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ABSTRACT. The mean curvature vector field of a submanifold in the Eu-
clidean n-space is said to be proper if it is an eigenvector of the Laplace
operator A. It is proven that every hypersurface with proper mean cur-
vature vector field in the Euclidean 4-space E* has constant mean cur-
vature. In this paper, we study an extended version of the mentioned
subject on timelike (i.e., Lorentz) hypersurfaces of Minkowski 4-space
IE‘%. Let x : M? — IE‘l1 be the isometric immersion of a timelike hyper-
surface M13 in IE‘II. The second mean curvature vector field Ha of Mf’ is
called I-proper if it is an eigenvector of the Cheng-Yau operator C (which
is the natural extension of A). We show that each M} with 1-proper Hy
has constant scalar curvature. By a classification theorem, we show that
such a hypersurface is C-biharmonic, C-1-type or null-C-2-type. Since the
shape operator of Mf‘ has four possible matrix forms, the results will be
considered in four different cases.

Keywords: Weak convex, Lorentz hypersurface, Biharmonic, C-harmonic.
2020 MSC': Primary 53A30, 53B30, 53C40, 53C43.

1. Introduction

Surfaces of constant mean curvature play important roles in differential ge-
ometry and some physical theories. In this context, a geometric motivation
is a well-known conjecture of Bang-Yen Chen (in 1987) which says that the
only biharmonic submanifolds of Euclidean spaces are minimal ones. Some
early improvements in the conjecture may be found (for instance) in [1,5,9,10].
Later on, many researchers have studied the hypersurfaces with proper mean
curvature vector fields. The mean curvature vector field H of a hypersurface is
said to be proper if it satisfies the equation AH = aH, where A is the Laplace
operator and « is a real number. It is proved that the hypersurfaces of E* with
proper mean curvature vector field have constant mean curvature ( [8]). In [4],
the hypersurfaces of E* with proper mean curvature vector field have been
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studied. Also, some new results on (hyper-)surfaces with parallel mean curva-
ture vector field in some (pseudo-)Riemannian 4-spaces can be found in [3,18].
We continue the matter using the Cheng-Yau operator C, which is a routine
extension of Laplace operator. We study the Lorentz hypersurfaces in pseudo-
Euclidean 4-space E} that whose second mean curvature vector field Hy is
1-proper (i.e., it satisfies the condition CHy = SHj; for a constant real number
B). The shape operator of M} has four possible matrix forms, so we have to
study four different cases, namely Dy-hypersurfaces of Ef, where k = 1,2, 3, 4.
In D;-hypersurfaces, we consider two cases depending on the number of distinct
principal curvatures and we show that the D;-hypersurfaces with 1-proper sec-
ond mean curvature vector field and two or three distinct principal curvatures
have constant scalar curvature. In cases Dy, D3 and Dy, the shape operator
is non-diagonal. In the non-diagonal cases, we show that if the hypersurface
has 1-proper second mean curvature vector field and constant ordinary mean
curvature, then it is 1-minimal.

2. Prerequisites

The preliminary concepts are recalled from [2,6,7,12-14,16,17]. The Minkowski
4-space E} is the Euclidean space E* endowed with the indefinite inner product
defined by

<V,W >:=—vjw; + Efﬁviwi,

for every v,w € E*. Every timelike hypersurface M; in Ef is equipped with
a Lorentz metric induced from Ef. For each non-zero vector v € E}, the real
number < v,v > may be negative, zero or positive and then, v is said to be
timelike, lightlike or spacelike, respectively. In general, for a Lorentz vector
space V3, a basis B := {e1,ea2,e3} is said to be orthonormal if it satisfies
< ej,e5 >= eiég (without Einstein convention) for i,j = 1,2, 3, where ¢, = —1,
€o =1 and e3 = 1. (52 is the Kronecker delta. B is called pseudo-orthonormal
if B satisfies < eg,e3 >=<e1,e1 >=0, < €3,¢7 >= —1 and < e3,e; >= 53 for
1=1,2,3.

For a timelike hypersurface M; in Ef the shape operator S has four possible
canonical matrix forms. When the metric on M7 is of diagonal type G; =
diag[—1, 1, 1], its shape operator has matrix form

Dy = diag[\1, Ao, As] or Dy = diag[[ oA },n], (A #0).

Otherwise, the induced metric on M; is of non-diagonal type
G, = diagl| § § .1

and the shape operator is
1 1 0
nglag[[ Hj_lQ HQl :|,>\} or D4:

2 -2

K 2z
0 K -2
_ @ _ V2
Now, by unified notations &; for i = 1, 2, 3, we define the principal curvatures

of timelike hypersurfaces of Minkowski 4-space.

)
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We put x; := \; for i = 1,2,3 in the case S = D;. In the case S = D,

we put K1 = kK + i\, kg = kK — i), and k3 := 1. In the case S = D3, we
take k1 = k2 := Kk and k3 := A. Finally, when S = Dy, we take k; := & for
j=1,23.

M3 is called a Dy.-hypersurface if its shape operator is of form Dy for k =
1,2,3,4.

Using the symmetric functions sg := 1, 81 = Z?zl Kjs 82 1= D 1<y cip<s FirKis
and s3 := K1kok3, we define the jth mean curvature of M7 (for j = 0,1,2,3) by
H; = (Tl)sj. When Hj, is identically null, M3 is called j-minimal. In the case

j

D, we say that M; is isoparametric if its principal curvatures are constant.
In other three cases, M7 is called isoparametric if the minimal polynomial of
its shape operator has constant coefficients. By Theorem 4.10 from [13], there
is no isoparametric timelike hypersurface of Ef with complex principal cur-
vatures. The Newton operators on M; are given inductively by Py = I and
Pj =s;1—SoP;_; for j =1,2,3, where I is the identity map (see [2,15]).

In four cases S = D; (i = 1,2,3,4), P, and P, have different forms. When
S = Dy, we have Py = diag[ka + k3, k1 + K3, k1 + k2] and
P2 = diag[ﬁlgfi;g, R1K3, HZ1/€2].

In the case S = Dy, P, = diag[[ Ni" - }2/{] and

K+mn

Py =diag[| " " ],ﬁ + A2).
L An KN )
When S = D3, P, = diag| RN 2 ],25] and

b eeaed

. [ —LHx —-1x
P, = diag[| 72 P k2.
g[_ A (k4 5Hx |’ ]

2 0 V2
r 2
In the case S = Dy, P, = o 2 ¥ | and
A
2 V3
w2 — 3 -3 -5k
Py = 3 R g e |
S L

The Cheng-Yau operator is given by C(f) := tr(P; o V2f) for every smooth
real function f on M;. The Hessian map V? is defined as (V2f)X = Vx (V)
for every smooth vector fields X on M3, where V f = #df.

For a timelike hypersurface x : M} — E} we have (from [2,15]) Cx = ¢; Han
and then

C2X = —6[9H2[ — 2P2]VH2 — 6[9H1H22 + 3H2H3 — CHQ]I’I.

x: M} — Ef is said to be C-biharmonic if it satisfies the equation C*x = 0.
Also, the second mean curvature vector field Hy of x : M3 — Ef is called 1-
proper if x satisfies the equation CHy = SHs for a real number 3. Clearly, one
can obtain simpler conditions on M; to have proper second mean curvature
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vector field as:
(i) CHy = Hy(B8 + 9H, Hy — 3H3),

(1) . 9
(11) PQVHQ == §HQVH2

The well-known structure equations on Ef are given by dw; = Z wij N\ wj,
=
4
wij+wj; = 0and dw;; = > wyAwyj. Restricted on M, we have ws = 0 and then
=1
3
0=dws =) waiAw;. So by Cartan’s lemma, there exist functions h;; such
i=1
3
that ws;, = > h;;w; and h;; = hj;; which give the second fundamental form
=1
3
of M, as B = Z hijwiwjes. The mean curvature H is given by H = % > hij.
i i=1
Therefore, we obtain the structure equations on M as follow.

(i) wij +wji =0, (ii) dw; = Zw” Awj,

(i) dw,;; = E Wik A\ Wkj — E Rijriwr A wy,
k,l:l

(iv) Riju = (hikhjl — hithji)

for i,j = 1,2,3, where R;;i; denotes the components of the Riemannian cur-
vature tensor of M. Denoting the covariant derivative of h;; by h;jr, we have

dhzj Z hz]kwk + Z h/k?jwlk + Z hzkw]ka

(2) (Vl) hijk = hikj-
Now we recall the definition of an C-finite type hypersurface from [11].

Definition 2.1. A timelike hypersurface x : M} — E{ is called of C-finite type
if x = 21‘10 x; for a natural number m, satisfying the condition Cx; = §;x;,
where xg is a constant vector and for ¢ = 1,2,--- ,m, each f3; is a real number
and each x; : M7 — Ef is a smooth map. If §8;’s are mutually distinct then
M3 is called of C-m-type. In addition, it is said to be of null-C-m-type if for at
least one i (1 < i < m) we have §; = 0.

3. Results

First, we emphasize that a timelike hypersurface in the Minkowski 4-space
cannot be both C-biharmonic and of C-finite type.
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Proposition 3.1. There is no C-biharmonic timelike hypersurface of C-finite
type in the Minkowski 4-space.

Proof. Let x : M} — Ef be both C-biharmonic and of C-finite type. So, we
have x = Zyio x;, where Cxg = 0 and Cx; = f;x; for mutually distinct real
numbers 5; (¢ =1,...,m). Then, we obtain 0 = C°x = Ajx1 + - - + A{xy, for
s=1,2,3,..., which gives x; = --- = x,,, = 0. This is a contradiction. (]

In the rest results, we consider different cases based on the matrix from of
the shape operator of timelike hypersurfaces in Ef.

3.1. Diagonal shape operator. In this subsection, we assume that x : M; —
E$ is a D;-hypersurface with 1-proper second mean curvature vector field.

Theorem 3.2. A D;-hypersurface x : M; — E} has 1-proper second mean
curvature vector field if and only if it is C-biharmonic, C-1-type or C-null-2-type.

Proof. First, assume that CHy = SHy for a constant 3. If 8 = 0, then M}
is C-biharmonic. Otherwise, taking x; = %Cx and X9 = x — X1, we have
CXl = %CQX = %CHQ = 6H2 = Cx.

According to xg is constant or non-constant, M; is C-1-type or C-null-2-type.
The converse is straightforward. O

The D;-hypersurfaces with 1-proper second mean curvature vector field are
studied in two different cases (with different results and different methods of
proof) according to the number of distinct principal curvatures. In Theorems
3.3 and 3.4 the hypersurface is assumed to have three distinct principal curva-
tures.

Theorem 3.3. Every D;-hypersurface x : M; — E} with three distinct prin-
cipal curvatures and 1-proper second mean curvature vector field has constant
second mean curvature.

Proof. Assume that Hs is non-constant. By showing that &4 = {p € M :
VHZ(p) # 0} is empty, we get a contradiction. With respect to a suitable
(local) orthonormal tangent frame {e1,es,e3} on M3, its shape operator S is
diagonal such that Se; = \;e; for ¢ = 1,2, 3, where A;’s are mutually distinct.
Also, we have Pre; = p,2e; for i = 1,2,3. Using the polar decomposition

3
VH; =Y ¢e;(Hz)e;, from condition (?7?)(ii) we get
i=1

9
3) ei(Hz)(iz2 — 5 Hz) =0
for i = 1,2,3. Each point of & has an open neighborhood on which we have
e;(Hs) # 0 for at least one i. So, without loss of generality, we can assume
that e1(Hz) # 0 and then we have p; 9 = %H27 (locally) on U, which gives
Aoz = %Hg. Now, we prove three simple claims.
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Claim 1: GQ(HQ) = 63(H2) =0.
If either es(Hsz) # 0 or e3(Hsz) # 0, then by (3) we get p12 = poo = %Hg or
W12 = pgo = %HQ, which give A3(A2 — A1) = 0 or A\a(A\; — A3) = 0. But, since
Ai’s are assumed to be mutually distinct, we get A3 = 0 or Ay = 0, which gives
Hy =0 on U. The result is in contradiction with the definition of i/.

Claim 2: 62()\1) = 63()\1) =0.
Since H is assumed to be constant on M, we have ea(A1) = e2(3H — A1 — A2) =
—ea(A1) — ea(A2). On the other hand, from two recent results es(Hs) = 0 and
/\2/\3 = %HQ we get

9
62()\1)\3) + 62()\1)\2) = 62(3H2 — §H2) = O,

which gives A\ea(Aa + Az) + (A2 + A3)eaA; = 0, and then we have

Are2(BH—A1)+(Aa+Az)ead; = Area(=A1)+(Aa+A3)eads = (—A1+Aa+A3)e2 A = 0.

Therefore, assuming ea(A1) # 0, we get Ay = Ay + A3 which gives contradiction
ea(A1) = ea(Aa+ A3) = e2(3H — A\p) = —ea(M\1).

Consequently, ea(A1) = 0.
Similarly, one can show e3(\;) = 0. So, Claim 2 is proved.
Claim 3: ea(A3) = ez(A2) = 0.

Using the notations

3

(4) Vee; =Y wher, (i, =1,2,3),

k=1
and the compatibility condition V., < e;,e; >= 0, we have
(5) wh; =0, wi, +wi; =0, (i,5,k=1,2,3)
and applying the Codazzi equation (see [14], page 115, Corollary 34(2))
(6) (Vv S)W =V S)V, (W, W € x(M))
on the basis {e1, €2, e3}, we get for distinct ¢, 5,k =1,2,3
(1) (@) elhy) = s = Al (B) (i = Al = Ak = Ay

Also, by a straightforward computation of components of the identity (V,S)e;—
(Ve,S)e; = 0 for distinct 4,5 = 1,2,3, we get [ez, es](Hz) =0, wiy, = wiz =
W’y = wi = wi, =0 and

et(ha) 5 ei(As) o es(N2) 5 ea(Ng)
N TN B T N T T O oy
1 2 1 3 3 2 2 3

(8) wh =
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Therefore, the covariant derivatives V. e; simplify to Ve, = 0 for k =
1,2,3, and

9)

_e1(Xo) _e(A3) _e1(MNa)
Ve, €1 = N )\2827 Ve,e1 = N )\3637Ve2€2 = )\161,
e2(A3) e3(A2) e1(A3) e2(A3)
Vese2 = Ny — /\363,Ve2€3 = mem Veses3 = X — A e+ Na — /\2€2~

Now, the Gauss equation for < R(ea,e3)e1, ea > and < R(ea,e3)er, ez >
show that

(10) %(Sgi>:§91<§91‘§91»

) o (100) = oo (R0 - o)

We also have the Gauss equation for < R(ey, ez)eq, ea > and < R(es, e)er, ez >,
which give the following relations
(12)

e1(A2) eri(h2) \? e1(A3) ei(hs) \?
“(M—M>+(M—& =hda(N ) Tl o) T

Finally, we obtain from the Gauss equation for < R(es, e1)es, e3 > that

ea(A3) N e1(As)ea(As)

On the other hand, it follows from Claim 1 that
(14)

— prerer(Hz) + (,UQ,I

61()\2) 61()\3)
A2 — A1 +Hs A3 — A1

>eﬂHﬁ9HﬂH2M)0

By differentiating (14) along es and es (and using respectively (10) and (11))
we obtain

(15) e2 ( ;2193)1) - (_/\3)\)3 (Aell(ji)g - ;11(_&;2) ’

e1(A3) ) es(A2) [ er(Na) e1(As3)
(16) %(Q1>_QZ<QZ_AE§J'

Using (9), we find that

e1(A2)

(17) [61, 62] = /\2 — )\1 €9.
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Applying both sides of the equality (17) on %, using (15), (12), and (13),
we deduce that

ea(N3) [ e1(A3) er(A2) \ _
(18) )\2—3)\3 (A3—3)\1+>‘1_)‘2)0'

(18) shows that e3(A3) =0 or

61()\3) o 61()\2)
A3—A A=A

From equation (19), by differentiating both sides along e; and applying
(12), we get A3 = A3, which is a contradiction, so we have to confirm the result
62()\3) =0.

Analogously, using (9), we find that [e1, e3] =
we deduce that
(20) 63()\2) ( 61()\2) + 61()\3) ) _ 0’

Az — A2 \ A2 — A1 A1 — A3

and one can show that e3(\2) necessarily has to be vanished.

Hence, we have obtained ea(A3) = e3(A2) = 0, which by applying the Gauss
equation for < R(es, e3)er, es >, gives the following equality

e1(Az)er(A2)
(Az — A1) (A2 — A1)
Finally, using (12), differentiating (21) along e; gives

(22) A2A3 ( e1(As) + €1 (A2) ) =0,

(19)

61()\3)
Az—A1

es. By a similar manner,

(21) = Ao)s.

A3—A1 A=

which implies A2 A3 = 0 (since we have seen above that (% + %) #0).
Therefore, we obtain Hy = 0 on U, which is a contradiction. Hence Hy is
constant on M3. O

In Theorem 3.4, we follow Defever’s techniques to prove our result (see [8]).

Theorem 3.4. Let x : M7 — E} be a Dj-hypersurface with three distinct
principal curvatures and 1-proper second mean curvature vector field. If M3
has constant ordinary mean curvature, then it is 1-minimal.

Proof. By Theorem 3.3 and by assumption, Hs and H; both are constant.
We prove that Hy is null. If Hy # 0, by (??)(i) we obtain that Hs is con-
stant. Therefore, all of mean curvatures H; (for ¢ = 1,2, 3) are constant, which
means that M? is isoparametric. By Corollary 2.7 in [13], an isoparametric
timelike D;-hypersurface has at most one non-zero principal curvature, which
contradicts the assumption that, three principal curvatures of M are mutually
distinct. So Hy = 0. O

Now, in the next two theorems we suppose that the shaper operator has
exactly two distinct principal curvatures.
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Theorem 3.5. Let x : M} — E} be a D;-hypersurfaces with 1-proper second
mean curvature vector field. If M; has exactly two distinct principal curvatures,
then its second mean curvature is constat.

Proof. Let A1 and Ay be the principal curvatures of M; of multiplicities 1 and
2, respectively. Taking U := {p € M} : VH3(p) # 0}, we prove that U is
empty. We suppose that {e1,es,e3} is a local orthonormal basis of tangent
bundle on U such that Se; = Aje; for j =1,2,3. In the assumed case, we have

)\1:/\2:>\, )\3:/1,
Therefore, we obtain
(23) [i12 = pa2 = A, pa2 = A%, 3Hy = A + 2)p.

By condition (?7?)(ii), we have

9
(24) Py, (VHy) = §H2VH2.
Then, using the polar decomposition
3
(25) VHy = e <VHy,e; > e,
i=1

we see that (24) is equivalent to

9
€, <VHs,e; > (,U,i72 — *HQ) =0

2
fori=1,2,3.
For each i, from < VHy,e; >7# 0 on U we get
9
(26) Hi2 = §H2.

By definition, we have VHy # 0 on U, which gives one or both of the following
states.

State 1. < VHa,e; ># 0, for i = 1 or i = 2. By equalities (23) and (26),
we obtain

9 2 1
Moo= = (=X + =\?
p 2(3 ptg )5
which gives
3
(27) A2+ 50) = 0.

If A = 0 then Hy = 0. Otherwise, we get = —3X, Hy = —%)\2.
State 2. < VHj, ez ># 0. By equalities (23) and (26), we obtain
9.2 1
M= (S + -\
5(3Am+ 3A%),
which gives

(28) A3u + %A) 0.
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If A = 0 then Hy = 0. Otherwise, we have = —3\, Hy = 2)\%,

Both states requires the same calculation, so we consider for instance State 2.
Let us denote the maximal integral submanifold through = € U, corresponding
to A by Uy~ (x). We write

3 3
(29) d\ = Z )\yiwi d‘LL = Z MW
i=1 j=1

Then, we have A1 = A2 = 0. We can assume that A > 0 on i/, then we have
(in State 2)

-1
By means of (2), we obtain
3
(31) Z hijrwi = 0;5dN; + (N — Aj)wij,
k=1

for 4,4,k = 1,2,3. Here, we adopt the notational convention that a,b,c = 1,2.
From (29) and (31), we have

higk = ho1y = 0,
(32) haab =0, haas = A3,

hsse = 0, h3zz = 3.
Combining this with (2) and the formula

3 3 3
Z hasiwi = dhas + Z hizwia + Z haiwiz = (A — p)Was,
i=1 i=1 i=1

we obtain from (30)

)

Ns s
A—p AT

(33) Wa3 =

Therefore we have
2
dws = nga A wg = 0.
a=1

Notice that we may consider A to be locally a function of the parameter
s, where s is the arc length of an orthogonal trajectory of the family of the
integral submanifolds corresponding to A. We may put ws = ds.
Thus, for A = A(s), we have

d\ = A3zds, A3 =N(s),
so from (33), we get
A3 6\ (s)
mwa = Wa

(34) Wa3 =
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According to the structure equations of E} and (34), we may compute
(35)

2 2

6\

(i) : dwaz = E Wab A Wp3 + Waa A waz = (7>\> E Wab A Wp — Apwg A ds,
b—1 b—1

» 6\ 6N\ 6\
(i) : dwag—d{mwa} (7)\) ds/\wa—k(?)\)dwa
6N\ /6N 6\
= { (7)\> + (7)\> }wa/\der <7/\) b§:1wab/\wb.

’ / ’ 2
Comparing equalities (35)(i) and (35)(ii), we get (67’;) - (67)3\) — A =0,
which, by combining with (30), gives

. (5) - (5) - (F) -

Defining function 3(s) := (ﬁ)7 for s € (—o0,400), from (36) we get 8’ =

(3) 37, which by integrating, gives (8")? = —B7 +c, where ¢ is the constant
of integration. The last equation is equivalent to

(37) (V)2 = — (Z)z Mo (g>2 zE

Now, in order to compare two sides of condition (??)(7), we need to compute
Ve, VHy and Py(e;) for ¢ = 1,2,3. From (27) we have VHy = %)\/\/637 which
by using (34), gives

_ 4 / _ 4 ry/ _ 3 /2
Ve, VHz = SAN'Ve,e5 = SA"A zb:wgb(ea)eb =— 5\ e,

(38)

4 4
Ve, VHy = V., (ANes) = §X2€3 + g e,
30

By using (23) and

4
9
(30), we compute P;(e,) and P (e3).
)=

5
(39) (61 *)\61, Pl(eg) = 6)\62 P1 (63) = 2)\63.

From (38) and (39), we get

21\ 3\

From (??(i)), we have C(Hy) = Hatr(S? o Py) = 2H4 A3, which Combining
with (40), gives

(40) C(H,) = 6H, <_10<X)2 + 20)° + ;X’) .

(41) AN+ (1 + _75> N? - 2§A4 =0.
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On the other hand, the equality (36) is equivalent to

13 0 -7
42 AN = 5N 4
(42) 7h T 36

Now, substituting (42) and (41), we obtain

15,2 191
43 N4+ At =0.
(43) 7 + 36
From equations (37), (43) and (27), we get that Hy is locally constant on U,
which is a contradiction with the definition of ¢/. Hence Hs is constant on M.
By a similar discussion, one can get the same result in State 1. |

Theorem 3.6. Every D;-hypersurface x : M7 — Ef with at most two distinct
principal curvatures, 1-proper second mean curvature vector field and constant
ordinary mean curvature is 1-minimal.

Proof. H; is constant and by Theorem 3.5 we know that Hs is also constant.
If Hy # 0, by (??)(i) we obtain that Hj is constant. Therefore, all of mean cur-
vatures H; (for i = 1,2,3) are constant, which means that M; is isoparametric.
By Corollary 2.7 in [13], an isoparametric timelike D;-hypersurface has at most
one nonzero principal curvature, which is a contradiction. So Hy = 0.. O

3.2. Non-diagonal case. In this subsection, we assume that x : M} — E}
has non-diagonal shape operator of type Dy, D3 or Ds. We show that if such a
hypersurface has 1-proper second mean curvature vector field, then its second
mean curvature has to be constant. In addition, if it has constant ordinary
mean curvature, then it has to be 1-minimal.

Proposition 3.7. Let x : M7 — Ef be a Dy-hypersurface with 1-proper second
mean curvature vector field. If M; has constant ordinary mean curvature and
a constant real principal curvature, then its second and third mean curvatures
are constant.

Proof. Suppose that Hs be non-constant. Considering the open subset U =
{p € M : VH3(p) # 0}, we try to show U = (). By the assumption M; has
three distinct principal curvatures. Then, with respect to a suitable (local)
orthonormal tangent frame {ej,es,e3} on M, the shape operator S has the
matrix form By, such that Se; = ke; — Aea, Ses = Aep + keg, Sez = nes and
then we have Pae; = kne;+Anes, Poes = —Aney +kmnes and Prez = (k24 2%)es.
3
Using the polar decomposition VHs = Y €;e;(Hz)e;, from condition (?7?)(ii)

i=1
we get
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. 9
(0) exer(Hz)(kn — 5 Hz) = ezea(Ha)An,
.. 9
(44) (Z’L) GQGQ(HQ)(KJ’I] — §H2) = —6161(H2))\1’],
9
(1i1) eses(Ho)(k? + N2 — 515(2) =0.
Now, we prove three simple claims.
Claim 1: 61(H2) = GQ(HQ) =0.

If e1(H2) # 0, then by dividing both sides of equalities (44)(i, ii) by e1e1(Hz)
we get

N en— D — ex€2(Hz)
(45) ( ) n 2H2 €1€1(H2) )
.\ €2e2(H>y) 9 _
(”) 6161(H2) 2H2) - )‘777

which by substituting (7) in (iz), gives An(l + (%)2) = 0, then A\ = 0.
Since by assumption A # 0, we get n = 0. So, by (45)(¢), we have Hy = 0.
Similarly, if es(Hz) # 0, then by dividing both sides of equalities (44)(i, i7)

by ezea(Ha) we get

H 9
i 76161(;) (w1 = 5 Hz) = A,
(46) €2e2(H>)
(it) kn — QHQ = —76161(]?2))\77
2 62€2<H2) ’
which, by substituting (¢) in (i7), gives An(1 + (%)2) = 0, then An = 0.

Since by assumption A # 0, we get n = 0. So, by (46)(ii), we have Hy = 0.
Claim 2: es(Hz) = 0.

If e3(Hz) # 0, then from equality (44)(iii) we have k? + A2 = JH,, which

gives k2 + A2 = —6kn, where n = 3H; — 2x and n and H; are assumed to be

constant on /. So « is also constant on U/, and then Hy = %4/{77 = %/@2 —4H K

is constant on U. O

Theorem 3.8. Let x : M7 — E] be a Dy-hypersurface with proper second
mean curvature vector field. If M3 has constant ordinary mean curvature and
a constant real principal curvature, then it is 1-minimal.

Proof. By Proposition 3.7, the second mean curvature of M3 is constant, which
gives C(Hz) = 0. Then, by (??)(i), we have 9H; H3 — 3HyH3 = 0, which gives
(Tn — 4r)K*n* = 0.

Now, if 7Tn = 4k, then from &% + A2 = —6kn we get 3—71.%2 + A2 =0, and
then kK = A = 0, which gives Hy = H3 = 0. Also, if x?n? = 0, then we have
Hy, = H3=0. O
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Theorem 3.9. Let x : M7 — Ef be a Ds-hypersurface with 1-proper second
mean curvature vector field. If M; has constant ordinary mean curvature, then
it is 1-minimal.

Proof. Suppose that Hs is not constant. Taking U = {p € M : VH3(p) #
0}, we show that & = 0. With respect to an orthonormal tangent frame
{e1,ea,e3} on M, the shape operator S has the matrix form Bs, such that
Se; = (k+ %)61 — %62, Sey = %el +(k — %)62, Ses = Aes and then we have

Pyey = (k — %)/\el + %)\62, Prey = —%)\el + (k+ %))\62 and Pyes = k2es.

3
Using the polar decomposition VHy = Y €;e;(Hz)e;, from condition (?77?)(ii)
i=1

we have
() cxer (Ha)[( — )\~ S Ha] = eaea(F)
(47) (i) exea(Ha) (s + )N — 3 1] = —erea(H)7,

(ZZZ) 6363(H2)(K32 — %Hg) =0.

It remains to prove the following claim.
Claim: el(HQ) = 62(H2) = 63(H2) =0.
If e (H2) # 0, by dividing both sides of (47)(4,4i) by e1e1(Hz) we get

. 1 9 GQGQ(HQ) )\
i) (k— )\ — oHy = =22
(48) ( ) ( 2) 2 2 6161(H2) 2
€2e2(Ha) 1 9 A
£202\112) W2 = 2
6161(H2)[(K/+2) 2 2] 2’
which gives 3(14u)? = 0, where u := ZZEZQ Then, either A =0 or u = —1.

If X = 0, then we get Hy = 0 from (48)(¢). Also, by assumption A # 0 we
get u = —1 which gives kKA = %Hg, then x(3k + 4X\) = 0 and finally x = —%)\
(since & = 0 gives Hy = 0 again). Hence, we have Hy = 2k\ = —2? and
H, = —g)\. H, is constant, then Hj is constant and e;(Hs) = 0. This is a
contradiction. Hence, e1(Hz) = 0. The claim es(Hz) = 0 can be proven by a
similar manner.

Now, if e3(Hs) # 0, then by (47)(iii) we get k2 = 2 Hy, then r(k + 6X) = 0,
which gives k = 0 or kK = —6A. If K = 0, then Hy = 0, and if K = —6A then
since H; = —%)\ is assumed to be constant, we get that Hs is constant and
then e3(Hy) = 0. Which is a contradiction, so we have e3(Hz) = 0.

Now, we prove that Ho = 0. Since the shape operator is of type I, there
exist two possible cases as:

Case 1: M; has a principal curvature x of multiplicity 3;
Case 2: The only distinct principal curvatures of M; are x and A of multi-
plicities 2 and 1, respectively.
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In Case 1, we have Hy = r, Hy = % and H3 = x*. By (??)(i), we have
3H,H2 = HyH3, which gives k% = 0, and then Hy = 0.

In Case 2, we have Hy = §(2k 4+ \), Hy = (k* + 2kA) and Hs = k?X\. We
assume that Hs # 0 and continue in two subcases as follow. Since Hs # 0,
then k # 0 and by using (?7?)(i) we obtain that Hj is constant. Therefore, all
of mean curvatures H; (for i = 1,2,3) are constant, which means that M; is
isoparametric. By Corollary 2.7 in [13], an isoparametric Ds-hypersurface of
type Ds in the Einstein space has at most one non-zero principal curvature,
so we get A = 0. Then Hy; = 2k, Hy = 1x* and Hs = 0, hence, by (??)(i),
we get k = 0, which contradicts with the assumption of this case. Therefore
Hy; =0. U

Proposition 3.10. Let x : M; — E{ be a Dj-hypersurface with 1-proper
second mean curvature vector field. Then Hy is constant.

Proof. Taking U = {p € M : VH2(p) # 0}, we prove that &/ = (. By
the assumption, with respect to a suitable (local) orthonormal tangent frame
{e1,€2,e3} on M, the shape operator S is of form 33, then Se; = key + %63,

Sey = Kkey — %83, Ses = —?el — ?eg + kes and then we have Pye; =
2 1 1 2 1 2,1 2
(k* — 5)e1 — 5€2 — %%63, Pyes = 5e1 + (k° + 5)e2 + %/ﬁeg and Pye; =

gnel + gﬁeg + K2es.

3
Using the polar decomposition VHs = Y €;e;(Ha)e;, from condition (?7?)(i7)

=1
we have
, 1, 9 1 V2
(’L) 6161(H2)[(K,2 — 5) - §H2] + 56262(H2) + 76363(}[2),% = 0,
-1 1 9 2
(49) (’Ll) ?6161(1’[2) + 6262(H2)[(I€2 + 5) - §H2] + %6363([’[2)%3 = 0,

) 2 2 9
(1) e1e1(Ha) K+ 6262(H2)§/‘€ + ezez(Hy) (K — §H2) =0.

Now, we prove the following claim:

Claim: el(Hg) = 62(H2) = 63(H2) =0.
If e;(Hs) # 0, then by dividing by eje;(Hz), and using the identity Hy = x>
we get

1 1 2
(i) — 5~ ;QQ + §u1 + guy@ =0,
o —1 1 7 2
(50) (i) 5 + u1(§ - 5%:2) + guw =0,
—v/2 2 7
(iid) ;[n + gum - 552)1@ =0,
where u; := ZZ%; and ug 1= Zfifggﬂ? which gives x2(u; — 1) = 0. If K = 0,

then Hy = 0. Assuming x # 0, we get u; = 1, which using (50)(iii), gives
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uz = 0. Substituting u; = 1 and ug = 0 in (50)(i), we obtain again k = 0,
which is impossible. Hence e; (Hs) = 0.
Therefore, using the result e; (Hz) = 0, the system of equations (49) gives

L1 V2
(Z) 56262(1{2) + 76363(1{2)& =0,

(51) (i) eQeQ(HQ)(% - ;@2) + gegeg(Hg)n =0,

(Z’LZ) 6262(H2)§K/ - 6363(H2)%I€2 = 0.
Comparing (4) and (i), we get kez(Hz) = 0, which using (#i%) gives keg(Hsz) =
0, and then, using (4), gives ea(Hz) = 0. Then, the second claim (i.e., ea(Hy) =
0) is proved.
Now, using the results e1(Hsz) = ea(Hsz) = 0, we get kez(Hsz) = 0, which,
using Hy = k2, implies ke3(k?) = 0 and then e3(x?®) = 0, and finally e3(Hy) =
0.

Theorem 3.11. Let x : M} — E{ be a Ds-hypersurface with 1-proper second
mean curvature vector field. If the ordinary mean curvature of M; is constant,
then it is 1-minimal. Furthermore, all of mean curvatures of M are null.

Proof. By Proposition 3.10, the 2th mean curvature of M3 is constant, which
by (??)(Z), giVGS L1H2 = 9H1H22 — 3H2H3 = 0, and then 3H1H22 = H2H37
which using H; = k, Hy = k% and Hz = k>, gives k° = 0, and then H, = Hy =
H; =0. O
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