?2+ sz —23) 2" W0+ (u+rzd + s2? +to — )" W, + (v +
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rat +szd +te? +ur — 2P "W, + aWs —a(r — )W+ z(—s—rox+z2)Ws +
o(—t —rz? — sz + 2 )Wa + 2(—u — rad — s2? — tox + )Wy + 2(—v — ra* —
sx® — ta? — ux + 25)Wo.

Proof. Tt is given in Soykan [85, Theorem 4.1]. |

In this work, we investigate summation formulas of generalized Hexanacci
numbers.

2. An Application of the Sum of the Numbers

An application of the sum of the numbers is circulant matrix. Computa-
tions of the Frobenius norm, spectral norm, maximum column length norm
and maximum row length norm of circulant (r-circulant, geometric circulant,
semicirculant) matrices with the generalized m-step Fibonacci sequences re-
quire the sum of the squares of the numbers of the sequences. For generalized
m-step Fibonacci sequences see for example Soykan [50]. If m = 2,m = 3
and m = 4, we get the generalized Fibonacci sequence, generalized Tribonacci
sequence and generalized Tetranacci sequence, respectively. Next, we recall
some information on circulant (r-circulant, geometric circulant) matrices and
Frobenius norm, spectral norm, maximum column length norm and maximum
row length norm.

Circulant matrices have been around for a long time and have been exten-
sively used in many scientific areas. In some scientific areas such as image
processing, coding theory and signal processing we often encounter circulant
matrices. These matrices also have many applications in numerical analysis,
optimization, digital image processing, mathematical statistics and modern
technology.

Let n > 2 be an integer and r be any real or complex number. An n X n
matrix C, is called a r-circulant matrix if it of the form

Co Cc1 C2 T Cn—2 Cn—1
TCp—1 Co C1 T Cn—3 Cn—2
C, = rCp—2 TCp—-1 Co - Cp—4 Cp-3 ,
rci rco rcs e rCp—1 Co nxn
and the r-circulant matrix C,. is denoted by
Cr = Circ,y (o, €y eey Cr—1)-
If » = 1 then 1l-circulant matrix is called as circulant matrix and denoted

by C = Cire(co, ¢, -, ¢n—1). Circulant matrixs were first proposed by Davis
in [8]. These matrixs have many interesting properties, and it is one of the
most important research subject in the field of the computational and pure
mathematics (see for example references given in Table 3). For instance, Shen
and Cen [46] studied on the norms of r-circulant matrices with Fibonacci and
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Lucas numbers. Then, later Kizilates and Tuglu [24] defined a new geometric
circulant matrix as follows:

Co C1 C2 T Cn—2 Cn—1
TCn—1 Co C1 o Cn—3 Cp—2
C v = T2Cn—2 TCn—1 Co vt Cp—g Cn-3
T = ’
" lep r" 3¢y " 3e3 oo repo1 C

nxn

and then they obtained the bounds for the spectral norms of geometric circulant
matrices with the generalized Fibonacci number and Lucas numbers. When
the parameter satisfies 7 = 1, we get the classical circulant matrix. See also
Polatli [33] for the spectral norms of r-circulant matrices with a type of Catalan
triangle numbers.

The Frobenius (or Euclidean) norm and spectral norm of a matrix A =
(@ij)mxn € Myxn(C) are defined respectively as follows:

1/2 o
p— ,,2 — .
e = (DIl ) and 1Al = (s M)

where \; ’s are the eigenvalues of the matrix A*A and A* is the conjugate of
transpose of the matrix A . The maximum column length norm ¢;(.) and the
maximum row length norm r1(.) of an matrix of order n x n are defined as
follows:

1/2
)= (o) o )= s (Sl

The following inequality holds for any matrix A = M, x,(C):

1/2

1
= 1417 < 141, < 14l
In literature there are other types of norms of matrices. The maximum column
sum matrix norm of n x n matrix A = (a;;) is [|Al|; = max S laij| and
the maximum row sum matrix norm is || A = 1Igag{ Z] 1 lai] -

Calculations of the above norms ||A|| -, ||All,, c1(A) and 71 (A) require the
sum of the squares of the numbers a,; and calculations of the above norms ||A||;
and ||Al|, require the linear sum the numbers a;;. We also note that the sum
of entries of (a;;) require the linear sum the numbers a,;. As in our case, the
numbers a;; can be chosen as elements of second, third or higher order linear
recurrence sequences.

In Table 3, we present a few special study on the Frobenius norm, spec-
tral norm, maximum column length norm and maximum row length norm
of circulant (r-circulant, geometric circulant, semicirculant) matrices with the
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generalized m-step Fibonacci sequences which require sum formulas of second
powers of numbers in m-step Fibonacci sequences (m = 2,3,4).

Name of sequence Papers
second order second order]
Fibonacci, Lucas [9,10,20,24,27,38,43-49,101]
Pell, Pell-Lucas (2,102
Jacobsthal,  Jacobsthal- [36,103-105]
Lucas

third order] third order]
Tribonacci,  Tribonacci- [23,37,39,94]
Lucas

Padovan, Perrin [7,32,42]
Third-Order Pell Num- [93]

bers

fourth order] fourth order]
Tetranacci,  Tetranacci- [29]

Lucas

TABLE 3. Papers on the norms.

Linear summing formulas of the generalized m-step Fibonacci sequences are
required for the computation of various norms of circulant matrices with the
generalized m-step Fibonacci sequences. We present some works on summing
formulas of the numbers in Table 4.

Name of sequence Papers which deal with summing
formulas
Pell and Pell-Lucas [1,18,25,26,30]

Generalized Fibonacci [19,63-67,69, 82
Generalized Tribonacci [13,16,31,68,81,83]
Generalized Tetranacci [70,75,106]
Generalized Pentanacci [71,72,84]
Generalized Hexanacci [73,74,85]

TABLE 4. A few special study of sum formulas.

Also, the sum of the squares of the generalized m-step Fibonacci sequences
are required for the computation of various norms of circulant matrices with
the generalized m-step Fibonacci sequences. We present some works on sum
formulas of powers of the numbers in Table 5
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Name of se- sums of second sums of third pow- sums of pow-
quence powers ers ers
Generalized [3,4,17,21,22,51, [15,52,54,55,58,59, [5,14,34]
Fibonacci 57,60,61,78,89-92] 79,80,86-88,107]

Generalized [39, 53,56, 76]

Tribonacci

Generalized [35,41,62,77]

Tetranacci

TABLE 5. A few special study on sum formulas of second,
third and arbitrary powers.

3. Sum Formulas of Generalized Hexanacci Numbers with
Positive Subscripts

The following theorem presents some summing formulas of generalized Hex-
anacci numbers with positive subscripts.

Theorem 3.1. Let x be a real (or complex) number. For n > 0 we have the
following formula; If sx? + tz>® + ux* + va® + 28y +rz — 1 #£ 0, then

n
O
ka* W), = ;
1;) vk (sx? + ta® + uat + vad + 28y + ra — 1)2

where

O = 2" (n(sz? + tz® + ua* + vz’ + 2%y + ro — 1) — 5 + 3s2? + 2tz +
urt — 28y + dra) Wi ys + 2" 4 (n(1 — ra) (sz? + tad + uzt + va® + 28y +ra — 1)
— 442822+t —va® — 228y —4r2a® 4+ 8rz —3rsa® — 2rtat —rux® +raTy) W4+
"3 (—n(sz? +rz—1)(sx? +ta® +urt +va® + 2%y +roz—1) — 3+ 6522 —uzt —
2a® — 328y — 3r22? — 3522* + 6re — 6rsax® — rtxt — 2sta® + rva® — sua® + 2r
2 y+s28y) W3 +2" 2 (—n(sa?+tad+re—1) (s +tod+urt+vr® +aly+re—1)
— 24 4sx? 4 4tad — 2uxt — 3va® — 4xy — 20222 — 2522t — 24225 4+ drx — drsa® —
drtzt + ruz® — dstz® + 2rvad + sva” — tur” + 3raTy + 2528y + tay) W a0 +
2"t (—n(sz? + tz® + uat + re — 1)(sz? + t2® + uxt + va® + 2y + rz — 1)
— 14 2522 + 2ta® + 2ux® — 4va® — 5aby — r22? — 522 — 1226 — w228 4 2r —
2rsz® —2rtat — 2ruz® — 2sta® + 3rva’ — 2suxs 4 2s5v2” — 2tux” +tvad +4raTy +
3sa8y+ 2ty +ux0y) W, 1 +ya" O (n(sz? +tad +ua* +va® +2by+re—1)—6+
4522 + 3tz + 2uxt + v2® + 5rx) W, + 25 (ya’ —uzt — 2ta® — 3s2? — dra +5)Ws +
x4 (—2s2? — ta® +vad® + 220y + 4r22% — 8raw + 3rsa® + 2rtat + rux® —raTy + 4)
Wy + x3(—63x2 + uxt + 20zd + 3x6y + 3r222 4+ 35%2x* — 6rz + 6rsz® + rtzt +
2stx® — rvad + sux® — 2rxTy — sady + 3) Wi + 22 (—4sx? — 4tz + 2ur* + 3va® +
420y + 21222 + 2522t + 26228 — dra + drsad + drtat — rua® + 4stx® — 2rva® —
svr” +tux” — 3raTy — 2528y — tady + 2)Wa + 2 (—2s2% — 2ta — 2uxt + 4vad +
528y + r22? + 22t + 228 + u22® — 2ra + 2rsa® + 2rtat + 2rux® + 2sta® —
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3rvad + 2sux® — 2sva” + 2tur” — tva® — draTy — 3528y — 2ty — urlOy + 1)W
+ y28(—va® — 2uat — 3tad® — 4sz? — Bra + 6)W.

Proof. Using the recurrence relation

Whn =1Wh1 +sWh_o +tWy_3+uW,_y + W, 5 + yWi_6

ie.,
yWn76 =W, —rWy1— Wy 2 —tW,_ 3 —uW, 4 — ’UWn757
we obtain
yx0x Wy = 0xa"Ws—rx0xzWs —sx0xz"W,
—tx0x Wy —ux0xz'We —v x 0x 2°W,
y><1><x1W1 = Ixa'Wr—rx1xz'Wsg—sx1xaz'Ws
—txlxx1W4—u><1xx1W3—vx1xz1W2
yx2x Wy = 2x2*Wg—rx2xz?Wy —sx2x 2*Ws
X 2X W5 —ux2x 22Wy —v X 2 X 2°W;
y(n —2)z" W, o = (n—2)a" *Wyya —r(n —2)z" W, 3

—s(n — 2)2" 2 Whyo — t(n — 2)z" > W1
—u(n — 2)z"2W,, — v(n — 2)z"*W,,_,
yn—)z" W,y = (n— 12" " Wyys —r(n—1)z" W,
—s(n — 1)a" "W, 13 —t(n — 1)a" W, 4
—u(n — D)z W, —v(n — Da" ' W,
yxnxz"W, = nxa"Wyie—rxnxa"Wyis—sxnxz"Wyiq
—tXxn X" Whys—uxnxaz" Wy

—vXn X" Wy
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If we add the equations side by side we obtain
Yy Z kxF Wi = (na"Wys + (n — 1)z Wi + (n — 2)2" 2 W, 44
k=0

+(n=3)2" 3 W,is + (n —4)2" Wio + (n —5)a™ W,y
—(—1)z 7 Wy — (=2)272 Wy — (=3)x W3 — (—=4)z Wy — (=5)2 =W,

—(—6)z~ W, + Z(k — 6)2" W) — r(na"Wyas + (n — 12" "Wy
k=0

+(n—2)2" 2 W,is + (n — 3)a" 3 Wiio + (n — 4)a™ W,

— (=D Wy — (=2)z 72 Wy — (=3)z 3 Wy — (=4)z =W, — (=5)z "W

+ Z(k —5)2* W) — s(na"Wya + (n — 1)z "W, 43
k=0
+(n—2)2" 2 Wyio + (n = 3)z" W1 — (D2 ' W3 — (=2)272Ws

—(=3)2 Wy — (—)a ™ Wo + Y _(k — )2 W) — t(na" W
k=0
+(n =12 Wio + (n —2)2" 2 W,y — (=) Wy — (=2)z %W,

—(=3)z 73w, + Z(k —3)2"B3WL) — w(nz"Wige + (n — Da" W,
k=0

(=D "Wy = (=22 Wo + > (k — 2)2" W)
k=0

—v(nz" Wy — (=) Wy + Z(k‘ — DR twy,).
k=0
Then, using Theorem 1.3, we get the required result. O

4. Special Cases

In this section, for the special cases of x, we present the closed form solutions
(identities) of the sums > ,_, kz* Wy, Sop_ ka*Woy, and > _ ka* Wy for
the specific case of sequence {W,,}.

4.1. The case x = 1. In this subsection we consider the special case z = 1.
The case © = 1 of Theorem 3.1 is given in Soykan [100].

4.2. The case x = —1. In this subsection we consider the special case x = —1
and we present the closed form solutions (identities) of the sums Y ,_ k(—1)*Wy,
heo k(—1)*Woy and > k(—1)*Warq for the specific case of the sequence

Taking r = s =t =u =wv =y =1 in Theorem 3.1, we obtain the following
proposition.
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Proposition 4.1. Ifr=s=t=u=v =y =1, then for n > 0 we have the
following formula:

S k(=)W = (=1)" ((n + 8)Wiss — (2n+ 15)Wopa + (n+5) W3 —
(271 + 12)Wn+2 + (7’L + 2)Wn+1 - (n + 9)Wn) — 8Ws 4+ 15Wy — 5W3 + 12W5 —
2W4 + 9W,.

From the above proposition, we have the following corollary which gives
sum formulas of Hexanacci and Hexanacci-Lucas numbers (take W,, = H,
with H() = O,H1 = 1,H2 = 1,H3 = 27H4 = 4,H5 = 8 and take Wn = En with
Ey=6,F1 =1,E,=3,FE3 =7,E; =15, E5 = 31, respectively).

Corollary 4.2. For n > 1, we have the following properties:
(a): Yo k(=1 H), = (=1)" ((n + 8)Hnts — (2n + 15)Hypa + (n +
5)Hpys — (2n+12)Hyqo + (n+2)Hpypq1 — (n+ 9)H,) — 4.
(b): >0 o k(=1)*Er = (=1)"((n + 8)Enys — (2n + 15)Epss + (n +

We present the next result as an example of the above corollary for n = 8.

Example 4.3. For n =8, we have the followings:
(a): 228:0 k(—1)FH), = 347.
(b): >, _o k(—1)*E), = 1339.

Taking r = 2,s =t =u = v =y = 1 in Theorem 3.1, we obtain the following
proposition.

Proposition 4.4. If r=2,s=t=u=v =y =1, then forn > 1 we have the
following formula:

Srco k(=)W = L((=1)" (n+6)Wiy5— Bn+17)Wypa+(2n+8) Wy p5 —
Bn+12)Wypia+ 2n+3)Wypp1 — (n+1)W,,) — 6W5 + 17TWy — 8W3 + 12W; —
W+ TW).

From the above proposition, we have the following corollary which gives sum
formulas of sixth-order Pell and sixth-order Pell-Lucas numbers (take W,, = P,
with PO :O,Pl = 1,P2 :2,P3 = 5,P4 = 137P5 = 34 and take Wn = Qn with
Qo=06,01 =2,Q2=6,Q3 =17,Q4 = 46, Q5 = 122, respectively).

Corollary 4.5. For n > 1, we have the following properties:
(@): Yo k(-1)*P, = %((fl)n ((n4+6)Pyys — (B3n+ 17)Pyyg + (2n +
(b): 3o k(=1)*Qr = 5((-=1)" ((n + 6)Qn5 — (3n + 17)Qnia + (2n +
8)Qnsa — (31 + 12)Qura + (20 +3) Qi1 — (n+ 1)Qu) + 22).
We present the next result as an example of the above corollary for n = 8.

Example 4.6. For n =8, we have the followings:
(a): 228:0 k(—1)k Py, = 3645.
(b): Y p_ok(—1)FQy = 13070.
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Observe that setting z = —1,r=1,s=1,t=1Lu=1v=1,y =2 (ie., for
the generalized sixth order Jacobsthal case) in Theorem 3.1, makes the right
hand side of the sum formulas to be an indeterminate form. Application of
L’Hospital rule however provides the evaluation of the sum formulas.

Theorem 4.7. Ifr=1,s =1t =1,u = 1,v =2,y = 2, then forn > 1 we
have the following formulas:

Shco k(=W = L((=1)" (=(3n? 4 11n — 118)Wy 45 + 2(3n* + 8n —
122YWyiq — (3n + 17)(n — 8)Wyys + 2(3n? — n — 122)W,40 — (3n? — 250 —
118)Wyy1 + 2(3n% + 17n — 104)W,,) — 118W5 + 244W, — 136W5 + 244W, —
118W1 + 208W).

Proof. We use Theorem 3.1. If we set r = 1,s = 1,t = 1,u = 2 in Theorem
3.1, then we have

kxk W, = 91()
,;0 N (22 — )%z +1)2(—z + 22 + 1)2(z + 22 4+ 1)2’

where

g1(z) = 2" (4r +n(22® + 25 + 2t + 2% + 22 + 2 — 1) + 32 + 223 + 2t —
228 — 5)W,, 5 — 2" (202 — 82 4 223 + 22* + 22° + 42® — 227 + n(z —1)(225 +
2+t + 23+ 2t — 1) + 4)Wpg — 2362 — 322 — 62 + St + 42® +
626 — 42" — 228 +n(2? + 2 - 1)(228 + 2P + 2t + 2P+ 2t + 2 — 1) + )W +
"2 (44222 — 82t — 62° — 825 + 627+ 428 +22° —n(23 + 22+ —1)(22° + 25+
ettt —1) - 2) W0 + 2" (22 + 22 — 2 — 82° — 1020 + 827 + 628 +
429 42010 —n(at ¥+ 22+ - D228+ 2Pttt - 1) - )W +
226 (5x +n (228 +2° +at + 23 + 2% + o — 1) +42% + 323 + 224 + 25 — 6)W,, — 2°
(=228 + 2 + 223 + 32 + 4o — 5)W5 + 2* (=227 + 42° + 225 4 227 + 22 +
222 — 87 + 4)Wy + 23 (—22% — 427 + 625 + 42° + 52* + 623 — 322 — 62 + 3) W3 —
22 (22° + 428 + 627 — 82° — 62° — 81 + 222 + 4w — 2)Wo — (2210 4+ 42° + 628 +
827 —102% — 82° — 2t + 22 4+ 22 — 1)W — 225 (2 + 22* + 32% + 422 + 52 — 6) W

For x = 1, the right hand side of the above sum formula is an indeterminate
form. Now, we can use L’Hospital rule. Then we get the required result using

n d2

= (e =12z + 12—z + 22+ 1)@ +22 +1)2)|

1
- 5—4((—1)" (—(3n? + 11n — 118) W, 5
+2(3n2 4+ 8n — 122) Wy s — 3n 4+ 17)(n — 8) W43
+2(3n% —n — 122)W,12 — (3n? — 250 — 118)W,,44
+2(3n% + 17n — 104)W,,) — 118W;
+244W, — 136W3 + 244Wo — 118W; + 208W).
O

Taking, respectively,
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Wn = Jn with J() = O7 Jl = 17J2 = 1,J3 = 1,J4 = 1,J5 =1 (sixth—order
Jacobsthal numbers),

Wy = jn with jo = 2,51 = 1,752 = 5,43 = 10, ja = 20, j5 = 40 (sixth order
Jacobsthal-Lucas numbers),

Wn = Kn with KO = 3,K1 = 1,K2 = 3,K3 = 10,K4 = 20,K5 = 40
(modified sixth order Jacobsthal numbers),

Wy, = Qn with QO = 33Q1 = 03@2 = 23Q3 = 87@4 = 167Q5 = 32 (SiXth_
order Jacobsthal Perrin numbers),

Wn = Sn with So = O,Sl = 1,52 = 1,53 = 2, S4 = 4,55 =38 (adjusted
sixth-order Jacobsthal numbers),

W, = R, with Ry =6,R; =1, Ry =3,R3 =7, Ry = 15, R5 = 31 (modified
sixth-order Jacobsthal-Lucas numbers),

in the last Theorem, we have the following corollary.

Corollary 4.8. For n > 0, we have the following properties:

(@): Yr_o k(=) Je = 2 ((=1)" (=(3n? + 11n—118) Jp 45 +2(3n* 4+ 8n —
122) 0 — (3n+17)(n — 8) Jpt3 +2(3n% —n —122)J, 42 — (302 — 251 —
118)Jpi1 + 2(3n +17n — 104)J,,) + 116).

(b): Y5 o k(=1)%jk = 57((—=1)" (=(3n* +11n — 118) jny5 +2(3n° +8n —
122)jp1a — (30 +17)(n — 8)jnt3 +2(3n% —n — 122) 5,12 — (3n% — 25n —
118)jn11 + 2(3n2 + 17n — 104)3,,) + 318).

(€): Sr_ok(—1)FKy = £ ((—1)" (—(3n*+11n—118) K, 45 +2(3n>+8n—
122)Kpia — 3n + 17)(n — 8)Kpis + 2(3n? —n — 122) K, 10 — (30 —
25n — 118) K41 + 2(3n? + 17n — 104)K,) + 38).

(d): P k(=1)*Qr = 5((=1)" (=(3n* + 11n — 118)Qn+s + 2(3n* +
8n—122)Qpia— (3n+17)(n—8)Qpi3+2(3n% —n—122)Qp12 — (3n* —
25n — 118)Qpn11 + 2(3n? + 17n — 104)Q,,) + 152).

(€): Yp_ok(—=1)kSk = Z((—=1)" (—(3n® +11n—118)Sp 45 +2(3n? +8n —
122)S, 44— (3n+17)(n—8)Sp43+2(3n% —n—122)S,, 4o — (3n? — 25n —
118) S, 41 + 2(3n% + 17n — 104)S,,) — 114).

(£): SF_o k(—1) Ry = L ((—1)" (~(3n%+11n—118) Ry 45 +2(3n> +8n—
122)Ryiq — (3n + 17)(n — 8)Ryy3 + 2(3n? —n — 122) R, 40 — (3n? —
25n — 118) Ry y1 + 2(3n2 4+ 17n — 104)R,,) + 912).

We present the next result as an example of the above corollary for n = 8.

Example 4.9. For n = 8, we have the followings:

(a): S5 o k(—1)kJ), = 118.
(b): 5o k(—=1)%j = 1776.

(c): Sp_ o k(—1)*K; = 1738,
(d): S5 o k(—1)*Qx = 1382.
(e): S%_ok(=1)kS) = 356.

(1)
(£): S5 _o k(—=1)* Ry, = 1454.
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Taking r = 2,s = 3,t = 5,u = 7,v = 11,y = 13 in Theorem 3.1, we obtain
the following proposition.

Proposition 4.10. Ifr=2,s=3,t=5,u=7,v =11,y =13, then forn >1
we have the following formula:

S k(LW = (=)™ (=(n = 5)Worss + (30 — 16)Wisa + AW rg +
(5n—=29W,io+ 2n—1)W, 411 +13(n—4)W,,) — 5W5 + 16W, — 4W3 + 295 +
W1 + 52Wy).

From the above proposition, we have the following corollary which gives sum
formulas of 6-primes, Lucas 6-primes and modified 6-primes numbers (take
Wn = Gn with GO = 0,G1 = O,Gg = O,Gg = 0,G4 = 1,G5 = 2 and take
W, = H, with Hy = 6,H; = 2,Hy = 10,Hs = 41, Hy = 150, H5 = 542
and take Wn = En with EO = O,El = 07E2 = O,Eg = 0,E4 = 1,E5 = ].,
respectively).

Corollary 4.11. For n > 1, we have the following properties:
(a): Y i k(-1)FGy = i((fl)n (=(n=5)Gp45+(3n—16)Gp+4+4G 15+
(5n —29)Gpia + (2n — 1)Gpy1 + 13(n — 4)G,) + 6).
(b): 3opo k(=1 Hi = 3((=1)" (=(n=5)Hn15+(3n—16) Hyy a4 Hy 3+
(5n —29)Hp 42 + (2n — 1)Hp 1 + 13(n — 4)H,,) + 130).
(c): Sp_ok(—1)FE, = L((=1)" (=(n—5)En45+(3n—16)Epya+4E, 13+
(5bn —29)E, 12+ (2n — 1)E,11 + 13(n — 4)E,,) + 11).

We present the next result as an example of the above corollary for n = 8.

Example 4.12. For n = 8, we have the followings:

(a): Zk _o k(=1)*G}, = 565.
(b): Zk o k(= 1)* Hy, = 149336.

(c): Zk:o k(—1)*E) = 407.

4.3. The case = = i. In this subsection we consider the special case x = i.
Taking x = i¢,r = s =t =wu =v =y = 1 in Theorem 3.1, we obtain the
following proposition.

Proposition 4.13. Ifr=s=t=u=v =y =1, then for n > 0 we have the
following formula

Sho ki Wi = 2 (1" (—((1 + 2i)n + (2 + 60))Wiys — (1 — 3i)n + (2 —
T0))Whga+ (44 3i)n+ (64 74)) Wiy s + (4 —20)n+ (6 +41) ) W2+ ((8 4 4i) —
(1+20)n)Wyp1 + ((2—i)n+ (8—30))Wy) + (2+ 6i) W5 + (2 — Ti) Wy — (6 + Ti)
W3 — (6 + 4i)Wo — (8 4+ 44)W7 — (8 — 31)Wp).

From the above proposition, we have the following corollary which gives
sum formulas of Hexanacci and Hexanacci-Lucas numbers (take W,, = H,
with Hy=0,H, =1,Hy =1,Hs = 2, Hy = 4, H; = 8 and take H,, = E,, with
Ey=6,E1=1,FE,=3,FE3=7,E, =15, E5 = 31, respectively).

Corollary 4.14. For n > 0, we have the following properties:
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(a): oo ki Hy = 525 (" (= ((1 + 20)n + (2 + 60)) Hogs — (1= 3i)n +
(2= 7i))Hora + (4 + 3i)n + (6 + 7i)) Hops + (4 — 20)n + (6 + 4))
Hyyo + ((844i) — (1 +2i)n)Hp1 4+ ((2—4)n+ (8 = 3i)) Hy,) — (24 21)).

(b): Yo ki"Ey = 715 (i"(— ((1 +2i)n + (2 + 60)) Enys — (1 — 3i)n +
(2 =7i)Enysa + ((4+ 3i)n + (6 + 7i))Epys + ((4 — 2i)n + (6 + 41))
Enpo+((844i) = (142i)n) Epp1 +((2—i)n+(8—3i)) By ) +(—244347)).

Corresponding sums of the other sixth order generalized Hexanacci numbers
can be calculated similarly.

5. Sum Formulas of Generalized Hexanacci Numbers with
Negative Subscripts

The following tTheorem presents some summing formulas of generalized
Hexanacci numbers with negative subscripts.

Theorem 5.1. Let x be a real (or complex) number. For n > 1 we have the
following formulas: If y + ra® + sx* + ta® + ux® + ve — 25 £ 0, then

- Q
> kat Wy, = 2 -
(y + rad + szt + t3 + ua? + v — 29)

where

Oy = 2" (n(—y — ra® — szt — tad —ur? — vz + 2°) + 4ra® + 3s2t + 223 +
ur? —y — 51:6)W_n+5 —|— 2" (n(r — 2)(y + rad + szt + tad + ua? + vr — 25)
+8rab+2s2° 4 tat — 47’23: +ry—2zxy— 4337 3rsxt —2rted —rux®)W_, 4+
2" (n(s+ro— xQ)(y +raz® 4 szt +tad +ur? + vz — 25) + 6r2” + 6528 —uzt —
2z — 322y — 3r2ab — 3522 + sy — 328 — 6rsa® — rtat — 2sta® 4+ rva? — sux® +
2rey) Wiz +a" T (n(t +ra? + sx — %) (y + ra® + st + tad + ua? + vr — 2°)
+4ra® 4 4sa” + 4128 — 2ua® — Jvrt — 4ady — 2r227 — 25200 — 21203 +ty — 227 —
4rszS — drtz® + rux* — dsta* + 2rved + svr? — tux® + 3ra’y + 2s2y)W_ o +
2" (n(u+rad + s2? +to — ) (y +ra® + sat + tad +ua? +vr — 2%) + 2r2% +
2528 + 2ta” + 2uax’ — dva® — 5ty — r2a® — 5228 — 22t — w22 fuy — 210 —2r
27 —2rtx’® — 2rux® — 2sta® 4 3rvzt — 2suxt 4 2svd — 2tux® +tvr? +4rady +3s
22y + 2tzy) W1 + 2" (n(v + rat + s2® + t2? +uz — 2°)(y + rad + sat +
tz® + ux® + vr — 28) — 625y + vy + Sraty + 4sxdy + 3txly + 2uxy)W_, +
x(y — dra’® — 3sxt — 2tad — ux? + 52)Ws + 2(—8rab — 2525 — tat + va? +
4r225 — ry + 2xy + 47 + 3rszt + 2rtad + rux?)Wy + x(—6rz” — 6525 + uzt +
2023 4322y +3r225 + 3520 — sy + 328 +-6rs2° +rtat +2sta® —rva? 4+ sux? —2razy)
Wy + x(—4rz® — 4sz” — 4tab + 2ux® + vzt + 423y + 2227 + 25225 + 21203 —
ty +22° 4 4rsxb + drta® — rua* 4 4stat — 2rved — sva? + tux? — 3ra’y — 2sxy)

Wo+ x(—2r2® — 2528 — 2t2” — 2uzb + 4vx® 4 5ty + r2a® + s220 + 22* + w222 —
wy + 210 + 2rsx” + 2rta’ + 2rua® + 2stx® — 3rvat + 2suxt — 2svwd + 2turd —
2% —drady — 3sx?y — 2tay) Wi + xy(—v — 5rat — dsa® — 3ta® — 2ux + 62°) W
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Proof. Using the recurrence relation
1 v U t s r
W_, = 7W7n+6 - 7an+1 - *anJrZ - 7W7n+3 - 7W7n+4 - 7W7n+5
Y Y Y Y Y Y

i.e.,
YW_n =W_nye —mW_pnys —sW_ppy —tW_py3 —uW_pp0 —oW_pq,
we obtain

yxnxa"W_,

nXz"W_pi6—rxnxa"W_, 5
—sXnXT"W_pia—txnxzx"W_,i3
—uxnxXx"W_pio—vxnxa"W_,i1
yn—1D)z" W_py1 = (n—1)2" 'W_,yr—r(n— 12" " W_, 46
—s(n— 1)z 'W_, 15 —t(n — )" ' W_,, 14
—u(n — 1)z W3 —v(n — Da™ W, 40
y(n —2)2" PW_i0 = (n—2)x" 2W_, 48 —7(n —2)z" *W_, 47
—s(n —2)x" 2W_,p6 — t(n — 2)z" 2W_, 15
—u(n —2)x" PW g —v(n — 2)x" 2W_ 43

yx3xa3W_g = 3x2°Ws—rx3xa23Wy —sx3x23W;
—tx3x23Wy—ux3xa®W_1 —vx3xz3W_s

Yx2x2?W_o = 2xa’Wy—1rx2xz?Ws—sx2xz2Ws
7t><2><x2W17u><2><:172W0—v><2><:1:2W_1

yx1xztW_, = Ixz'Ws—rx1xz'Wy—sx1xaz'Ws

—tx1xz' W —ux1xz'W, —vx1xz'W,.
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If we add the equations side by side we obtain
Yy Z k"W = (—(n+ Da" W, 5 — (n+2)2" 2 W_ 14
k=1

—(n+3)2"BPW_ 3 — (n+4)2" W,
—(n+5)2" W 1 — (n+6)z" W, +1 x ' W5
+222 Wy + 323 W5 + 42 Wy + 52° W, + 625W,

+ Z(k +6)2" W) —r(—(n+ 1)z" W, 14
k=1
—(n+2)z" W h5 — (n+3)a"BW_, 40
—(n+ 42" MW — (n+5)2" W, + 1 x ' W,

+22°Ws + 32°Wa + 42 Wy + 52°Wo + ) (k + 5)a* TP W_y,)
k=1

—s(—(n4+ 12" W_,43 — (n+2)2" W _, 40

—(n+3)x"BW i — (n+ 4" W, + 1 x 2 W

+22° Wy + 32° W1 + 42 Wo + ) (k + 4)ab W _y,)
k=1
—t(—(n+ 1D)2" W _ 0 — (n+2)2" 2 W_,, 1
—(n+3)2"BW_,, +1 x Wy 4 22° W1 + 323W,
n
+ Y (k+3)2"PW ) —u(=(n+ D" W4,

k=1
—(n+2)z"PW_, + 1 x 2 Wy + 222W,

+ Z(k + 2)2" W) — v(=(n + D" Hw_,
k=1

Hlx 2 Wo + Y (k+ )b W_y)
k=1

Then, using Theorem 1.4, we get the required result. O

6. Specific Cases

In this section, for the specific cases of x, we present the closed form solutions
(identities) of the sums > ,_, ka*W_y, >0 ka*W_op and > _; ka*W_opiq
for the specific case of sequence {W,}.

6.1. The case z = 1. In this subsection we consider the special case x = 1.
The case z = 1 of Theorem 5.1 is given in Soykan [100].
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6.2. The case x = —1. In this subsection we consider the special case z = —1.
Taking r = s =t =u =wv =y =1 in Theorem 5.1, we obtain the following
proposition.

Proposition 6.1. Ifr=s=t=u=v =y =1, then for n > 0 we have the
following formula:

ST DR = (<1)" (—(n — 8)W oy + (20 — 15)Wo g — (0 —
5)W,n+3 + (2n — 12)W,n+2 — (n — 2)W,n+1 + (2n — Q)W,n) — 8W5+ 15W, —
5W3 + 12Wo — 2W4 + 9W,.

From the above proposition, we have the following corollary which gives
sum formulas of Hexanacci and Hexanacci-Lucas numbers (take W,, = H,
with Hy=0,H, =1,H, =1,H3 =2, Hy = 4, H; = 8 and take W,, = E,, with
Ey=6,F, =1,E,=3,FE3 =7,E, =15, E5 = 31, respectively).

Corollary 6.2. For n > 1, we have the following properties:
(@) Yo k(-DFH_j, = (=1)" (=(n — 8)H_n45 + (2n — 15)H_p g4 —
(n—=5H_pi3+2n—12)H_,10— (n—2)H_,,11+ (2n—9)H_,) — 4.
(b): Y4 (1R B = (—1)" (—(n — 8)E_ny5 + (20 — 15)E_ s —
m—=5)E_ 43+ (2n—12)E_, 19— (n—2)E_, 11+ (2n—9)E_,) + 30.

Taking r =2,s =t =u =v =y = 1 in Theorem 5.1, we obtain the following
Proposition.

Proposition 6.3. Ifr=2,s=t=u=v =y =1, then forn > 1 we have the
following formula:

S (DR = H(—1)" (=0 — 6)W s + (30— 1T)W g — (20—
YW _nas+Bn—12)W_, 10— 2n—3)W_,1 1+ Bn—7)W_,,) — 6 W5+ 17TW, —
8Ws + 12Wy — 3W4 + 7WO)

From the above proposition, we have the following corollary which gives sum
formulas of sixth-order Pell and sixth-order Pell-Lucas numbers (take W,, = P,
with PO ZO,Pl = 1,P2 = 2,P3 = 57P4 = 13,P5 = 34 and take Wn :Qn with
Qo =16,Q1 =2,Q2 =6,Q3 =17,Q4 = 46, Q5 = 122, respectively).

Corollary 6.4. For n > 1, we have the following properties:
(@): Xy M(—1)F Py = H((=1)" (—(n = 6)P- s + (3n — 1) Py —
(2n—8)P_pi3+(B3n—12)P_, 10— (2n—3)P_p11+ (Bn—T)P_,,) — 2).
(0): 3 k(=1 Q- = 5((-1)" (=(n = 6)Q—p5 + (3n = 1T)Q s —
(27’L — 8)Q_n+3 + (STL— 12)Q—n+2 - (27’L— 3)Q—n+1 + (37’l— 7)Q—n) + 22)

Observe that setting z = —1,r=1,s=1t=1L,u=1v=1,y =2 (ie, for
the generalized sixth order Jacobsthal case) in Theorem 5.1, makes the right
hand side of the sum formulas to be an indeterminate form. Application of
L’Hospital rule however provides the evaluation of the sum formulas.

Theorem 6.5. Ifr=1,s =1t =1,u = 1,v =2,y = 2, then forn > 1 we
have the following formulas:
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Sho k(D)W = L((=1)" (=(3n* — 11n — 96)W_,,45 + 2(3n? — 8n —
100)W_pyq — (3% +Tn—114)W_,, 13+ 2(3n% +n — 100)W_, 12 — (3n? +25n —
96)W_, i1 + 2(3n% + 10n — 82)W_,,) — 96W;s + 200W, — 114W3 + 200Ws —
96W1 + 164W5).

Proof. We use Theorem 5.1. If we set r = 1,5 = 1,t = 1,u = 2 in Theorem
5.1, then we have

.k g2(x)
; ke Wi = (x —2)2(x+ D2(x + 22+ 1)2 (-2 + 22 + 1)2’

where

go(z) = 2" (2? —n(—a® + 25 + 2t + 23 + 2% + v + 2) + 203 + 32* + 425 —
526 — 2)Ws_,, — 2" (dx + 222 + 223 + 22 + 22° — 825 + 42" +n(z — 1) (—2° +
P+t + 23+t 4 +2) - 2)Wy,, — 2622 — 4z + 423 + 5t + 625 —
326 — 62" + 328 —n(—22 +2+ 1) (28 + 2 + 2t + 23+ 22 + 2 +2) - 2)Ws_,, +
2" (4 + 622 — 823 — 621 — 82° + 227 + 428 —22% + n(—23+ 22 + 2+ 1) (-2 +
2O+t a3+ a2+ 4+2)+2) W, + 2" (4w + 622 + 823 —102* —82° — a6 + 28+
22 — 204 n(—at+ 23+ 22 o+ ) (-2 + 2 +at + P+ a? + 24+ 2) +2) W, +
"4z + 622 + 82% + 102* — 122° + n(—2® + 2t + 23 + 22 + o + 1)(—25 +
S+t + i+ 22+ +2)+2)Wo,, — 2(—520 +42° + 32t + 22° + 2% — 2)W5 +
o(42” — 828 + 225 + 22% + 223 + 222 + 4o — 2)Wy + 2(328 — 627 — 325 + 62° +
Szt + a3 + 622 — 4w — 2)W3 — x(—22° + 428 + 207 — 82° — 62* — 83 + 622 +
4+ 2)Wo — x(—2'0 + 229 + 28 — 20 — 825 — 102* + 823 + 622 + 4o + 2)W; —
22(—62° + bat + 423 + 322 + 22 + 1)W,

For x = —1, the right hand side of the above sum formula is an indeterminate
form. Now, we can use L’Hospital rule. Then we get the requiret result using

P £ > (2 =22z + 1)2(x + 22+ 1)2(—z + 22 + 1)2) 1
1
- Z(( D" (=(3n? — 11n — 96)W_,. 45
+2(3n2 — 8n — 100)W_ 414 — (302 +7Tn — 114)W_, 13
+2(3n2 + 1 — 100)W_ 10 — (3n% + 251 — 96)W_,,

+2(3n% + 10n — 82)W_,,) — 96Ws5 + 200W, — 114W;
+200W5 — 96W; + 164Wy).

O

Taking, respectively,

W, = J, with Jy =0,J; =1,/ =1,J3 =1,Jy = 1,J5 = 1 (sixth-order
Jacobsthal numbers),

W, = jn with jo = 2,j1 = 1,742 = 5,755 = 10, j4 = 20, j5 = 40 (sixth order
Jacobsthal-Lucas numbers),
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W, = K, with Ky = 3,K; = 1,Ky = 3,K3 = 10,K, = 20,K; = 40
(modified sixth order Jacobsthal numbers),

W, = Qn with Qo = 3,01 =0,Q2 = 2,Q3 = 8,Q4 = 16,Q5 = 32 (sixth-
order Jacobsthal Perrin numbers),

Wn = Sn with SO = O,Sl = 1,52 = 1,53 = 2,54 = 4,55 =38 (adjusted
sixth-order Jacobsthal numbers),

Wn = Rn with R() = 6, Rl = ]., R2 = 3, Rg = 7, R4 = 15, R5 =31 (modlﬁed
sixth-order Jacobsthal-Lucas numbers),

in the last theorem, we have the following corollary.

Corollary 6.6. For n > 1, we have the following properties:

(@): Y k(=D*J_p = L((-1)" (=(Bn* — 11n — 96)J_,45 + 2(3n? —
8n —100)J _ppq — (302 +Tn — 114)J_, 13 +2(3n% +n — 100)J_, 10 —
(3n2 + 2510 — 96)J_,, 41 + 2(3n? + 10n — 82)J_,,) + 94).

(b): Y k(=1Fj = 51((=1)" (—=(3n® = 11n — 96)j_p45 + 2(3n® —
8n — 100)j_pia — (302 + Tn — 114)j_,43 + 2(3n% +n — 100)j_ 42 —
(3n2 4251 — 96)j_p11 + 2(3n2 + 10n — 82)j_,,) + 252).

(c): Yp k(—1)FK_p = 5 ((=1)" (=(3n? — 11n — 96) K _,, 45 + 2(3n? —
8n —100)K g4 — (302 +Tn—114)K . 3+2(3n%2+n—100)K_, 2 —
(3n% +25n — 96) K _ 11 + 2(3n% + 10n — 82)K_,,) + 16).

(d): Ypoy k(—DFQ_k = £ ((—1)" (=(3n — 11n — 96) Q15 + 2(3n> —
8n —100)Q_pya — (3n% + 70— 114)Q_ 13 +2(3n% +n — 100)Q 12 —
(3n2 + 251 — 96)Q_p 41 + 2(3n% + 10n — 82)Q_,,) + 108).

(€): Y k(=1)FS_ = L((-1)" (=(3n* — 11n — 96)S_p45 + 2(3n? —
8n —100)S_, 44 — (302 +Tn — 114)S_,, 13 + 2(3n? +n — 100)S_,, 12 —
(3n2% +25n — 96)S_,, 41 + 2(3n? + 10n — 82)S_,,) — 92).

(£): Yp  k(—=1)*R_j = L((=1)" (=(3n* — 11n — 96)R_,15 + 2(3n* —
81 —100)R_,1q — (302 +Tn — 114)R_,, 13+ 2(3n% + n — 100) R, 2 —
(3n% +25n — 96)R_,, 11 +2(3n% + 10n — 82)R_,,) + 714).

Taking r = 2,s = 3,t = 5,u = 7,v = 11,y = 13 in Theorem 5.1, we obtain
the following proposition.

Proposition 6.7. If r =2,s =3,t =5u="7,v =11,y = 13, then forn > 1
we have the following formula:

S KD Wog, = H(—1)" (0 5) W5 — (3 16) W+ AW 5
(Bn+29W_,10 — 2n+ D)W_p01 — (In+52)W_,,) — 5W5 + 16W, — 4W3 +
20Wo + W1 + 52W0).

From the above proposition, we have the following corollary which gives sum
formulas of 6-primes, Lucas 6-primes and modified 6-primes numbers (take
Wn = Gn with GO = 0,G1 = O,GQ = 0,G3 = O,G4 = 1,G5 = 2 and take
W, = H, with Hy = 6,H; = 2,Hy = 10,Hs = 41, Hy = 150, H5 = 542
and take Wn = En with EO = O,El = 07E2 = O,Eg = 0,E4 = ].,E5 = ].,
respectively).
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Corollary 6.8. For n > 1, we have the following properties:
(@) Ypy k(—1)FG_y = (=) (1 + 5)Gonts — (30 + 16)G_pa +
4G_n+3 — (5Tl + 29)G_n+2 — (271 + I)G_n+1 - (971 + 52)G_n) + 6)
(): Yy K(—1)FH = 2((—1)" (0 + 5)H a5 — (3n + 16)H_ppg +
4H 13— (5n+29)H_, 40— 2n+1)H_p41 — (In+52)H_,,) + 130).
(©): Spoy K(—DFE k= (1) (1 + 5)E-nys — (30 + 16)E_ g +
4F_ i3 — (5n+29)E_,10 — 2n+ DH)E_,11 — (9n+52)E_,) + 11).

6.3. The case x = ¢. In this subsection, we consider the special case = = i.
Taking r = s =t =u =wv =y =1 in Theorem 5.1, we obtain the following
proposition.

Proposition 6.9. Ifr=s=t=u=v =y =1, then for n > 1 we have the
following formula:

Sy KiFW g = S ((1 = 2i)n — (2 — 60)Ws_n + (1 + 3i)n — (2 +
T))Wan+((6—Ti) — (4—3i)n)Ws_,, + (6 —44) — (4+20)n)Wo_,, + ((8 — 4i) +
(1=20)n)Wi_p, + ((84+3i)+ (1 +3i)n)W_,,)+(2—6i) W5+ (24 7i) Wy — (6 — Ti)
W3 — (6 — 4i)Wo — (8 — 4i) Wy — (8 + 34)Wy).

From the above proposition, we have the following corollary which gives
sum formulas of Hexanacci and Hexanacci-Lucas numbers (take W,, = H,
with HO = O,Hl = 1,H2 = ].,Hg = 2,H4 = 4,H5 = 8 and take Hn = En with
Ey=6,FE1=1,E,=3,FE3="7,E; =15, E5 = 31, respectively).

Corollary 6.10. For n > 1, we have the following properties:
(a): Yop_y ki"H p = 525 (" (((1 = 2i)n — (2 = 60)) Hs— + ((1 + 3i)n —
(24 7)) Hy—r+ ((6—71) — (4—3i)n)Hy_, + ((6 —41) — (44 2i)n) Ho—, +
(8=4i)+ (1 —2i)n)Hy—p + ((8+3i) + (1 +3i)n)H_p,) + (=2 + 2i)).
(b): ZZ:I ki*E_,, = 3J:4i " (((1—2i)n — (2 —60))E5—p + (1 + 3i)n —
(24 7)) Es—pn+((6—7i)—(4—3i)n)Es_,, + ((6 —4i) — (4+2i)n)Fy_p +
(8—4i)+ (1 —20)n)Er_p, + ((8+3i) + (1 + 3i)n)E_,) — (24 + 347)).

Corresponding sums of the other sixth order generalized Hexanacci numbers
can be calculated similarly.

7. Conclusion

Recently, there have been so many studies of the sequences of numbers in
the literature and the sequences of numbers were widely used in many research
areas, such as architecture, nature, art, physics and engineering, see for example
[11], [12]. In this work, sum identities were proved. The method used in this
paper can be used for the other linear recurrence sequences, too. We have
written sum identities in terms of the generalized Hexanacci sequence, and then
we have presented the formulas as special cases the corresponding identity for
the Hexanacci, Hexanacci-Lucas, and other sixth-order recurrence sequences.
All the listed identities in the corollaries may be proved by induction, but that
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method of proof gives no clue about their discovery. We give the proofs to
indicate how these identities, in general, were discovered.

Computations of the Frobenius norm, spectral norm, maximum column
length norm and maximum row length norm of circulant (r-circulant, geomet-
ric circulant, semicirculant) matrices with the generalized m-step Fibonacci
sequences require the sum of the numbers of the sequences. So, our results
can be used to study circulant (r-circulant, geometric circulant, semicirculant)
matrices with second-order linear recurrence sequences.
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