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Abstract. In this paper, we introduce a class of higher homomorphisms

on an algebra A and we characterize the structure of them as a linear

combination of some sequences of homomorphisms. Also, we prove that
for any approximate higher ring homomorphism on a Banach algebra A
under some sequences of control funtions, there exists a unique higher

ring homomorphism near it. Using special sequences of control functions,
we show that the approximate higher ring homomorphism is an exact

higher ring homomorphism.
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1. Introduction

Let A be an algebra. Suppose that {Hn}∞n=1 is a sequence of linear mappings
from A into A. {Hn}∞n=1 is called a

(1) higher homomorphism (resp., higher anti-homomorphism), if it satisfies
the equation

Hn(xy) =

n∑
i=1

Hi(x)Hi(y)
(
resp., Hn(xy) =

n∑
i=1

Hi(y)Hi(x)
)

for all x, y ∈ A and each positive integer n,
(2) Jordan higher homomorphism, if it satisfies the equation

Hn(xy + yx) =

n∑
i=1

Hi(x)Hi(y) +Hi(y)Hi(x)

for all x, y ∈ A and each positive integer n.

A. K. Faraj et al. [7] proved that every Jordan higher homomorphism of a
ring R onto a 2-torsion free prime ring R′ is either a higher homomorphism or
a higher anti-homomorphism.

There is no more information about higher homomorphisms and their struc-
tures. In this paper, we introduce a class of higher homomorphisms and we
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characterize the structure of them as a linear combination of some sequences
of homomorphisms.

Let F denote a functional equation. We say that F is stable, if any approxi-
mate solution of F is near to a true solution of F . We say that F is super-stable,
if every approximate solution is an exact solution of it. The stability problem of
functional equations originated from the following question of Ulam [23]: Un-
der what condition does there exist an additive mapping near an approximately
additive mapping? Hyers [9] gave a partial affirmative answer to the question
of Ulam in the context of Banach spaces. A generalized version of the theorem
of Hyers for approximately linear mapping was given by Th. M. Rassias [21].
After that, several functional equations have been extensively investigated by a
number of authors (for instances, [1,3,4,6,8,10–17,20,22]). A new method for
obtaining the existence of exact solutions and error estimations, based on the
fixed point alternative proposed by Radu [19] (see also [2,18]). Radu employed
the following result to prove the stability of a Cauchy functional equation (see
also [5]).

Proposition 1.1. (The fixed point alternative principle). Let (X, d) be a gen-
eralized complete metric space and J : X → X be a strictly contractive mapping;
that is

d(J(x), J(y)) ≤ Ld(x, y) (∀x, y ∈ X)

for some (Lipschitz) constant 0 < L < 1. Then, for a given element x ∈ X,
exactly one of the following assertions is true: either

(a) d(Jnx, Jn+1x) =∞ for all n ≥ 0, or
(b) there exists some integer n0 such that d(Jnx, Jn+1x) <∞ for all n ≥

n0.

Actually, if (b) holds, then

(b1) the sequence {Jnx} converges to a fixed point x∗ of J ,
(b2) x∗ is the unique fixed point of J in X0 := {y ∈ X; d(Jn0x, y) <∞};
(b3) d(y, x∗) ≤ 1

1−Ld(y, Jy) for all y ∈ X0 .

In this paper, using the fixed point alternative principle, we prove that for
any approximate higher ring homomorphism on a Banach algebra A under
some sequences of control funtions, there exists a unique higher ring homomor-
phism near it. Using special sequences of control functions, we show that the
approximate higher ring homomorphism is a higher ring homomorphism.

2. Higher homomorphisms

Definition 2.1. Let A be an algebra. A sequence {Hn}∞n=1 of linear mappings
from A into A is called a higher homomorphism on A, if it satisfies the equation

Hn(xy) =

n∑
i=1

Hi(x)Hi(y)
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for each x, y ∈ A and each positive integer n. When {Hn}∞n=1 is a higher
homomorphism, H1 is a homomorphism.

In this paper, let {λn}∞n=0 be the sequence of complex numbers satisfying
the equations

λ0 = 1

λ1 =

1∑
i=0

λ2i = λ20 + λ21

λ2 =

2∑
i=0

λ2i = λ20 + λ21 + λ22

...

λn =

n∑
i=0

λ2i = λ20 + λ21 + λ22 + · · ·+ λ2n(1)

for all n ∈ N. In the next theorem, we introduce a class of higher homomor-
phisms on an algebra.

Theorem 2.2. Let A be an algebra and {hn}∞n=1 be a sequence of homomor-
phisms from A into A such that hi(x)hj(y) = 0 for all i, j ∈ N with i 6= j
and for all x, y ∈ A. Then the sequence {Hn}∞n=1 of mappings from A into A
defined by

(2) Hn =

n∑
i=1

λn−ihi = λn−1h1 + λn−2h2 + λn−3h3 + · · ·+ λ0hn

for all n ∈ N, is a higher homomorphism on A.

Proof. Let n ∈ N, trivially each Hn is linear. It follows from (1) and (2) that

Hn(xy) =

n∑
i=1

λn−ihi(xy) =

n∑
i=1

n−i∑
j=0

λ2jhi(xy)

for all x, y ∈ A. In the above summation, we have 1 ≤ i + j ≤ n and i 6= 0.
Thus if we put r = i + j, then we can write it as the form

∑n
r=1

∑
i+j=r,i 6=0.

Putting j = r − i, we indeed have

Hn(xy) =

n∑
r=1

r∑
i=1

λ2r−ihi(xy) =

n∑
r=1

r∑
i=1

λ2r−ihi(x)hi(y).
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Also since for all i, j ∈ N with i 6= j, hi(x)hj(y) = 0 for all x, y ∈ A, we have

Hn(xy) =

n∑
r=1

r∑
i=1

r∑
j=1

λr−iλr−jhi(x)hj(y)

=

n∑
r=1

( r∑
i=1

λr−ihi(x)
)( r∑

j=1

λr−jhj(y)
)

=

n∑
r=1

Hr(x)Hr(y)

for all x, y ∈ A. This completes the proof. �

Example 2.3. Let A be the algebra of all bounded complex sequences

`∞ =
{
x = (xk)k∈N ⊂ C, ‖x‖∞ = sup

k∈N
|xk| <∞

}
.

For each n ∈ N define the mapping hn : `∞ → `∞ by

hn(x1, x2, x3, . . .) = (0, . . . , 0, xn︸︷︷︸
nth

, 0, . . .)

for all x = (x1, x2, x3, . . .) ∈ `∞. Then {hn}∞n=1 is a sequence of homomor-
phisms on `∞ such that

hi(x)hj(y) = (0, . . . , 0, xi︸︷︷︸
ith

, 0, . . .)(0, . . . , 0, xj︸︷︷︸
jth

, 0, . . .) = 0

for all i, j ∈ N with i 6= j and for all x, y ∈ `∞. It follows from Theorem 2.2
that the sequence {Hn}∞n=1 defined by

H1(x1, x2, x3, . . .) = (λ0x1, 0, 0, 0, . . .)

H2(x1, x2, x3, . . .) = (λ1x1, λ0x2, 0, 0, 0, . . .)

H3(x1, x2, x3, . . .) = (λ2x1, λ1x2, λ0x3, 0, 0, 0, . . .)

...

Hn(x1, x2, x3, . . .) = (λn−1x1, λn−2x2, λn−3x3, . . . , λ0xn, 0, 0, 0, . . .)

for all x = (x1, x2, x3, . . .) ∈ `∞ is a higher homomorphism on `∞.

Corollary 2.4. Let A be an algebra and h be a homomorphism from A into
A. Then the sequence {Hn}∞n=1 of mappings from A into A defined by

(3) Hn = λn−1h

for all n ∈ N, is a higher homomorphism on A.

Proof. Let h : A → A be a homomorphism. The sequence of homomorphisms
{hn}∞n=1 with h1 = h and hn = 0 for n ≥ 2, satisfies the condition of Theorem
2.2. Thus the sequence of mappings {Hn}∞n=1 defined by Hn = λn−1h for all
n ∈ N, is a higher homomorphism on A. �
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3. Approximate higher homomorphism

In this section, first we introduce the concept of higher ring homomorphisms.

Definition 3.1. Let A be a Banach algebra and a, b 6= 0,±1 be real num-
bers. A sequence of mappings {Hn}∞n=1 from A into A is called a higher ring
homomorphism, if

Hn(ax+ by) = aHn(x) + bHn(y),

Hn(xy) =

n∑
i=1

Hi(x)Hi(y)

for all x, y ∈ A and all n ∈ N.

Now, using the fixed point alternative principle, we prove that for any ap-
proximate higher ring homomorphism on a Banach algebra A under some se-
quences of control funtions, there exists a unique higher ring homomorphism
near it.

Theorem 3.2. Let A be a Banach algebra and a, b 6= 0,±1 be real numbers.
Suppose that {ϕn : A×A → [0,∞)} and {ψn : A×A → [0,∞)} are sequences
of functions for which there exist constants 0 < L,L′ < 1 such that for each
n ∈ N,

(4) ϕn(x, y) ≤ |a|Lϕn

(x
a
,
y

a

)
, ψn(x, y) ≤ |a|2L′ψn

(x
a
,
y

a

)
for all x, y ∈ A. If {fn}∞n=1 is a sequence of mappings from A into A such that
for any n ∈ N, fn(0) = 0 and

(5) ‖fn(ax+ by)− afn(x)− bfn(y)‖ ≤ ϕn(x, y),

(6)
∥∥∥fn(xy)−

n∑
i=1

fi(x)fi(y)
∥∥∥ ≤ ψn(x, y)

for all x, y ∈ A, then there exists a unique higher ring homomorphism {Hn}∞n=1

such that for every n ∈ N,

(7) ‖fn(x)−Hn(x)‖ ≤ 1

|a|(1− L)
ϕn(x, 0) (x ∈ A).

Proof. It follows from (4) that

(8) lim
k→∞

ϕn(akx, aky)

|a|k
= lim

k→∞

ψn(akx, aky)

|a|2k
= 0

for all x, y ∈ A. Putting y = 0 in (5), we get

(9) ‖fn(ax)− afn(x)‖ ≤ ϕn(x, 0) (x ∈ A)

and so

(10)
∥∥∥fn(x)− fn(ax)

a

∥∥∥ ≤ 1

|a|
ϕn(x, 0) (x ∈ A).
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Let n ∈ N be fixed. Let X = {gn : A → A, gn(0) = 0} and define the
generalized metric d : X ×X → [0,∞] by

d(gn, hn) = inf{α > 0 : ‖gn(x)− hn(x)‖ ≤ αϕn(x, 0),∀x ∈ A} (gn, hn ∈ X).

Then (X, d) is a complete generalized metric space (See the proof of [2, Theorem
2.5]). Define J : X → X by J(gn)(x) = 1

agn(ax) for each x ∈ A. Then J is
a strictly contractive mapping on X with the Lipschitz constant L. From (10)
we have

‖J(fn)(x)− fn(x)‖ =
∥∥∥1

a
fn(ax)− fn(x)

∥∥∥ ≤ 1

|a|
ϕn(x, 0)

for each x ∈ A. This means that d(J(fn), fn) ≤ 1
|a| . Therefore, by Proposition

1.1, J has a unique fixed point in the set X0 = {gn ∈ X : d(J(fn), gn) < ∞}.
Let Hn : A → A be the unique fixed point of J . We have limk(Jk(fn), Hn) = 0,
so Hn is defined by

(11) Hn(x) := lim
k→∞

fn(akx)

ak
(x ∈ A).

On the other hand, we have d(fn, J(fn)) ≤ 1
|a| and J(Hn) = Hn, then

d(fn, Hn) ≤ d(fn, J(fn)) + d(J(fn), J(Hn)) ≤ 1

|a|
+ Ld(fn, Hn).

So

d(fn, Hn) ≤ 1

|a|(1− L)
,

which implies the inequality (7).
Let x, y ∈ A. It follows from (5) and (8) that for every n ∈ N,

‖Hn(ax+ by)− aHn(x)− bHn(y)‖

= lim
k→∞

∥∥∥fn(ak(ax+ by))

ak
− afn(akx)

ak
− bfn(aky)

ak

∥∥∥ ≤ lim
k→∞

ϕn(akx, aky)

|a|k
= 0.

That is, for each n ∈ N, Hn is additive.
Let x, y ∈ A and n ∈ N. Replacing x by akx and y by aky in (6) and dividing

by |a|2k, we have

1

|a|2k
∥∥∥fn((akx)(aky))−

n∑
i=1

fi(a
kx)fi(a

ky)
∥∥∥ ≤ ψn(akx, aky)

|a|2k

which tends to zero as k →∞. Since the sequence {a−kfi(akx)} converges for
all x ∈ A, it is bounded. Thus for each x ∈ A there is a Cx > 0 such that
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‖a−kfi(akx)‖ ≤ Cx. Therefore∥∥∥Hn(xy)−
n∑

i=1

Hi(x)Hi(y)
∥∥∥

≤
∥∥∥Hn(xy)− fn(a

2kxy)
a2k

∥∥∥+
∥∥∥ fn(a

2kxy)
a2k −

n∑
i=1

( fi(a
kx)

ak )( fi(a
kx)

ak )
∥∥∥

+
∥∥∥ n∑

i=1

( fi(a
kx)

ak −Hi(x))Hi(y)
∥∥∥+

∥∥∥ n∑
i=1

( fi(a
kx)

ak )( fi(a
ky)

ak −Hi(y))
∥∥∥

≤
∥∥∥Hn(xy)− fn(a

2kxy)
a2k

∥∥∥+ |a|−2k
∥∥∥fn((akx)(aky))−

n∑
i=1

fi(a
kx)fi(a

ky)
∥∥∥

+

n∑
i=1

∥∥∥ fi(a
kx)

ak −Hi(x)
∥∥∥‖Hi(y)‖+

n∑
i=1

Cx

∥∥∥ fi(a
ky)

ak −Hi(y)
∥∥∥

which tends to zero as k → ∞, i.e., the sequence {Hn}∞n=1 is a higher ring
homomorphism and this completes the proof. �

Theorem 3.3. Let A be a Banach algebra and a, b 6= 0,±1 be real numbers.
Suppose that {ϕn : A×A → [0,∞)} and {ψn : A×A → [0,∞)} are sequences
of functions for which there exist constants 0 < L,L′ < 1 such that for each
n ∈ N,

(12) ϕn(x, y) ≤ Lϕn(ax, ay)

|a|
, ψn(x, y) ≤ L′ψn(ax, ay)

|a|2

for all x, y ∈ A. If {fn}∞n=1 is a sequence of mappings from A into A such that
for any n ∈ N, fn(0) = 0 and

(13) ‖fn(ax+ by)− afn(x)− bfn(y)‖ ≤ ϕn(x, y),

(14)
∥∥∥fn(xy)−

n∑
i=1

fi(x)fi(y)
∥∥∥ ≤ ψn(x, y)

for all x, y ∈ A, then there exists a unique higher ring homomorphism {Hn}∞n=1

such that for every n ∈ N,

(15) ‖fn(x)−Hn(x)‖ ≤ L

|a|(1− L)
ϕn(x, 0) (x ∈ A).

Proof. As in the proof of Theorem 3.2, let n ∈ N and consider the complete
generalized metric space (X, d) and define the strictly contractive mapping J
on X by J(gn)(x) = agn(x

a ) for each x ∈ A. Replacing x by x
a in (9), it follows

from (12) that

‖J(fn)(x)− fn(x)‖ =
∥∥∥afn(

x

a
)− fn(x)

∥∥∥ ≤ ϕn(
x

a
, 0) ≤ L

|a|
ϕn(x, 0) (x ∈ A).
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This means that d(J(fn), fn) ≤ L
|a| and then we can similarly find the unique

fixed point of J in the set X0 = {gn ∈ X : d(J(fn), gn) <∞} as

Hn(x) = lim
k→∞

akfn(
x

ak
) (x ∈ A)

such that

d(fn, Hn) ≤ L

|a|(1− L)
.

The rest of proof is similar to the Theorem 3.2. �

Example 3.4. Let {fn : R→ R}∞n=1 be the sequence of mappings defined by

fn(x) = λn−1

(
x+

|x|2

|x|+ 1

)
(x ∈ R).

Then for any n ∈ N, fn(0) = 0 and

|fn(2x+ 2y)− 2fn(x)− 2fn(y)|

=
∣∣∣λn−1(2x+ 2y + |2x+2y|2

|2x+2y|+1

)
− 2λn−1

(
x+ |x|2

|x|+1

)
− 2λn−1

(
y + |y|2

|y|+1

)∣∣∣
= |λn−1|

∣∣∣ |2x+2y|2
|2x+2y|+1 −

2|x|2
|x|+1 −

2|y|2
|y|+1

∣∣∣
≤ |λn−1|

(
|2x+ 2y|2 + 2|x|2 + 2|y|2

)
= |λn−1|

(
6|x|2 + 6|y|2 + 8|xy|

)
,

∣∣∣fn(xy)−
n∑

i=1

fi(x)fi(y)
∣∣∣

=
∣∣∣λn−1(xy + |xy|2

|xy|+1

)
−

n∑
i=1

λ2i−1

(
x+ |x|2

|x|+1

)(
y + |y|2

|y|+1

)∣∣∣
=
∣∣∣λn−1(xy + |xy|2

|xy|+1

)
−
(
x+ |x|2

|x|+1

)(
y + |y|2

|y|+1

) n∑
i=1

λ2i−1

∣∣∣
= |λn−1|

∣∣∣(xy + |xy|2
|xy|+1

)
−
(
x+ |x|2

|x|+1

)(
y + |y|2

|y|+1

)∣∣∣ ( n∑
i=1

λ2i−1 = λn−1
)

= |λn−1|
∣∣∣ |xy|2|xy|+1 −

|xy|2
(|x|+1)(|y|+1) −

y|x|2
|x|+1 −

x|y|2
|y|+1

∣∣∣
≤ |λn−1|

(
2|xy|2 + |x||y|2 + |x|2|y|

)
,

for all x, y ∈ A.
For each n ∈ N, the functions ϕn(x, y) = |λn−1|

(
6|x|2 + 6|y|2 + 8|xy|

)
and

ψn(x, y) = |λn−1|
(
2|xy|2+|x||y|2+|x|2|y|

)
satisfy in (12) for L = L′ = 1

2 . Thus
it follows from Theorem 3.3 that the sequence of mappings {Hn : R → R}∞n=1

defined by

Hn(x) = lim
k→∞

akfn( x
ak ) = λn−1x (x ∈ R)
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is the unique higher ring homomorphism such that for every n ∈ N,

|fn(x)−Hn(x)| ≤ 3|x|2 (x ∈ R).

Corollary 3.5. Let A be a Banach algebra and a, b 6= 0,±1 be real numbers.
Let p, θn, θ

′
n > 0 (n ∈ N) be real numbers such that p > 1, whenever |a| > 1

and 0 < p < 1, whenever 0 < |a| < 1. If {fn}∞n=1 is a sequence of mappings
from A into A such that for any n ∈ N, fn(0) = 0 and

‖fn(ax+ by)− afn(x)− bfn(y)‖ ≤ θn(‖x‖p + ‖y‖p),

∥∥∥fn(xy)−
n∑

i=1

fi(x)fi(y)
∥∥∥ ≤ θ′n‖x‖p‖y‖p

for all x, y ∈ A, then there exists a unique higher ring homomorphism {Hn}∞n=1

such that for every n ∈ N,

‖fn(x)−Hn(x)‖ ≤ θn
|a|p − |a|

‖x‖p (x ∈ A).

Proof. The proof follows from Theorem 3.3 by taking ϕn(x, y) = θn(‖x‖p +
‖y‖p) and ψn(x, y) = θ′n‖x‖p‖y‖p for all x, y ∈ A. Note that for each n ∈ N,
ϕn(x, y) satisfies (12) for 0 < L = |a|1−p < 1 and ψn(x, y) satisfies (12) for
0 < L′ = |a|2(1−p) < 1. �

As a corollary of Theorem 3.3, we prove that for special sequences of control
functions {ϕn}∞n=1 and {ψn}∞n=1, any approximate higher ring homomorphism
on a Banach algebra is a higher ring homomorphism.

Corollary 3.6. Let A be a Banach algebra and a, b 6= 0,±1 be real numbers.
Let p, q, θn, θ

′
n > 0 (n ∈ N) be real numbers such that p + q > 2, whenever

|a| > 1 and 0 < p + q < 2, whenever 0 < |a| < 1. If {fn}∞n=1 is a sequence of
mappings from A into A such that for any n ∈ N, fn(0) = 0 and

‖fn(ax+ by)− afn(x)− bfn(y)‖ ≤ θn‖x‖
p
2 ‖y‖

q
2 ,

∥∥∥fn(xy)−
n∑

i=1

fi(x)fi(y)
∥∥∥ ≤ θ′n‖x‖p‖y‖q

for all x, y ∈ A, then {fn}∞n=1 is a higher ring homomorphism.

Proof. The proof follows from Theorem 3.3 by taking ϕn(x, y) = θn‖x‖
p
2 ‖y‖

q
2

and ψn(x, y) = θ′n‖x‖p‖y‖q for all x, y ∈ A. Note that for each n ∈ N,

ϕn(x, y) satisfies (12) for 0 < L = |a|1−
p+q
2 < 1 and ψn(x, y) satisfies (12)

for 0 < L′ = |a|2−(p+q) < 1. It follows from (15) that {fn}∞n=1 is a higher ring
homomorphism. �
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4. Conclusion

In this paper, we introduce a class of higher homomorphisms on an algebra
A and we characterize the structure of them as a linear combination of some
sequences of homomorphisms. Also we prove that for any approximate higher
ring homomorphism on a Banach algebra A under some sequences of control
funtions, there exists a unique higher ring homomorphism near it. Using spe-
cial sequences of control functions, we show that the approximate higher ring
homomorphism is a higher ring homomorphism.

5. Aknowledgement

I would like to thank the reviewers for their thoughtful comments and efforts
towards improving my manuscript.

References

[1] A. Bahraini, G. Askari and M. Eshaghi Gordji, On approximate orthogonally ring ho-

momorphisms and orthogonally ring derivations in Banach algebras with the new type

fixed point, J. Mahani Math. Res. Cent. 10(2) (2021) 115–123.
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