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ABSTRACT. The year 2020 arrives with COVID-19. The pandemic poses
a formidable threat to human existence at onset but is fought with various
measures of which quarantine and hospitalization play a key role. In this
article, a COVID-19 transmission mathematical model is developed to
assess how quarantine and hospitalization aid improvement in the recov-
ery of both asymptomatic and symptomatic infectious individuals during
the toughest period of the pandemic in the year 2020. The basic prop-
erties of the model in terms of positivity and boundedness of solutions
are discussed based on some ample mathematics theorems. The control
reproductive ratio is derived using the next generation matrix approach
and the local and global stabilities are investigated via stability theory
of differential equations, which depend on the size of the derived control
reproductive ratio. Numerical simulation is performed to confirm the an-
alytical results. Findings from the simulation show that quarantine and
hospitalization are helpful in averting imminent destruction posed by the
pandemic in the years 2020 and early 2021 by reducing both COVID-19
transmission and mortality.

Keywords: COVID-19, Quarantine, Hospitalization, Model, Reproductive
ratio.
2020 MSC': 34D23, 92D30, 92B05.

1. Introduction

December 2019 saw the start of a severe respiratory illness in Wuhan, an
11 million-person city in central China. The coronavirus, which was discov-
ered from one patient in January 2020 and later verified in 16 other cases,
was blamed for the sickness [30]. The coronavirus was linked to a zoonotic
source. Specifically, a market in Wuhan, the Huanan Seafood Market, where
live animals were sold, was implicated as the source of the epidemic, as it was
discovered that about 234 out of 425 first confirmed cases were traced to the
market [23]. Later, further assessment of the inherent sequences of the virus
and coronaviruses of bats indicated a 96% resemblance [10,24]. It was the third
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human zoonotic coronavirus evolving in the present century, after the 2002
outbreak of severe acute respiratory syndrome coronavirus (SARS-CoV) which
spread to 37 nations and the 2012 outbreak of Middle East respiratory syn-
drome coronavirus (MERS-CoV) that spread to 27 countries [13,32]. Typical
symptoms and signs of COVID-19 illness include fatigue, persistent dry cough,
fever, difficulty in breathing, and two-sided infiltration of lung in acute cases,
comparable to those triggered by MERS-CoV and SARS-CoV infections [?,3].
Some infected individuals may also exhibit non-respiratory symptoms and signs
like vomiting, nausea and diarrhea [12,16].

The pandemic is still ravaging the world. The incidence and fatality in-
creased astronomically in the early stage of the pandemic in the year 2020 [14].
Within the first four months of the outbreak before May 2020, more than 3
million cases and 230,000 deaths were attributed to COVID-19 and the out-
break spread to more than 210 countries globally [18]. Like other two coron-
aviruses (SARS-CoV and MERS-CoV), COVID-19 (SARS-CoV-2) can spread
from human-to-human through direct contact with infected surfaces or objects
and also, through inhalation of droplet from both asymptomatic and sympto-
matic infected individuals [26,33]. However, unlike SARS-CoV that accounted
for 8 000 confirmed cases and 744 fatalities within just 29 countries and MERS-
CoV which caused 2 519 reported cases and 866 deaths within 27 countries,
COVID-19 established exponential potential both in terms of confirmed cases
and fatalities within few weeks of outbreak [18]. For instance, the first COVID-
19 case was recorded in New York on March 1, 2020 and before the end of March
the number of reported cases had increased to about 70 000 with almost 1 000
fatalities. The confirmed cases of COVID-19 in New York City jumped to over
300 000 and the mortality from the infection increased to 17 000 before the end
of April 2020 [18]. A good number of COVID-19 related mortalities and acute
cases emanated from the elderly (65 years old and above) and individuals with
comorbidities (such as individuals with obesity, hypertension, diabetes, kidney
disease, and other ailments that weaken the immune system such as individ-
uals who have been infected with HIV) [18]. Frontline healthcare personnel
and younger people are also at risk of contracting COVID-19 if they come in
contact with the infectious agents.

Many issues complicated the spread of COVID-19 and intensified challenges
to the control of the disease when it broke out in December 2019. First and
foremost, the source of the disease was unknown, although wild animals such
as civets, bats and minks were implicated for the outbreak of the epidemic [32].
Second, clinical evidence confirmed the incubation period of 2 to 14 days for
the disease [35]. During the incubation, infected persons might not exhibit
any signs or symptoms and might be unaware of their clinical status, yet they
could spread the infection to other individuals [28]. Third, the agent of the dis-
ease was new and there were no certified vaccines or antiviral drugs to combat
the scourge [31]. Consequently, disease management heavily relied on timely
recognition and isolation of confirmed cases. Also, efforts directed towards the
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mitigation and control of the burden of the disease focused on the application
of non-pharmaceutical strategies, such as lockdowns, social distancing, quaran-
tine, using face-masks, isolation, hospitalization, and contact-tracing [18,34].

Many modeling studies have been conducted to gain insight into the dynam-
ics of COVID-19 epidemic. Wu et al. [31] presented a (SEIR) model to analyze
the dynamics, and predicted the global and national transmission of the dis-
ease, according to the reported data from the end of December 2019 to the end
of January 2020. The reproductive ratio for COVID-19 was estimated at 2.68
by the researchers. Read et al. [27] computed 3.1 for the reproductive ratio
of COVID-19 from the data fitted to a model, employing Poisson-distributed
time increments. Tang et al. [29] formulated a model that incorporated dis-
ease progression, epidemiological status of the individuals, and the intervention
strategies. They discovered that the effective reproductive ratio could be as
outrageous as 6.47, and that control measures such as adequate contact trac-
ing, isolation and quarantine could limit the effective reproductive ratio and
the spread of the disease. Imai et al. [21] performed computational model-
ing to compute the magnitude of COVID-19 outbreak in Wuhan city, with an
emphasis on the man-to-man transmission. Their results showed that control
strategies must be strong enough to avert at least 60% spread of COVID-19 be-
fore the menace of the outbreak could be put into proper control. Zhu et al. [19]
formulated an algorithm to examine the infectivity of COVID-19 and forecast
its possible hosts. Their results implicated minks and bats as the two poten-
tial hosts for the virus. Yang and Wang [32] formulated a model to examine
both the environment-to-human and human-to-human transmission pathways
of COVID-19. Their results advocated long-term intervention and prevention
measures as COVID-19 was capable of remaining endemic for as long as pos-
sible. Recent studies on COVID-19 can also be assessed in the literature (see
for example, [1,7,25]).

Hospitalization and quarantine were crucial tools in the fight against the on-
going coronavirus epidemic that paralyzed the world in 2020. The virus posed
a formidable threat to human existence and seemed to have a potential to wipe
out the human race from the surface of the earth by its ability to bring the
world powers to their knees at onset in the year 2020. However, quarantine
and hospitalization brought the hope of defeating COVID-19 and saved man
from imminent destruction. The present paper therefore, presents a mathe-
matical model to examine the effect of quarantine and hospitalization on the
dynamics of COVID-19 since the model published so far have not exclusively
considered the impact of quarantine and hospitalization on the transmission
and spread of COVID-19 especially during the toughest period of the pan-
demic in the year 2020. The study uses a mathematical modeling approach
to assess how quarantine and hospitalization aided improvement in the recov-
ery of both asymptomatic and symptomatic infectious individuals during the
toughest period of COVID-19 pandemic in the year 2020.
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This paper is organised as follows: Section 2 introduces the model formula-
tion and the proofs of some theorems to verify the existence and validity of the
model. The analytical solutions of the model in terms of the equilibria, repro-
ductive ratio and stability are obtained in section 3. Numerical simulation is
carried out in Section 4 to verify the analytical results obtained in this paper.

2. Model Formulation and Basic Properties

The model is developed on the ground that coronavirus can be spread from
human-to-human and from environment-to-human [32]. Besides, since the dis-
ease is highly associated with migration, immigration and quarantine are con-
sidered and those who arrive from other territories are put in quarantine for two
weeks which is the general practice globally. The human population is made
up of seven compartments: the susceptible S, the exposed E, the infected I,
the quarantined @, the hospitalized H, the recovered individuals R and the
contaminated environment V. If per capita probability of arriving from other
territories is 7 then the proportion br are recruited into the quarantine class
for two weeks while the remaining proportion b(1 — ) are recruited into the
susceptible class at the same rate b. Individuals in the exposed and infected
compartments are both infectious while the susceptible individuals can con-
tract the virus from both of them and from the contaminated environment V'
at rates 81, B2 and (3 respectively.

Due to the awareness campaigns and other measures like contact tracing,
some individuals in the exposed class are detected before they become sympto-
matic. If per capita probability of being detected at the exposed stage is o then
the proportion ¢o moves to the quarantine class while the remaining proportion
¢(1—0) moves to the infectious class at the same rate ¢. Individuals who arrive
from other territories that are put in the quarantine class do not interact with
the exposed individuals who are also in the quarantine class and as a result, do
not pick up the virus. Individuals in the infected class are hospitalized at rate
# while disease-induced mortality occurs for the infected and the hospitalized
compartments at rates d; and do respectively. After two weeks, individuals
who arrive from other territories in the quarantine class either move to the
hospitalized class if they test positive to the virus or to the recovered class if
they test negative. Those that are tested negative are moved to the recovered
class and not to the susceptible class because a policy has been put in place
to monitor them from contracting the virus. If per capita probability of being
positive is p then the proportion 7p moves to the hospitalized class while the
remaining proportion 7(1 — p) moves to the recovered class at the same rate 7.
Individuals in the hospitalized class clear the virus and move to the recovered
class at rate a and every individual who is in the recovered class remains in
the class throughout the analysis. Infectious individuals shed pathogens to the
environment at rates ki and ks respectively while the pathogens are removed
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from the environment rate e. Natural mortality occurs in all human compart-
ments at rate pu. The movement between the compartments is illustrated in

Figure 1

o (r+ d)R

Figure 1: The model transfer diagram

FIGURE 1. Transfer diagram of the model.

In view of the stated assumptions and the transfer diagram, the following
set of first-order nonlinear ordinary differential equations are derived.

% =b(1—m)— P1SE — BaIS — B35V — S,
dE

P B1SE + BolS + B3SV — (¢ + ) E,
dl

x =¢o(1—0)E— (0 +di+p)l,

d

d—? =br+ ¢oE — (1 + p)Q,

dH

o =7pQ +0I — (a+ds + p)H,

dR

= =7(1-p)Q+aH — uR,

av

— =k E + kol — €V.
a 18 + Ko €
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The nomenclatures for the parameters are redefined in Table 1 for quick
reference.

TABLE 1. Definition of model parameters.

‘ Parameters ‘ Nomenclatures ‘
b human recruitment rate
7r proportion of individuals who arrived from other territories
51 effective contact rate between those who are exposed and those who are susceptible
B effective contact rate between infected people and those who are susceptible
B3 effective rate of contact between susceptible people and the contaminated environment
0 natural mortality rate in all human classes
) progression rate from asymptomatic stage
o proportion of individuals who are detected at the asymptomatic stage
0 hospitalization rate after being fully symptomatic
dy mortality rate due to infection at symptomatic stage
do mortality rate due to infection during hospitalization or treatment failure rate
T rate of coming out of quarantine
o proportion of individuals who are tested positive to COVID-19 after leaving quarantine
« treatment success rate or recovery rate
ky the rate at which asymptomatic people contribute to the growth of the pathogen
ko the rate at which symptomatic individuals contribute to the pathogen’s expansion
€ rate of pathogen elimination from the environment

The sum of the components of the model at time ¢ is defined by
(8) Nt)=SHt)+EW)+It)+QE)+ H(t)+ R(t) + V(¢),
with the functions (S, E,I,Q,H,R,V), defined on [0,T] : ¥V 0 < t < T, the
system (1)-(7) holds with the initial conditions
(9)
S(0) = Sy, E(0) = Eo,I(0) = I, Q(0) = Qo, H(0) = Hp, R(0) = Ry, V(0) = V.
In Eq.(9), So > 0 represents initial human population before disease out-
break while Eqg, Iy, Qo, Hy, Ry and Vj are positive initial populations in each

compartment. It is obvious that N(¢) in Eq.(8) is made up of two compart-
ments, I' and ¥, human and pathogen populations respectively such that

(10) N(it)=T+4 U,

where

(11) F=S@t)+E@{)+ 1) +Q>) + H(t) + R(t),
and,

(12) U =V(t).

At the onset of the epidemic, it is usually assumed that only the suscepti-
ble exists such that Sy = N(0) > 0 while other populations disappear. The
analysis, however, permits positive initial populations for all the state vari-
ables for the purpose of argument such that Eq.(10) is valid at ¢ = 0 and
N(O) =So+ Eo+ Ip+ Qo+ Ho+ Ry + Wo.
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Eq.(1) expresses changes in the population of the susceptible S(¢) with time.
The second, third and fourth terms on the RHS illustrate the degree at which
the individuals in the susceptible compartment contract the virus by interact-
ing with the exposed and the symptomatic infected individuals as well as the
contaminated environment. The final term in Eq.(1) denotes the natural death
in the susceptible class.

The incubation period for COVID-19 is between 2-14 days [8] and given
the natural death rate p with a life expectancy period of 75 years then, p =
0.000037 per day. With nonexistence of infection, the total human population

b(1 —
A=) _ 5000 000 (e, the value of S at DFE)

Hence, the total susceptible in(fléviduals in a day is b(1 — ) = 111. b(1 — )
is the recruitment within the population only (i.e through birth). It excludes
movement from other territories. The values used for other parameters in the
simulation process are displayed in Table 2.

Lastly, the aggregate mortality caused by the infection could be derived from

in Eq.(11) converges to I' =

(13) F(t) = / (dI(p) + daH (9))dg,
with F(0) = 0.

Existence, Boundedness and Positivity of Solutions. The solutions of
the model are analyzed for the existence, positivity and boundedness properties
which are based on the usual considerations for ODEs, given that the RHS
of the model (1)-(7) is Lipschitz continuous. Subsequently, to establish the
validity of the model biologically, the nonnegativity properties of the model
solutions must be established.

Theorem 2.1. Assuming the initial populations meet the requirement S(0) >
0, E(0) >0, I(0) >0, Q(0) >0, H(0) > 0, R(0) > 0 and V(0) > 0. Therefore,
the solutions (S(t),E(t),1(t),Q(t),H(t),R(t),V(t))of the system are positive and
bounded on the interval [0, T] where the solutions exist.

Proof. Let 0 <t < T and represent by A, the aggregate force of infection,i.e.,
(14) A=PE + Bol + B3V,
where Eq.(10) is valid, i.e.,
N=S+E+I+Q+H+R+V.
It suffices from Eq.(1) that

s

15) > =b(l—m) = AS —uS,

> —=(A+p)S.
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Following variable separable method and integrating on [0, ¢], as well as using
the initial conditions, Eq.(15) becomes

t
(16) S(t) > 5(0)eap (— / A(s)ds — pt) >0,
0
Hence, S(t) > 0 in Eq.(16) since S(0) > 0. Also, in Eq.(2),
dE
a7) LA (b4 wF,
which results in
(18) E(t) > E(0)e~ (¢t > g,
Also, in Eqgs.(3),(4),(5),(6) and (7), it follows that
(19) I(t) > 1(0)e” OThtmt > g,
(20) Q) = Q(0)e™ "M > 0,
(21) H(t) > H(0)e~(aFditmt >
and
(22) R(t) > R(0)e™ " > 0.
Finally,
av
(23) E—]ﬂE—l—kz]—eV,
> —€V.

Hence, V() > V(0)e™¢* > 0. Consequently, the solutions are positive.

Next, the solutions’ boundedness are established which follow directly from
the preceding results that the model solutions are positive. By summing up the
human populations in the system and using Eq.(11), the change in the total
human population I', with time becomes

dr
(24) 7=b—,ur—d1]—d2H.
dt
Hence,
dal’
Therefore,
dr’
— I'<b
at s
such that

t
I(t) < b/ e P9 ds + Toe ™,
0

(=

< —(1—e ") +Toe M.
©
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It is therefore concluded that T'(t) is nonnegative and bounded for all 0 <

t <T. As for the pathogen population, Eq. (7) can be written as
dv
— = (F+1)A—¢€V.
o (E+1) €

Since the population in V' is influenced by the exposed and infected individuals
FE and I. Therefore, it is in order to write

t
() < (E+ I)A/ e~ =)y + Wpe™t,
0

where A = min(ky, ko) and (E+1) <

Tl

% t
K Jo

bA
— (1 — e ) + Wpe .
ep

Since N (t) > 0 and each of the variables S, E,I,Q, H, R and V are positive, it
then follows that all the variables are bounded O

= U(t) < e dy + Woe et

<

Based on the importance of the proof of Theorem 1, the existence and
uniqueness of solutions of the model is therefore stated in the form of a theorem.

Theorem 2.2. The exclusive solution (S(t),E(t),I(t),Q(t),H(t),R(t),V(t)) ex-

ists as long as t > 0. Further, for all t > 0, the solution persists within the set
b bA

QO = {F =I'< —4Tp, =¥ < — + \IIO,} which s not only compact but
1 ep

positively invariant.

The solutions of the model therefore exist and are unique. The global exis-
tence of the solutions therefore follows from the fact that the model is Lipschitz
continuous and the model solutions are bounded.

3. Equilibria, Reproduction Number and Stability

It is easy to notice that the system contains two steady states: an infection-
free equilibrium and an infection-persistence equilibrium. The stability of both
equilibria shall be studied after the reproduction number is derived.

3.1. Reproduction Number and Stability of zero Equilibrium. The
b(1 —
infection-free equilibrium exists when S = Sy = (770 and E=1=Q =

I

H =R =V =0, and is derived by reducing the RHS of the system (1)-(7) to
zero. Furthermore, N = S = Sy, hence, the system reduces to uS = b(1 — 7),
b(1 —m)

which generates Sy = , and other variables varnish.
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Let x = (E,I,V,Q,H,R,S)T, then the system (1)-(7) can be expressed as
dz

(25) = =F-V
where

= ((B1E + B21 + £3V)5,0,0,0,0,0,0)7,
and,

(6 +uE
—¢(L = 0)E+ (0 +di + p)I
—bm — poE 4 (1 + p)Q

Y= —7pQ — 0T + (a+ do + p)H
—7(1-p)Q —aH + pR
—klE — kz[ + eV

—b(1 =) + (1 E + P21 + B3V)So + uSo

To obtain the threshold quantity R., the procedure in [15] is followed and
the system is restricted to the populations of the infectious agents (F,I,V)
only such that

(515’0 B2S0 5350)
(26) F=[o o o |,
0 0 0
( (¢ + 1) 0 0)
(27) Ve |-e(—0) @+di+p o).
—k‘l —kg €
1
5 L
(28) V7= CENICET =T (ET T
k(0 +di + p) + kap(1 — o) ko 1
e(d+p)(@+d+p) €@+di+p) e

B150 n B26(1 — 0)So n k1p2B3So + ka2p(1 — 0)So 250 n k2B3S0 B350

FV-1 = b1 p1p2 0 €p1P2 P2 0 €p2 (6) ,(29)
0 0 0
where

=¢+pand pp=0+di + p.
Therefore, the eigenvalues of Eq.(29) are
B1So n B29(1 —a)So n k1p23So + kad(1 — 0)So
P P1p2 €EP1P2
Then, the control threshold parameter is obtained as

A =

o= A3 = 0.
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(30) Ro= A = B150 n B20(1 — )5 n k1p2B3So + kaop(1 — 0)50.
D1 pip2 €p1p2

It is evident from numerous studies, see for instance, [2,4,5] that the re-
production number Rq is quantified without control measures, which in the
present analysis means o = 0 and # = 0. Ry is therefore derived from R. when
o and @ are set to zero thus

B150 B20So k1B3(dy 4 1) So + ka2¢So
(p+mu) (64 p)(di+ p) e(p+p)(di+p)

Ry and R, are related in a way that when ¢ and 6 are zero, no asymptomatic
individual is quarantined and no symptomatic person is hospitalized, though,
as the analysis is locally around the origin, some quarantine and hospitalized
individuals were likely to exist initially. The following results for equilibria
stability are proposed.

(31) Ro=A\ =

Theorem 3.1. The infection-free equilibrium of the system is locally asymp-
totically stable if R. < 1 but unstable if R, > 1.

Proof. The variational matrix J(Dy) of the system is derived at the infection-
free equilibrium, Dy = (S, 0,0,0,0,0,0) as

—p =15 —B250 0 0 0 —B35
0 —(¢+p)+p5iS B250 0 0 0 0
0 o(l-0)  —(O+di+p) 0 0 00
JDo) = | 0 o 0 —(r+p) 0 o o0 |.62
0 0 0 ™0 —(a+dy+p) 0 0
0 0 0 7(1—p) « —u 0
0 kl k‘z 0 0 0 —€

The characteristic equation of Eq.(32) has five nonpositive eigenvalues: —(0 +
di+p), —(7+p), —e and —p (double). The remaining solutions can be obtained
from

_ (—(@+p) + 1S, B2S
(33) A= ( b1—0) (04 d+ u)) '
In Eq.(33),

tr(A) = —(¢p+ 2u+ 0+ dy) + 5150,

and,
det(A) = (¢ + p)(0 + dy + p) — B1So(0 + di + 1) — B290(1 — 0)So.

The two solutions are nonpositive if ¢r(A) < 0 and det(.A) > 0. Hence, R, <
1 and Dq is locally asymptotically stable if the conditions tr(A) < 0 and
det(A) > 0 are satisfied. If any of the conditions is not fulfilled then one or
both eigenvalues in Eq.(33) is/are positive meaning that Dy is locally unstable
and R. > 1. O
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3.2. Equilibrium and Stability of Nonzero Equilibrium. The infection-
persistence equilibrium of the system is denoted by D* = (S*, E*, I'*,Q*, H*, R*, V™)
such that D* # (5),0,0,0,0,0,0). The RHS of the system (1)-(7) is set to zero

and the resulting equations are solved to find where D* exists. The coordinates

of D* are obtained thus

(34) 5" = i[b(l — ) — (6 + WE),
(35) I = (9+d1+u> E*,
(36) @ = (T,
«_ [TPQ" + 01"
(37) i = (a+d+u> !
(33) R = i[r(l O + ol
« ([k1(0+dy + p) + kop(1 — o) E*
(39) V= ( 1 16(0 +d; qu) >

Combining Eqs.(35),(39) and (2) =
(40)
515*E*+B2¢(1 —0)S*E*  B3[ki(0 +dy + p) + k29(1 — 0)]S*E*

(0 +di + p) €0 +di+p)

—(¢-+u)E" = 0.

There exists two roots in Eq.(40), E* = 0 which relate to the infection-free
equilibrium Dy and

(p+n)
Bag(1 — ) i Balk1(0 +dy + p) + kaop(1 —0)]
(0 +di + p) e@+di+p)

(41) S* =
B+




Modeling the Effect of Quarantine and Hospitalization... — JMMRC Vol. 12, No. 1 (2023) 351

Multiply the numerator and denominator of Eq.(41) by ( Gﬁ:’m then
(42) 5= 2
(43) E*:@ {b(l—w)—/;i)},
e 0 R
(45) @= Tlfu " (¢+/~LQ)SC(IT+M) [b(l_ﬂ)_l;io]’
o e[
(47) R* = M[ 7(1 — p)N1 + N3],
o vebla,
where

=Q*,Ny=1I" and Ny = H*.
In view of Eq.(40) and the fact that the analysis is near the origin then
(49)
B20(1 —0)So  B3lk1(0 + di + p) + kap(1 — 0)] Sy
B1So + +
(0 +di + p) e(@+di +p)

~ 6+ E<0,

(50)

(¢+,LL) { BlSO 52¢(1 — U)SO 53[]g1(9 +dy + N) 4 k2¢(1 o J)]So

G+1)  Gtm@+ditp GO+ d )

1}E§O,

(51) = (¢ + p)[Re —1]E <0.

If R. < 1in Eq.(51) then the only equilibrium that exists around the ori-
gin is infection-free equilibrium which is not only locally asymptotically sta-
ble but globally asymptotically stable. Conversely, if R. > 1 then there ex-
ists a unique infection-persistence equilibrium. The stability of the infection-
persistence equilibrium shall be considered next.

Theorem 3.2. The infection-persistence equilibrium D* = (S*, E*, I*,Q*, H*, R*,V*)
exists, unique and is locally asymptotically stable in the neighborhood of the
infection-free equilibrium Doy whenever R, > 1.

Proof. Let S = 1, F = 29,1 = 23,Q = x4, H = z5,R = x4,V = x7 and
denote x = (21, x2, 23, X4, 5, Te, x7) such that

N =z + 29+ 23+ T4 + 25+ T + 7.
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The model (1)-(7) is then rewritten as

d
d—f =f= (f17f27f3af47f5’f67f7)’

with components f and the model given as

dx
(52) CT; = fi=b(1—m) = Biz122 — Poz123 — 3127 — P2,
dx
(53) CT; = fo = Bia1mo + Box1w3 + Byria7 — (¢ + p)2e,
dx
(54) CT;:f3:¢(1*0)932*(0+d1+u)x3,
dzx
(55) 7; = f4 =bmr + ¢0$2 — (’7‘ -+ u)x4,
d.’[5
(56) E:f5:TpCE4+9x37(oz+d2+u)x5,
dzx
(57) CT: = fo =7(1 — p)rs + axs — pe,
d
(58) % = fr = k1x2 + kax3 — €ex7.

The variational matrix of the model (52)-(58) evaluated at the infection-free
equilibrium DO =X = (.731 = SQ,.IQ = 0,],‘3 = O,$4 = 0,7)5 = 0,$6 = 0,3)7 = 0)
is derived thus

(59)

—H —B1 S0 —B250 0 0 0 —pB35

0 —P1 + ﬁikS() BQSO 0 0 0 0

0 o1 —o0) —p2 0 0 0 0
J* = J(Do)lg=pr = | 0 oo 0 —p3 0 0 0

0 0 0 T —ps 0 0

0 0 0 T1—p) o —p 0

0 kl kz 0 0 0 —€

where p3 = (7 + u) and py = (o + da + p). Assuming 51 = 57 denotes the
bifurcation parameter and R, = 1 represents the bifurcation point. Expressing
G5 the subject of the equation when R, =1 in Eq.(30) then

epip2 — X So

60 1=
( ) 51 p2€SO

where

X = €B20(1 — o) + kip2fB3 + kaop(1 — 0).

Really, 87 = % while R, is a function of 5. The variational matrix J* =

(&
J(Do)|p,=p: consists of a right-eigenvector in terms of zero eigenvalue at
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B7 denoted by
T
W = [wlanaw37w47w57w65w7 )

such that for wg = we > 0, there exists

_ Solp2Bie+ Bagp(l — o)e + (Bskipa + Bskag(1 — 0))]

(61) w1 = D wa,
€p2
(62) Wy = Wo > 0,
1—
(63) wy =207 s 0,
D2
(64) wy = ¢£w2 >0,
b3
0op(1 —
(65) wy = P2TP0T H D300 =)
P2p3pa
(66) ws — [p2paTPo (1l — p) + peaTppo + psab(l — o)) wy > 0
HUP2P3P4 ’
k koo (1 —
(67) wy = P2+ 2¢( U) Wo > 0.
€p2

Also, the variational matrix J* = J(Dy)|s,=p: has a left-eigenvector
vV = [vla V2, V3, V4, Us, Vg, v7]T7

which is related to the zero eigenvalue at 5, = (7 satisfying the condition v.w =
1 such that for vo = vy > 0, there exists v1 = v3 = v4 = v5 = vg = V7.

The related nonzero derivatives of f that exist at the infection-free equilib-
rium Dy are worked out as:

209w weO?
(68) W(o, 0) = 2vpwiws 3%,
2uowi w302
(69) W(Oa 0) = 2vwi w32,
2uowi w702
(70) W(Oa 0) = 2vwywr s,
02w232f2
1 - = .
(7 ) 8.%285{ (O?O) UQ'lUQSO

Item (iv) Theorem 4.1 in [11] is then used to get the final result having
obtained the nonzero derivatives of f at the infection-free equilibrium Dy. Fol-
lowing article (iv), Theorem 4.1 in [11],

7
82
a= Z VW Wj T (0,0),

0x;0x;
ki j=1 L

= 2uowq (w237 + w3 B2 + wrfs).
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Notice that wy < 0 but wy > 0,w3 > 0 and v; > 0 in Egs. (61),(62),(63) and
(67) respectively. Therefore,

(72) a = —2vpwi [wa ] + w3 P2 + wrfB3] <0,
and,
7
92 fi
a= vpw; 7——=—=(0,0),
(73) kﬂ,z:l 0z,;08;
= ’UQU/QSO.

The analytical results of @ and b in Egs. (72) and (73) show that a < 0
and b > 0. It then follows from the same article (iv) in Theorem 4.1 [11] that
there exists a unique infection-persistence equilibrium in the neighborhood of
Dy that is locally asymptotically stable whenever R. > 1 (the condition also
imposes 87 < f1). |

Global Stability Analysis of Nonzero Equilibrium. All along, the sta-
bility analysis has been restricted to the neighborhood of Dy, the infection-free
equilibrium point. If the analysis is extended beyond the neighborhood of Dy
when R, > 1 then we can discuss the global stability of the infection-persistence
equilibrium.

Theorem 3.3. The infection-persistence equilibrium D* of the COVID-19
model is globally asymptotically stable if R. > 1 such that the time derivative

ay

of the Lyapunov function V of the system is negative definite, i.e., u < 0.
Proof. Since the analysis is outside the neighborhood of Dy then the technique
of nonlinear Lyapunov function as in [6,9] can be used to investigate the global

stability of the infection-persistence equilibrium of the model. We therefore
construct the Lyapunov function

(74)
V(S*,E*,I*,Q*",H",R*", V") S — 8% — S*log i) + (E —FE*—FE* logf

(I—I*—S*log?)—i— (Q—Q*—Q*log%*>

H
— H*— H" log H>+ <R—R*—R*log

+

+

V*
_ *_ *1 .
+(V Ve-v ogv>

Direct computation of time derivative of (74) gives

v)

*

)
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v (. 5\ ds E*\ dE Y dI Q*\ dQ

dt(l S>dt+(1 E>dt+(1 >dt+<1 Q)dt
TETEE Ey F -r pe
H ) dt R ) dt V) dt’

Appropriate substitution of (1)-(7) into (75) and ample simplification gives

(75)

dy
—=7Z4+Y,
(76) 7 +Y,
where
(77)

Z=b(1—m) <1)+ (B1SE + B21S + B3SV) ( )

+¢(1—0)E r + (b7 + o E) 1_@ + (1pQ + 61) -
H

Q
) I<;1E+I<;2)( “//)
and,
(78)
I

S E

+p3Q*(1—3*)+p4H*<1—§>+uR*<1—}I§>+ V*( “//*),

with p1 = ¢+ pu,po = 0 +dy + p,p3 = 7+ p and py = o + do + p. Since
D* is a point in Dy, i.e., D* <Dy then S* < S, E* < E, I*"<I1,Q* < Q,H* <
H,R* < R and V* < V. The implication is that Z is positive while YV is
negative if S* < S,E* < B I* < [,Q* < Q,H* < HHR* < Rand V* < V.

d d
Hence, ditj is negative definite, i.e., o < 0if Z < Y. Also, dit} =0 if
S*=S EF"=FEI"=1,Q"*=Q,H"=H,R"=Rand V* =V.
ay

Hence, the singleton {D*} € < (S*, E*, I*,Q*, H*,R*,V*) € Q: i O}

remains the largest compact set, where D* is the infection-persistence equilib-

d
rium of the model. By LaSalle’s invariance principle in [22], dit} <0, Re>1

+(r(1=p)Q +aH) (1

and the infection-persistence equilibrium D* of the model is globally asymp-
totically stable if Z < Y. O

4. Numerical Experiment and Discussion

Simulation is necessary to justify the theoretical results. A group of numbers
that are shown in Table 2, whose sources are from [20,32] as well as assumption,
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is used for the model parameters to conduct the simulation. The definitions
for the parameters have been stated in Table 1.

TABLE 2. Values for the model parameters.

’ Parameters \ Values \ Units
b 125 individual /day
7r 0.112 -
b1 0.035 1/day
B2 0.082 1/day
B3 0.011 1/day
I 0.000037 1/day
o 0.251 1/day
o 0.012 -
0 0.154 1/day
dy 0.017 1/day
do 0.013 1/day
T 0.021 1/day
p 1/7 -
a 1/14 1/day
k1 0.000111 per individual per day
ko 0.077 per individual per day
€ 1 per individual per day per ml

With the values in Table 2, the numerical values for the model equilibria D
and D* are computed, where Dy = (Sy, Eq, 1o, Qo, Ho, Ro, Vo) = (3000000, 0, 0,0, 0,0, 0)
and D* = (S*, E*, I*,Q*, H*, R*,V*) = {1, 24, 35, 669, 83, 548760, 2150727493}
The numerical results for Dy and D* indicate that R, > 1 within the region of
parameter space of consideration. The evidence for R. > 1 is the existence of
D* and the positivity of all the coordinates of D*. As regards the stability of
equilibria of the model, the same parameter values in Table 2 are used to eval-
uate the trace of matrix A (tr(A)) and the determinant of matrix A (det(A))
in Eq.(33). The quantitative values for tr(A) and det(A) in Eq. (33) are 105
000 and -87 000 respectively. Since tr(A) > 0 and det(A) < 0, it is straight-
forward to conclude that the infection-free equilibrium of the model is locally
asymptotically unstable. Hence, It follows that R, > 1 in (51) and there exists
a unique infection-persistence equilibrium which has been proved to be locally
asymptotically stable in Theorem 4 following the approach in [11].

The interpretation of the results is that COVID-19 is sure to spread should
an agent of infection get into the population. The behavior of the ongoing
COVID-19 pandemic has been justified by the stability results of the study.
To date, there is no place where the virus gets to and fails to spread. Partic-
ularly, the virus spread like the harmattan fire in the year 2020. However, the
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infectivity and mortality of the pandemic were checked by quarantine and hos-
pitalization during the period. The effect of quarantine and hospitalization on
the transmission dynamics of COVID-19 is studied quantitatively by changing
the values of quarantine and hospitalization terms (7, o and ) and the results
are displayed in Figure 2. To plot Figure 2, the initial values for the state vari-
ables are taken as S(0) = 9000, E(0) = 2000, I(0) = 150,Q(0) = 900, H(0) =
100, R(0) = 75,V (0) = 10 and the values for the parameters except 7,0 and 6
remain as in Table 2 with the initial human populations measured in thousand
and the initial pathogen population in ml

In Figure 2, it is shown that the populations of individuals in the quarantine
and hospitalized compartments increase continuously (a and b in Figure 2) as
the quarantine and hospitalization terms m,o and 6 increase to 0.611, 0.412
and 0.455 respectively. The populations of individuals in the asymptomatic
and symptomatic compartments firstly rise but begin to drop after a month
and five months respectively (¢ and d in Figure 2). The falling parts of curves
c and d in Figure 2 are due to the continuous rising of curves a and b in Figure
2.

As more and more asymptomatic and symptomatic individuals are quar-
antined and hospitalized respectively (a and b in Figure 2), the populations
of the asymptomatic and symptomatic individuals diminish (falling parts of ¢
and d in Figure 2). Also, a continuous increase in hospitalization (b in Fig-
ure 2) increases the population of the recovered individuals continuously (e in
Figure 2). The results in Figure 2 have captured the behavior of the ongoing
COVID-19 pandemic perfectly especially during the toughest period in 2020.
The population of individuals who were asymptotically and symptomatically
infected in the epicenters (China, Italy and the US) firstly rises but begins to
fall (rising and falling parts of ¢ and d in Figure 2) and the countries were
able to overcome imminent destruction posed by the pandemic at onset with
adequate quarantine of exposed individuals as well as individuals who arrive
from other countries and hospitalization of infectious individuals (@ and b in
Figure 2) as the population of the recovered individuals increases continuously
(e in Figure 2).

5. Conclusion

In this work, the impact of quarantine and hospitalization on the improved
recovery and reduction in the populations of both asymptomatic and sympto-
matic infectious individuals in the ongoing COVID-19 pandemic particularly
during the toughest period of the pandemic in 2020 had been assessed via a
deterministic model of a system of first-order nonlinear ordinary differential
equations. The basic properties of the model in terms of existence, positivity
and boundedness of solutions were proved and the model was then studied qual-
itatively. The control reproductive ratio was obtained and applied to study the
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FI1GURE 2. A simulation showing the effect of increase in the
value of the quarantine and hospitalization terms on the pop-
ulations of quarantine, hospitalized, asymptomatic, sympto-
matic and recovered individuals.

local and global stability of the infection-free and infection-persistence equilib-
ria. The conditions necessary and sufficient for both equilibria to be locally and
globally asymptotically stable were derived in terms of the control reproduc-
tive ratio. Numerical experiment was performed and it was shown that while
the infection-free equilibrium of the model was locally and globally asymptot-
ically unstable, the infection-persistence equilibrium of the model was locally
and globally asymptotically stable. It was also shown from the simulation that



Modeling the Effect of Quarantine and Hospitalization... — JMMRC Vol. 12, No. 1 (2023) 359

the adoption and enhancement of quarantine and hospitalization strategies re-
duced the populations of both asymptomatic and symptomatic individuals but
increased the population of the recovered individuals. The downward slopes
towards zero of the populations of both the asymptomatic and symptomatic
infectious individuals in the simulation revealed that quarantine and hospi-
talization strategies restore the hope of championing the ongoing COVID-19
pandemic particularly during the toughest period of the outbreak in 2020.
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