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ABSTRACT. In this paper, we introduce a class of higher homomorphisms
on an algebra A and we characterize the structure of them as a linear
combination of some sequences of homomorphisms. Also, we prove that
for any approximate higher ring homomorphism on a Banach algebra A
under some sequences of control funtions, there exists a unique higher
ring homomorphism near it. Using special sequences of control functions,
we show that the approximate higher ring homomorphism is an exact
higher ring homomorphism.
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1. Introduction
Let A be an algebra. Suppose that {H,,}52; is a sequence of linear mappings
from A into A. {H,}52, is called a

(1) higher homomorphism (resp., higher anti-homomorphism), if it satisfies
the equation

Hy(xy) =Y Hi(x)Hi(y) (resp., Ho(wy)=> Hi(y)Hi(x))
i=1 i=1

for all z,y € A and each positive integer n,
(2) Jordan higher homomorphism, if it satisfies the equation

Hy(zy +yz) = Z Hi(x)H;(y) + Hi(y)H;(z)

for all z,y € A and each positive integer n.

A. K. Faraj et al. [7] proved that every Jordan higher homomorphism of a
ring R onto a 2-torsion free prime ring R’ is either a higher homomorphism or
a higher anti-homomorphism.

There is no more information about higher homomorphisms and their struc-
tures. In this paper, we introduce a class of higher homomorphisms and we
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characterize the structure of them as a linear combination of some sequences
of homomorphisms.

Let F denote a functional equation. We say that F is stable, if any approxi-
mate solution of F is near to a true solution of F. We say that F is super-stable,
if every approximate solution is an exact solution of it. The stability problem of
functional equations originated from the following question of Ulam [23]: Un-
der what condition does there exist an additive mapping near an approrimately
additive mapping? Hyers [9] gave a partial affirmative answer to the question
of Ulam in the context of Banach spaces. A generalized version of the theorem
of Hyers for approximately linear mapping was given by Th. M. Rassias [21].
After that, several functional equations have been extensively investigated by a
number of authors (for instances, [1,3,4,6,8,10-17,20,22]). A new method for
obtaining the existence of exact solutions and error estimations, based on the
fixed point alternative proposed by Radu [19] (see also [2,18]). Radu employed
the following result to prove the stability of a Cauchy functional equation (see
also [5]).

Proposition 1.1. (The fized point alternative principle). Let (X,d) be a gen-
eralized complete metric space and J : X — X be a strictly contractive mapping;
that is

d(J(z), J(y)) < Ld(z,y) (Vz,y € X)

for some (Lipschitz) constant 0 < L < 1. Then, for a given element x € X,
ezxactly one of the following assertions is true: either
(a) d(J"z, J"2) = 00 for alln >0, or
(b) there exists some integer ng such that d(J"z, J" lz) < oo for all n >
ng.
Actually, if (b) holds, then
(b1) the sequence {J™x} converges to a fized point x* of J,
(be) x* is the unique fized point of J in X :={y € X;d(J™x,y) < co};
(b3) d(y,x*) < —2=d(y, Jy) for all y € X, .

— 1-L

In this paper, using the fixed point alternative principle, we prove that for
any approximate higher ring homomorphism on a Banach algebra A under
some sequences of control funtions, there exists a unique higher ring homomor-
phism near it. Using special sequences of control functions, we show that the
approximate higher ring homomorphism is a higher ring homomorphism.

2. Higher homomorphisms

Definition 2.1. Let A be an algebra. A sequence {H,, }22 ; of linear mappings
from A into A is called a higher homomorphism on A, if it satisfies the equation

Hp(xy) = ZHi(x)Hvz(y)
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for each z,y € A and each positive integer n. When {H,}>2; is a higher
homomorphism, H; is a homomorphism.

In this paper, let {\,}22, be the sequence of complex numbers satisfying
the equations

Ao =1
1
A=Y A =X+
=0
2

(1) A= > N =N AN+ 4+ A

for all n € N. In the next theorem, we introduce a class of higher homomor-
phisms on an algebra.

Theorem 2.2. Let A be an algebra and {h,}2; be a sequence of homomor-
phisms from A into A such that h;(z)h;(y) = 0 for all i,j € N with i # j
and for all x,y € A. Then the sequence {H,}>2 ; of mappings from A into A
defined by

(2) Hy = Anihi = An_thy + An_sha + An_shs + -+ + Aohy,
i=1
for all m € N, is a higher homomorphism on A.

Proof. Let n € N, trivially each H, is linear. It follows from (1) and (2) that

Z)\n hi(zy) ZZA?hl(xy)

for all z,y € A. In the above summation, we have 1 < i+ j < n and i # 0.
Thus if we put 7 = i + j, then we can write it as the form ) _; Ziﬂ»:r’#o.
Putting 7 = r — 4, we indeed have

n T

ZZAT hilzy) =D > N2, (y).

r=11i=1 r=11i=1
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Also since for all 4,5 € N with ¢ # j, h;(z)h;(y) = 0 for all z,y € A, we have

H,(zy) = Z Z Z Ar—iAr—jhi() ;i (y)

r=1i=1 j=1

- Zn: (iAT_ihi(z)) (XT: Ar—jhj(y))

r=

= Z HT(I)Hr(y)

for all x,y € A. This completes the proof. a
Example 2.3. Let A be the algebra of all bounded complex sequences

> = {x = (zk)ken C C, ||z||oo = sup |zg| < oo}
keN

For each n € N define the mapping hy, : £° — £ by
hp(z1,22,23,...) =(0,...,0, =, ,0,...
(21,29, 23,...) = ( é )

for all x = (z1,22,23,...) € £°. Then {h,}52, is a sequence of homomor-
phisms on £>° such that

hi(x)h;(y) =(0,...,0, x; ,0,...)(0,...,0, x; ,0,...)=0
(@)h;(y) = ( x ) Z; )
ith jth
for alli,j € N with i # j and for all x,y € €. It follows from Theorem 2.2

that the sequence {H,}22 , defined by
Hl(ZL'l,(EQ, T3, .. ) = ()\01’170, O, 0, . )

HQ(.’El,,TQ, T3, .. ) = ()\156‘17 )\01‘2, 0,070, .. )
. ) = ()\2.231, >\1$2, /\01‘3, O, 0, O7 . )

Hg(ﬂ?l,]}g, x3, .

Hy(z1,22,23,...) = (Aa—171, An—2%2, A\n 373, - . . , Ao, 0,0,0,...)
for all x = (z1,z2,23,...) € £ is a higher homomorphism on £°°.

Corollary 2.4. Let A be an algebra and h be a homomorphism from A into
A. Then the sequence {H,}>2, of mappings from A into A defined by

(3) Hn - >\n—1h

for alln € N, is a higher homomorphism on A.

Proof. Let h: A — A be a homomorphism. The sequence of homomorphisms
{hn}5>; with hy = h and h,, = 0 for n > 2, satisfies the condition of Theorem

2.2. Thus the sequence of mappings {H,}°%; defined by H,, = \,_1h for all
n € N, is a higher homomorphism on A. O
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3. Approximate higher homomorphism
In this section, first we introduce the concept of higher ring homomorphisms.

Definition 3.1. Let A be a Banach algebra and a,b # 0,+1 be real num-
bers. A sequence of mappings {H,}52 from A into A is called a higher ring
homomorphism, if

H,(az + by) = aH,(z) + bH,(y),

Hy(zy) = ZHi<x)Hi(y)
i=1
for all ,y € A and all n € N.

Now, using the fixed point alternative principle, we prove that for any ap-
proximate higher ring homomorphism on a Banach algebra A under some se-
quences of control funtions, there exists a unique higher ring homomorphism
near it.

Theorem 3.2. Let A be a Banach algebra and a,b # 0,+1 be real numbers.
Suppose that {¢on : Ax A —[0,00)} and {, : Ax A —[0,00)} are sequences
of functions for which there exist constants 0 < L,L’ < 1 such that for each
n €N,

Ty 271 Ty
4 n\4, < Lnfvfa n\4, S Lnfaf
(1) onlary) < lalon(2, L), uley) < lal L ()

forallx,y € A. If {fn}°2, is a sequence of mappings from A into A such that
for anyn €N, f,(0) =0 and

() [fnlaz +by) — afn(z) = bfn (W) < enlz,y),

(6) |

Julay) - Z 1@ fi )| < dnlw)

forallz,y € A, then there exists a unique higher ring homomorphism { H, }°2
such that for every n € N,

1

(7) [fn(z) = Ho(2)[| < —=—75¢n(2,0) (2 € A).
la|(1—-L)
Proof. Tt follows from (4) that
ko ok k. ok
(8) lim gnlaz, a’y) = lim Unla’, a’y) =0
k—o0 \a|k k—o00 |a|2k

for all x,y € A. Putting y =0 in (5), we get

9) | fnlaz) — afn(2)| < pn(z,0) (z€.A)
and so
(10) fulz) — @H < ﬁ%(m,o) (z € A).
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Let n € N be fixed. Let X = {g, : A — A, ¢,(0) = 0} and define the
generalized metric d: X x X — [0, 00| by

d(gn, hn) = inf{a > 0: ||gn(z) — hn(2)|| < apn(z,0),Vz € A} (gpn, hn € X).

Then (X, d) is a complete generalized metric space (See the proof of [2, Theorem
2.5]). Define J : X — X by J(gn)(z) = tgn(ax) for each x € A. Then J is
a strictly contractive mapping on X with the Lipschitz constant L. From (10)
we have

(@) = fula)l = |2 ular) = Fu@)] € reate.0)

for each « € A. This means that d(J(f), fn) < |a| Therefore, by Proposition
1.1, J has a unique fixed point in the set Xo = {gn, € X : d(J(fn), gn) < 00}.
Let H, : A — A be the unique fixed point of J. We have limy (J*(f,,), H,) = 0,
so H,, is defined by

(11) Ho(r) = tim 2290 (g

k—o0 ak

On the other hand, we have d(f,, J(f,)) < ﬁ and J(H,) = H,, then

A(fus Hy) < d(fny T(f)) + (T (f), T(H)) < ﬁ + Ld(f, H,).
So
1

d(fnaHn) S ma

which implies the inequality (7).
Let z,y € A. It follows from (5) and (8) that for every n € N,

[H(azx + by) — aly(x) — bHn(y)||

f7b(ak(ax+by)) _afn(akx) fn a® y H <

ak ak

m —
k—o0 |a|’f

=0.

k—o0 ‘

That is, for each n € N, H,, is additive.
Let z,y € Aand n € N. Replacing = by a*z and y by a*y in (6) and dividing
by |a|?*, we have
|
la2*

fn(axay ZfzaxfzayHW

which tends to zero as k — oo. Since the sequence {a=*f;(a*z)} converges for
all z € A, it is bounded. Thus for each x € A there is a C, > 0 such that
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la=" f;(a*x)| < C,. Therefore
| Hutay) = S Hi@) )|
i=1

<= ]

fn( a :M/) _ Z(fi(a:w))(fi(a:ﬂC))H
i=1
= (a*x - (a®x i o
| Do - Hia) Hy) | + || Do) (2 — Hiw)|
=1 i=1
< || (o) - 22722 | 4 )=+

—&-zn:“T—H(x)
=1

which tends to zero as k — oo, i.e., the sequence {H,}52, is a higher ring
homomorphism and this completes the proof. O

fn((am ay Zfzaxflay)H

1)

’ fz(aky) _Hz(y)H

Theorem 3.3. Let A be a Banach algebra and a,b # 0,+1 be real numbers.
Suppose that {¢opn : Ax A —[0,00)} and {¢, : Ax A — [0,00)} are sequences
of functions for which there exist constants 0 < L, L' < 1 such that for each
n €N,

Loy (az,ay)
|a|

L', (az, ay)

(12) en(z,y) < o Ynlz,y) < a2

forallx,y € A. If { fn}22, is a sequence of mappings from A into A such that
for anyn €N, f,(0) =0 and

(13) [ falaz +by) — afn(z) = bfa(y)ll < pn(z,y),

(14) |

Julay) - Z 1@ fi )| < Galw)

for all z,y € A, then there exists a unique higher ring homomorphism {H, }7%,
such that for every n € N,

(15) [fn(z) = Hp(2)]| < )gon(x,()) (z € A).

L
la|(1—L
Proof. As in the proof of Theorem 3.2, let n € N and consider the complete
generalized metric space (X, d) and define the strictly contractive mapping J
on X by J(gn)(x) = agn () for each x € A. Replacing x by £ in (9), it follows
from (12) that

7@ = 1@ = JafuD) = ()] < 2u(5.0) € Tronl@0) (@ e )



334 S.Kh. Ekrami

This means that d(J(f,), fn) < & and then we can similarly find the unique

= lal

fixed point of J in the set Xog = {gn € X : d(J(fn), gn) < 00} as

Hy(w) = lim a*fu(=5) (2 € A)

such that I
A(fr, Hp) £ ——-
lal(1—-L)
The rest of proof is similar to the Theorem 3.2. O

Example 3.4. Let {f, : R — R}, be the sequence of mappings defined by
|=[?

fa@) = Aoa(z+ o0 ) (@ER).

|z| + 1
Then for any n € N, f,(0) =0 and
|fn(2x + 2y) - 2fn($) - 2fn(y)|
T 2 ZE2 2
Ao (20 2y + 22 ) —ox, (o ) — 20 (u + )|

N W R T
n=1ll2z+2y[+1 ~ Ta[+1 ~ Ty[+1

< Pl (120 4+ 29[ + 2022 + 2Jy )
= [An—1|(6]f* + 6]y|* + 8|zy]),

fulan) =3 1) fiw)|
=1
s (b ) = DA (o )

2 2
Ao (zy+ 1285) = (24 55 (v +

lyl
[yl+1

)5
=1

— Pl (a+ 12220) — (o 28 (v + )| (éﬁ_l )

= |>‘n71|

lzy® lzy|? _ ylel®? _ zlyl
lzy[+1  (Jz[+1)(Jy[+1) |z]+1 ly|+1

< Pl @layl® + |2yl + 1=[y]),
for all x,y € A.

For each n € N, the functions ¢, (z,y) = [An—1](6]z|* + 6|y|* + 8|zy|) and
Gn(@,9) = P | (2laylP+[zlly2+ 2 2ly]) satisfy in (12) for L = L' = L. Thus
it follows from Theorem 3.3 that the sequence of mappings {H, : R — R},
defined by

Hn(x) = lim akfn(alk) = Ap_1T (x € R)

k—o0
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is the unique higher ring homomorphism such that for every n € N,
|fa(z) = Ha(2)] < 3J2]* (2 €R).

Corollary 3.5. Let A be a Banach algebra and a,b # 0, £1 be real numbers.
Let p, 0,0, > 0 (n € N) be real numbers such that p > 1, whenever |a| > 1
and 0 < p < 1, whenever 0 < |a| < 1. If {fn}S2, is a sequence of mappings
from A into A such that for any n € N, f,(0) =0 and

[fn(az +by) — afu(z) = bfa(y)]| < On([lz]]” + [lyl"),

for allz,y € A, then there exists a unique higher ring homomorphism {H,}52
such that for every n € N,

Faley) = 1:@)1:w) | < Oz lPyl?
=1

| fula) — Ho(2)] < apficdllwp (€ A).

Proof. The proof follows from Theorem 3.3 by taking ¢, (z,y) = 0,(||z||P +
lyl|?) and o, (x,y) = 0, ||=||P||y||P for all z,y € A. Note that for each n € N,
on(m,y) satisfies (12) for 0 < L = |a|*"? < 1 and 9, (z,y) satisfies (12) for
0< L' =la?0P < 1. O

As a corollary of Theorem 3.3, we prove that for special sequences of control
functions {¢, 52, and {¢,, }5°,, any approximate higher ring homomorphism
on a Banach algebra is a higher ring homomorphism.

Corollary 3.6. Let A be a Banach algebra and a,b # 0,£1 be real numbers.
Let p,q,0,,0, > 0 (n € N) be real numbers such that p + q > 2, whenever
la| > 1 and 0 < p+ g < 2, whenever 0 < |a| < 1. If {fn}32 s a sequence of
mappings from A into A such that for any n € N, f,(0) =0 and

| fn(az + by) — afu(z) — bl )| < Oallzl|Z|ly]| 2,

for all z,y € A, then {f,}°2, is a higher ring homomorphism.

falzy) = > fi@)£:)]| < Ollz 7 Iyl
i=1

P
Proof. The proof follows from Theorem 3.3 by taking ¢, (z,y) = 0, ||x| 2 ||y||%
and ¢, (z,y) = 0, ||z|?|ly||? for all z,y € A. Note that for each n € N,

ptq
on(z,y) satisfies (12) for 0 < L = |a|'~ 2 < 1 and v, (z,y) satisfies (12)
for 0 < L' = |a|?>~(P*9) < 1. Tt follows from (15) that {f,}22, is a higher ring
homomorphism. O
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4. Conclusion

In this paper, we introduce a class of higher homomorphisms on an algebra
A and we characterize the structure of them as a linear combination of some
sequences of homomorphisms. Also we prove that for any approximate higher
ring homomorphism on a Banach algebra A under some sequences of control
funtions, there exists a unique higher ring homomorphism near it. Using spe-
cial sequences of control functions, we show that the approximate higher ring
homomorphism is a higher ring homomorphism.
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