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ABSTRACT. In the present paper, we aim to generalize the notion of
complex-type Fibonacci sequences to complex-type cyclic Fibonacci se-
quences. Firstly, we define the complex-type cyclic-Fibonacci sequence
and then we give miscellaneous properties of this sequence by using the
matrix method. Also, we study the complex-type cyclic-Fibonacci se-
quence modulo m. In addition, we describe the complex-type cyclic-
Fibonacci sequence in a 2-generator group and investigate that in finite
groups in details. Then, as our last result, we obtain the lengths of the
periods of the complex-type cyclic-Fibonacci sequences in dihedral groups
D2, D3, Dy, Ds, Dg and Dg with respect to their generating sets.
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1. Introduction

As it is well-known, the following recurrence relation defines Fibonacci se-
quence:
Fy = Fy—1+ Fy—2
for k > 2 and with initial conditions Fy = 0 and F; = 1.
Also, further recurrence relation as below defines the Gaussian Fibonacci
numbers {GF, },~,
GFhy1 =GF,+GF,,
for n > 1 and with initial conditions GFy = i and GF; = 1, see [4].
In [14], the authors define the complex Fibonacci sequence {F*} as below
forn >0
EFr=F,+iF,1,
where F, is the n*® Fibonacci number and i = v/—1 is the imaginary unit [3,15].
f;é of real numbers such that cx_1 # 0, (k > 2),
the k-generalized Fibonacci sequence {an}::f) is given by the following relation:

Also, for any sequence {c;}

On+k = Ck—10n4k—1 + Ck—20n+tk—2 + -+ + Coln
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for n > 0, where ag, a1, ...,ar—1 are specified as initial conditions.
Using the companion matrix, the following closed-form formulas for the gen-
eralized sequence were given by Kalman [16].

o 1 0 - 0 0
o o 1 -- 0 0
o 0 0 - 0 0
Ag = .
0 0 O 0 1
L o &1 ¢c2 -+ Ck—2 Ck—1 |
Also, he proved that
ap Qp,
ai An 41
(Ax)" =
ar—1 Ap+k—1

Various authors have studied many applications and interesting properties
of the recurrence sequences related to those investigated in the present paper
through the literature; see for example, [20,23-25]. Especially, in [11] and [10],
using the quaternions and complex numbers some new sequences were defined
and many applications with miscellaneous properties of the sequences were
obtained. In our paper, firstly a sequence so called the complex-type cyclic-
Fibonacci sequence is defined and by the aid of the matrix method miscella-
neous properties of the sequence are obtained.

We recall that when a sequence is composed only of repetitions of a fixed
subsequence A sequence is periodic if after a certain points it consists only of
repetitions of a fixed subsequence. We refer to the number of members in the
shortest repeating subsequence as the period of the sequence. For instance,
when a sequence with the terms k,l,m,n,l,m,n,l,m,n,... is considered, one
would say it is periodic after the initial term k£ and it has period 3. Also,
the first r terms in a sequence form a repeating subsequence, then it is said
to be simply periodic with period r. For instance, when a sequence with the
terms k,l,m,n, k,l,m,n,k,l,m,n,...is considered, one would say it is simply
periodic with period 4.

It can be said that in the literature, Wall [26] started the research of the lin-
ear recurrence sequences modulo m by investigating the periods of the ordinary
Fibonacci sequences modulo m. Recently, various authors such as in [13,19,21]
have extended the theory to some special linear recurrence sequences.

For a finitely generated group G = (B), where B = {b1,bs,...,b, }, we refer

n

to the sequence x,, = byy1, 0 < u <n—1, piy = [[ Tugv—1, u > 0 as the
v=1

Fibonacci orbit of G with respect to the generating set B, denoted as Fiz (G)
in [6].
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Also recall that a k-nacci (k-step Fibonacci) sequence in a finite group is
defined via a sequence of group terms xg, x1, T2, ..., Tn, ... which is obtained
by the following recurrence formula when initial (seed) terms zg, x1, Z2, ...,
T;_1 are given:

S ToX1 " Tpy—1 for j <n <k,
" Tk Tp—kt1 " T for n > k.

Here, noting that once the terms of the seed set xo, z1, 2, ..., j—1 generate
a group, the k-nacci sequence will be reflecting the structure of the group. Thus,
as in [18], Fj (G;x0,21,22,...,2;-1) denotes k-nacci sequence of a group G
generated by xo, x1, T2, ..., T;-1.

Note also that the orbit of a k-generated group is a k-nacci sequence.

From [10], we use the following definition as our preliminary information.

Definition 1.1. Let G be a k-generated group. For a generating k-tuple
(z1,22,...,2k), the complex-type k-Finonacci orbit is defined by a; = 41,
0<i<k—1),

ikfl

-k .
antk = (an)" (ant1)" o (angr-1)", n>0

where the following conditions are achieved for any x,y € G and any integer w:

(7). Let e be the identity of G and consider z = a + ib, where a, b are
integers, then

% % = Ia(mod |z|)+ib(mod |z|) _ Ia(mod \z|)xib(mod lz|) — Iib(mod |a:|)l,a(m0d |z])
xib(mod |z])4+a(mod |z|)

) .

x 21 = (2)" = (29)',

*x e =g,

x 010 = ¢

(#4). Given z; = ay + by and zo = ay + ibe, where ay, by, az and by are
integers, y %2 %! = (mzly‘z?)*l.

(ii7). If yx # xy, then yiz® # 2y’

(iv). yizt = (xy)l and z 7ty ! = (xlyl)i,

(v). y'z = zy® and so 2y~ ! = (a:yl)l and 2y’ = (mly)l

As we earlier stated, Wall [26] started the study of the recurrence sequences
in groups. In [27], the Fibonacci sequences in abelian groups was studied by
Wilcox. Then, Campbell et al. [7] expanded the theory to some finite simple
groups. In their study, the basic Fibonacci length of the basic Fibonacci orbit
in a 2-generator group and the Fibonacci length of the Fibonacci orbit were
defined. Moreover, some researchers have also considered the concept of the
Fibonacci length for more than two generators, see for example [5,6]. In [18],
Knox indicated that a k-nacci sequence in a finite group is periodic. Recently,
several authors have extended the theory to some special linear recurrence se-
quences, see for example [1,2,8,9,12,17,22]. Deveci and Shannon [10] defined
the complex-type k-Fibonacci orbit of a k-generator group. They showed that
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when a k-generator group is finite, its complex-type k-Fibonacci orbit is pe-
riodic. In our paper, using the terms of 2-generator groups which is called
the complex-type cyclic-Fibonacci orbit, the complex-type cyclic-Fibonacci se-
quence is redefined. Then the sequence in finite groups is examined in detail.
Finally for some n > 2, the lengths of the periods of the complex-type cyclic-
Fibonacci orbits of the dihedral group D,, are obtained as applications of the
results obtained.

2. The Complex-type Cyclic-Fibonacci Sequence

Now for every integer n > 1, define the complex-type cyclic-Fibonacci se-
quence by the below homogeneous linear recurrence relation

A + i) m=0(mod 4)

(c,i) (c,i) _ d4

f(c’i) _ fn+1 + fn n =1 (mod 4)
e fn+1 fnc %) n=2 (mod 4) ’

=i (£50+ A7) n=3(mod 4)

where fl(c’i) =0, fQ(C’i) = land i = v/—1. From the relations in the definitions of
the complex-type cyclic-Fibonacci numbers, Fibonacci numbers and Gaussian
Fibonacci numbers, we derive the following relation:

GFy+ Fo= (=)™ (50 + 1457,

for n > 2.
By setting

-1 —i
e[
and by using an induction method on n, we find the relationship between the

terms of the sequence { ff’i)} and the matrix M as follows:

oy l fide fii’iﬂ » ] |
f4n+1 f4n+2 : f4n7+1
We use the above definitions and define the matrices:

T 1
Al:L 0}’

-1 -1
A2:|:1 0:|7

A3:[1i Oi}

11
a=1

and
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Let M = AyA3A5A;. Using the above identities, we define the folloving matrix:

B" = AuAu—l te

A MF,

where n = 4k + u such that u, k € N. So we get

(1)

o]

for n = 4k + u such that u, k € N.

[ £ ]
f(C 1)

Now we investigate the Simpson formulas of the complex-type cyclic-Fibonacci

sequence.
If n =4k + 1 (k € N), then

f(cxi)
B" = A, MF = | /nt+2
£

So we get

() (o) o) (- 19)

If n =4k +2 (k € N), then

gt | S
R —Re (£
So we get
(52 (R (552) + - [im (£52)

If n =4k + 3 (k € N), then

f(cai)

B" = AzAs A MF = | "2
f(caz)
n+1

So we get

(52) (57) = (57) (e

If n =4k + 4 (k € N), then

B" = MFH = fflilg)
f(cﬂ)
n+1

So we get

(£ (0

) -1

+ fn+1
(e,8)

—Jn

(1)

£

)i [ (7557) = Re (£57)]

—Re (F5)])=(£50) (£557) = (=)

Re (1)) = tm (£157)

T(Lw)

(-1)".

m (157)) =

_ (c+ l1>
=i fsy

—i 1) (1) =
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3. The Complex-type Cyclic-Fibonacci Sequence in Groups

If we reduce the sequence { fff’i)} modulo m, taking the least nonnegative

residues, we get the below recurrence sequence:
{7y = {A ), 550 Gm), e 10 ),

where f;c’i) (m) refers to the n'" term of the complex-type cyclic-Fibonacci

sequence when read modulo m. Here we may note that in the sequences { éc’i)}

and { fy(f‘i) (m)}, the recurrence relations are the same.

Theorem 3.1. The sequence {fy(f’i) (m)} is periodic and the length of its
period is divisible by 4.

Proof. Consider the set

Q = {(z1,22) | zx’s are complex numbers ay, + ib; where
ar, and by, are integers such that 0 < ag, by <m —1 and k € {1,2}}.

Assume |@)] is the cardinality of the set (). Because the set @ is finite, one
can easily see that there are |@| distinct 2-tuples of the complex-type cyclic-
Fibonacci sequence modulo m. Hence, it is easily seen that at least one of these

2-tuples appears twice in the sequence {fﬁf’i) (m)} Let fi&" (m) = Fied (m)
and fif:l) (m) = éiﬁ) (m). If v—u = 0(mod 4), then we get fiig (m) =

féig (m), 75113) (m) = éig) (m), .... Thus, it is clear that the subsequence

following this 2-tuple repeats, that is, { fy(f’i) (m)} is a periodic sequence and
the length of its period must be divided by 4. |

Here h ;.0 (m) stands for the lengths of periods of the sequence {fy(f’i) (m) }

It can be clearly seen from the equation (1), h (m) is the smallest positive

(i)
integer a such that B = I (mod m). fn
For any integer matrix A = [a;;], A (mod m) refers that all entries of A
are modulo m, that is, (a;; (mod m)) = A(mod m). Now we take the set
(A),, = {(A)" (mod m) | n > 0} into consideration. If (det A,m) # 1, then the
set (A), is a semigroup. If (det A,m) = 1, then the set (4)  is a cyclic group.
Also, since det M = —1 for any positive integer m > 2, the set (M), is a cyclic
group. From (1), it is clear that h (. (m) = 4[(M),,,|.

Theorem 3.2. Assume that p is a prime number. If t is the smallest positive
integer such that ‘<M>pt+1 # ’<M>p‘ , then ‘(M}pt+1 =p ’(M)pt .
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Proof. Assume that « is a positive integer and [(M), | is denoted by Lyt (m).
Let I be 2 x 2 identity matrix and (M)lfﬁf’i) =) = I (mod p**'). Then we
can derive (M)lfv(f’i) ") = I (mod p®), which means that Lyt (p™) divides
lfflc,i) (pa“‘l). Moreover, we may write (M)lfﬁf’i) @) =1+ ( (), ), by the

binomial theorem. Hence, we obtain:

A5 = (1 (o ) = 35 (1) (o) = 1 0.

Then we have (M)lfﬁf’i) W _ g (mod p®*!), which implies that lf(c,i) (p™t1)

divides lfm) (p®) - p. Therefore, it can be clearly seen that lf(c,i,) (po‘“) =

lf@ o (p%) or lf(ﬁ » (pa“‘l) = lf(c o (p%) - p, and the latter is true if and only if

(e )

there is an m,; ;/ which is not divisible by p. Since we suppose that ¢ is the

®)

i,
which cannot be divided by p. This yields that lf“ ) ( 41 ) = lf(c,i) (pt) - p. So
we have the conclusion. O

smallest p051t1ve integer such that lf<r o (pth) # lfu o (p?), there is an m;

Theorem 3.3. Let my and ms be positive integers with mi, mo > 2, then
(M) = lem [|(M),,. |, [(M),,..]]-

Proof. Let |(M), | be denoted by Lyce (m) and let lem [mq, mo] = m. Clearly,
(M)lf(v olm) _ g (mod m1) and (M)lfw(f’“ (m) _ (mod my). By means of the

o _ (mod my)

lem[my,m2] my

least common multiple operation, this implies that (M)
and (M)lfff’”(m) = I (mod my). So we get [(M), || [(M),| and |(M
|(M),,|, which means that lem H(M} <M>m2H divides ‘<M>lcm[m1,m2] .
Now we consider lem H<M>m1| , |<M)m2|] = 6. Then we can write M° =
I (mod my) and M? = I (mod ms), which yields that M® = I (mod m). Thus,
it is seen that lem [|<M> | , |<M> | is divisible by ‘(M)
have the conclusion.

m2‘|

mil?

So we

my ma | lem[my,m2] |*

Assume G is a finite j-generator group and suppose that X is a subset of

G x G X --- x G such that (z1,z2,...,2;) € X if and only if G is generated by
—_——

J times
x1,%2,...,x;. Here, (x1,22,...,x;) is said to be a generating j-tuple for G.

Definition 3.4. Let G be a 2-generator group and (1, z2) is a generating pair
of G. Then, we define the complex-type cyclic-Fibonacci orbit by
(en—2) (en—1) for n = 0 (mod 4
(en2) (cn1)'  forn=1(
cn 2)” l(cn 1) for n=2(mod 4
(cn-1) (

Cn 2) 7 —1

Cl1 =1, C2 = X2,Cp =

Cn_ forn=3



242 O. Deveci, O. Erdag, U. Giingdz

Let the notation £ (G) denote the complex-type cyclic-Fibonacci orbit

(z1,22)
of G for generating pair (z1, 23).

Theorem 3.5. If G is a finite group, then the complex-type cyclic-Fibonacci
orbit of G is a periodic sequence and the length of its period is divisible by 4.

Proof. Consider the set
S = {((Sl)al(mod [s1])+ib1(mod |s1]) (SQ)az(mod |sa])+ibz(mod |sal) :

\/jlzi, 81,82 € G and al,ag,bl,bg c Z}

Since the group G is finite, S is a finite set. Then for any u > 0, there exists
v > u such that ¢, = ¢, and ¢yq1 = cp1. If v —u = 0 (mod 4), then we get
Cyt2 = Cyt2, Cyt3 = Cyt3, -... Then due to the repeating, for all generating
pairs, the sequence F&o ) (@) is periodic and the length of its period must be

(z1,22

divided by 4. O

Now, consider that the length of the period of the orbit Fo (GQ) is de-

(z1,22)

noted by L9 (@). By the definition of the orbit FOO it s easy to see

(z1,22) (z1,22)’
that the chosen generating set and the order in which the assignments of x1, xo

are made determine the length of the period of this sequence in a finite group.

Now, we mark the lengths of the periods of the orbits F((;’Z)) (D), F((;’Z)) (D3),

F9 (Dy), B9 (Ds), F) (Dg) and F(U9) (Ds). The dihedral group D, of

order 2n is defined as follows:
Dy = (z,y|a" =y = (ay)’ =)

for every n > 2. Note that |z| = n, |y| = 2, vy = yz~!

and yr = r~'y. By
direct calculation, we obtain the orbit F((;’;)) (D,,) as follows:

ch = I,C =Y, C3= l‘iyi,

Cy = {Eiyi-H, C5 = yi, Ce = xiy7

o = :vyiﬂ, cg = x*lfiyi’ cg = x7172iyi,

o = x72+i, el = I373iy7 Cly = x5+2iy,

c13 = $—1+2i’ C1y = $6+4iy7 c15 = x—6—7z’ i7

g = x—llz’yi—%-l7 c17 = $_4+6iyi7 c1g = x4—17iy,

g = 1,723781'yi+17 Co0 = x27+9iyi’ Cop = $17+50iyi,

Cyy = 1‘44_4”, Co3 = x_91+6”y, Coq = x_135_20iy,

Co5 = $41_44i, Cop = $_176_64iy, Co7 = $108+217i i7

Cog = x—68+281iyi+1’ Cog = 1,64—40iyi’ C30 = m_132+32“y,
c31 = z361+196iyi+17 C39 = z74937125iyi’ C33 = x73217854iyi’
C3q4 = x—814+729i’ C35 = 1},1583—11351‘217 C36 = $2397+406iy,
37 $_729+814i, C38 = x3126+1220iy, C39 = $—2034—3855iyi7
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_ 1092—5075i, i+1 _—12204942i i _2312-6017¢
ca0 = T y ' ,cu == Y,ca2 =1 Y,
_ —6959—3532¢_i+1 _ 9271424856 i _ 60174162304 i
c43 = T y ', c44 =2 Y, c45 = Yy,
_ 1528813745 _—29975421305¢ _—45263-7560i
c46 = , C47 =T Y, c48 = T Y
13745152881 _ . —59008—22848i __ 381364727531 i
c49 z » €50 = @ Y, c51 = @ Yy,
_ —20872495601i  i+1 _ 2284817264 i _ . —437204112865i
52 = T y ', 3 =1 Y, C54 =2 Y,
1301294665680 i+1 _ —173849-46297i_i _—112865—303978i i
cs55 x y ' ,c56 = Y, cs7 = Yy,
_ —286714+2576814 __561659—399579¢ _8483734141898i
58 = T , €59 =T Y, 60 = T Y,
_ — 2576812867144 _ . 11060544428612i _—715326-1363735i 1
g1 = , C62 =T Y, 63 = T Y,
_ 390728 17923471 i+1 _—4286124324598i i __819340—2116945i
64 = T y T, ce5 = Y, C66 = T Y,
_ —2441543—1247952i i+1 __ . 32608834+868993i i _ . 211694545702426i i
cer = T y T, ce8 =12 Y, c69 =T Yy,
_ 5377828 —48334331 _ —1053585947494773i _—15913687—2661340i
co = @ y e =T Yy, cr2 =@ Y,
_ 4833433 53778284 _—20747120—8039168i _13416996+25580553i i
cr3 = @ yCr4 =T Yy, c75 =@ Yy,
_ —7330124+433619721¢ i+1 __ 8039168 —6086872i i _ —15369292439706593¢
cre = T y ' ,cr==w Yy, cr8 =1 y
_ 45793465+234084604 i1 _—61162757—16298133i i _ —39706593—106956222i 1
crg = w y ' ,c80 =@ Yy, c81 = Yy,
_ —1008693504+90658089i _ . 197614311—1405759434 __298483661+49917854i
cg2 = T , C83 = @ Y, cg4 = @ Y,
_ —906580894100869350i _ . 3891417504+150787204 _ . —251656554—479799839i i
gy = T ,C86 =@ Yy, 87 =T Yy,
_ 137485196 — 6305870437 i+1 _ —150787204+114171358i 1 _288272400—7447584014
cgg = T y ',cg9 == Y, co0 = Y,
_ — 858929759 —4390596044  i+1 _11472021594305698787i i _74475840142006131918i i
co1 = =z y ', co2 = Yy, co3 =1z Yy,
1891960560 —17004331214% _ —3706565039+2636718961% _—5598525599 9362858401
€94 z ) C95 =T Y, 96 = T Y
1700433121 —18919605607 _ . —7298958720—28282464004 __4720206960489993918414 i
co7 z ; Cog =@ Y, Cg9 =T Yy,
_ —2578751760+11827638241i_ i+1
ci00 = = Yy

Using the above information, the orbits £ (Dy), F\"°) (D), F\“) (Dy),

6.0 (i) (6.0 (z:y) (z.y) (z.y)
£ (Dg), FrY (D nd " (D me, I ively:
) (Ds), F,7y (De) and F 5 (Ds) become, respectively
_ —142i _ . _ L 644i
ci3 = T =T =C,Cl4 =T Yy=y=cy,
—6—Ti, i _ i, i SRS & F A R A A BT A
C15 z Yy =Yy =¢C3,Cp =2 Yy =Ty = C4,.. .,
cor = 1700433121 -1891960560i _ ,. _ c,
—17298958720—2828246400i
Cogg = T "y =y = ca,
__ . 4720206960+8999391841i, i __ i i _
Cgg = T Yy =ry =¢c3,
—2578751760+1182763824 14, i+1 __ i, 1+i _
€100 x Yy =Ty = C4,...,
41—445 —176—64i
Cs = X =X =C, C6 =2 Yy=y=ca,
10842176, i __ i, i _ _ . —68+281i i+1 _ i, 1+i _
Ca7 x Yy =Ty =C3,C8=12 Y =2y = C4ye -0y
cor 1700433121 -1891960560i _ ,. _ e,
—17298958720—28282464007
Cgg = X Yy=y=ca,
47202069604-8999391841i i __ i i _
€99 z Yy =ry =¢c3,
—2578751760+1182763824 14, i+1 __ i, 1+i _
€100 x Yy =y = C4y. ..,
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1700433121 —-1891960560%

Cg7 = X =T = C1,
—7298958720—28282464004
Cgg = T 'y =y = ca,
Co9 = x4720206960+899939184hyz = 2iy’ = ¢,
€100 x72578751760+118276382411yz+1 _ l,zy1+z = cap ..,
and
13745—152884 —59008—22848i
C49 x '=x=c, =2 'y =y = ca,
51 x38136+72753zy1 _ xzyz =3, Cgp = I720872+956012yz+1 — xzy1+z =cCa,....
(i,¢) _ (i,c) _ (i,¢) _ (i,¢) _
So we g;e.t )LF(Ly) (Dg) = 12, L(F(a;,y) (D3) = 96, LF. ) (Dy) = 24, LF.") (Ds) =
i,C _ i,C _
96, LF(E’y) (Dg) = 96 and LF(z’y) (Dg) = 48.

Corollary 3.6. For n = 2% such that k > 2, the length of the period of the
complex-type cyclic-Fibonacci orbit LF" (Dy,) is 6n.

(z,y)
Proof. From the orbit F) (D), we can deduce the following:

(z,y) ’

CiT = X,C =Y, ..,
41445 176643

Cos = T , Cop = X Yyeo oy
13745—15288i —59008—22848i

Cig = T ; C50 = T Yy ooy

_ 4ul1+1—4ulai _ . —4udz—4uryt
Codut1 = x P Cogupr = Ty

where ged (A1, A2) = 1. So we need an v € N such that 4u = mn for 7 € N.

If n = 2F such that k& > 2, then v = 7, and we obtain LF((;’Z)) (Dy) = 24% =

6n. O

4. Conclusion and Discussion

In Section 2, we defined the complex-type cyclic-Fibonacci sequence and
then we obtained the relationships among the elements of the sequence and the
generating matrix of the sequence. Also, we gave the Simpson formula of the
complex-type cyclic-Fibonacci sequence.

In Section 3, we studied the complex-type cyclic-Fibonacci sequence modulo
m. Furthermore, we got the cyclic groups generated by reducing the multi-
plicative orders of the generating matrices and the auxiliary equations of these
sequences modulo m and then, we investigated the orders of these cyclic groups.
Moreover, using the terms of 2-generator groups which is called the complex-
type cyclic-Fibonacci orbit, we redefined the complex-type cyclic-Fibonacci se-
quence. Also, the sequence in finite groups was examined in detail. Finally, for
some n > 2 as applications of the results obtained, we got the lengths of the
periods of the complex-type cyclic-Fibonacci orbits of the dihedral group D,
and we reached the length of the period of the complex-type cyclic-Fibonacci

orbit LF((;’A;)) (D) for n = 2F when k& > 2. One may consider the following
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open question whether or not it is possible to obtain some numerical results
for other values of n and write general formulas for these results.
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