/@@ Journal of Mahani Mathematical Research
Shahid Bahonar

University of Kerman

Print ISSN: 2251-7952 Online ISSN: 2645-4505

A SUBCLASS OF BI-UNIVALENT FUNCTIONS BY
TREMBLAY DIFFERENTIAL OPERATOR SATISFYING
SUBORDINATE CONDITIONS

S. FADAEI , SH. NAJAFZADEH ~ 2%, AND A. EBADIAN

Article type: Research Article
(Received: 03 August 2022, Received in revised form 25 November 2022)

(Accepted: 28 January 2023, Published Online: 29 January 2023)

ABSTRACT. In this paper, we introduce a newly defined subclass

Sx (¢, v,m; ) of bi-univalent functions by using the Tremblay differential
operator satisfying subordinate conditions in the unit disk. Moreover,
we use the Faber polynomial expansion to derive bounds for the Fekete-
Szegé problem and first two Taylor-Maclaurin coefficients |az| and |ag|
for functions of this class.
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1. Introduction

Let 7 denote the class of analytic functions in the unit disk A = {z € C:
|z| < 1} of the form

o
() f(2) =2+ @ +ags 4= 24 Y ah,
k=2

and let S be the subclass of T consisting of univalent functions in A. The
Koebe-One Quarter Theorem ensures that every function f € S has an inverse
f~1, which

FTHf(R) =2 (z€A) and f(f7H(w) =w, (jw| <7ro(f); ro(f) >
with the power series:
(2) g(w) = fH(w) = w — axw? + (263 — az)w® — (543 — Sagaz + as)w* + - - - .

A function f € T is said to be bi-univalent in A if both f and f~! are
univalent in A. The class of bi-univalent functions are denoted by X. For a brief
of notable investigations of function in ¥, see the pioneering works of Srivastava
et al., [25] (see also [8] and [17]). In a considerable number of consequences of
the aforementioned work by Srivastava et al., [25] several different subclasses
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of ¥, were introduced and studied homogeneously by many authors (see, for
example, [22], [24]).

Previously, Brannan and Taha [9] introduced certain subclasses of bi-univalent
functions in ¥, namely bi-starlike functions of order « indicated by S%(«) and
bi-convex functions of order « indicated by Ky («) corresponding to the classes
of starlike and convex functions denoted by S*(«) and K («), respectively. For
each of the classes, Sg(a) and Kyx(«), non-sharp estimates on the first two
Taylor-Maclaurin coefficients |az| and |ag| were found in [9]. However, one of
the remarkable problem in Geometric Function Theory is determination of the
bounds of the general coefficients |a,, |, which is still an open problem.

Definition 1.1. (see [26]) For two analytic functions f and g in A, we say
that the function f is subordinate to g in A, written

f(2) < g(z) (z€A)
if there exists a Schwarz function w(z) which is analytic in A with
w(0)=0 and w(z)<1l (weA)
such that
f(z) =g(w(z)) (z€A).
In particular, if ¢ is univalent in A, then
f=g<{f(0)=g(0) and f(A)Cg(A)}.
Lemma 1.2. (see [5]) Let
p=1+ Z Pp2z"

n=1

be an analytic function with positive real part in the unit disk A, satisfying
©(0) = 1, ¢'(0) > 0 and symmetric with respect to the real axis. By the
Caratheodory’s lemma (see e.g., [12]), we have |¢,| < 2.

Lemma 1.3. (see [12]) Let u(z) be analytic in the unit disk A with
u(0) =0 and lu(z)] < 1
and suppose that
u(z) = i cp2" (z € U).
Then "
len] <1 (n € N).
Lemma 1.4. (see [14]) Let

o(z) = Z o2t €T
n=1
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be a Schwarz function, so that |p(z)] <1 for |z| < 1. If a« > 0, then
2 + agi] < 1+ (a = Dlgr .

Definition 1.5. (see [23]) For a function f, the fractional derivative of order
v is defined by

L[ f©Q)

D) = | © (>0,
v Jo (=0

where f(z) is an analytic function in a simply-connected region of the complex

z-plane containing the origin and the multiplicity of (z — ¢)7~! is removed by

requiring, log(z — ¢) to be real when z — ¢ > 0.

Definition 1.6. (see [23]) For a function f, the fractional derivative of order
v is defined by

o L d 7 Q)
DU =m0y <),

where the function f(z) is constrained, and the multiplicity of (z — {)™7 is
removed, as in Definition 1.5.

Definition 1.7. (see [23]) Under the hypotheses of Definition 1.6, the fractional
derivative of order (n + ) is defined by

D)= TDIf()} (0<y<1; neNo=NU0}).

As consequences of Definitions 1.5-1.7, we note that

_ I'(n+1)
DI = )y 0; N
= 2 I‘(n+'y+1)z (y>0; neN)
and
L(n+1) _
DYt =) n—y < 1: _
Tz F(n—’y+1)z (0<vy<1l; neN)

Definition 1.8. (see [23]) The Tremblay fractional derivative operator O77
of a function f € T is defined, for all z € A, by

01 1) = 1)

It is clear from Definition 1.8 that, for n = v = 1, we have OL1 f(2) = f(2)
and we can easily see that

ATIDITT f(2) (0<y <0<y < L >0 <y <

(n+n)
3 o n2".
(3) flz) =22+ Z F T )™

The role of Faber polynomials that introduced by Faber, [13], in Geometric
Function Theory is significant. Several authors used Faber polynomial expan-
sions to find coefficient bounds for bi-univalent functions, see [7,10,14,15,21,23].

1).
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By using the Faber polynomial expansion of f € T of the form (1), it’s inverse

map g = f~! is expressed as, [3],
g(w) :f_ _w+z K 0127013,..., n)wn)
where
—n)! —n)!
Kfn _ ( n) ag 1 + ( n) n73a3

LT (Z2n 4 Di(n — 1) 2(—n + D)i(n — 3™
P ) B )
(—2n + 3)!(n — 4)! [2(—n + 2)]!(n — 5)!

n)!
(
|
(= 2n—|§5)l)(n 6)! a2 [a6+( 2n + 5)aza] ;ag ]‘/J’

a2_5 [as + (—n + 2)a3]

+

such that V; with 7 < j < n is a homogeneous polynomial in the variables
as,as, ..., an, [4], and expressions such as (for example) (n)! are symbolically
interpreted as follows:

—mN!=T1-n):=(-n)(-n—-1)(-n—-2)--- (n€Np).

In particular, the first three terms of K", are given by
K 2 = —ag,

gKg = 2a§ —as,

1
Zk§4 = —(5a3 — 5agaz + ay).
In general, for any p € Z = {0, £1, 42, £3, ...}, an expansion of K? is as, [3,26],

p(p P! p!

—1)
K? = pa,, B2+ E3 AT S )
n Pan+1 + 9 n ( 3)|3' -1 + + (p— n)'(n)' ns
where EP = EP(ay,as,...) and, [1],
© m!(a-s)™ - - - an Mn
E?(a27a37"'7an+1):2 ( 27)7 ' 7(7 '+1) for m <n,
~ RN

which a; = 1, and the sum is taken over all non-negative integers 7, ...,n,
satisfying

mtmn+-tn=m,
m+2n+--+nn, =n.

Evidently, E(az, ..., ant1) = a¥, [2,26].
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Definition 1.9. (see [11]) A function f € 3 issaid to be in the class p5 (9,0, ¢), 0 <
¥ < 1,6 € C\ {0} if the following subordinations hold:

L @02 )
' (19Zf’(2) a9 1) < ¢l2)

1/ wg'(w) + 9w’y (w)
and 1+ (ﬁwg'<w>+<1—ﬁ>g<w>

5 - 1) < p(w), (g(w) = f~H(w)).

A function in the class x5 (9, J, ¢) is called both bi-¥-convex function and bi-
¥-starlike function of complex order § of Ma-Minda type, as we know ¢x(1, 4, ¢)
unifies the Starlike class of order §, and also ¢x(0, §, ¢) unifies Convex class of
order 0. (This class was introduced in [11])

2. Results

In this section, we introduce a new subclass of bi-univalent functions sat-
isfying subordinate conditions and defined by Tremblay differential operator.
Also we obtain the coefficient estimates for |as| and |ag| and the Fekete-Szego
problem for functions of the new class.

Definition 2.1. For 0 <9 <1, 0<v<1,0<n<l, n>vand0<n—v<
1, a function f € X is said to be in the subclass Sx(¥,7,7n;¢) if the following
subordination conditions hold true:

1 ( 2(017f(2)) + 922017 £(2)"
02(O27f(2)) + (1 — 9)OP7 f(2)

5 - 1) < p(z)

and

1 ( w(017g(w))" + Yw? (O17g(w)”
Yw (O g(w)) + (1 — 90?7 g(w)

)
Theorem 2.2. For0<9<1,0<y<1,0<n<lp>yand0<n—vy<1,
let the function f € Ss(9,7,1n;¢) be given by (1) Also let

P2 =y (0<a<l).
Then the following coefficient inequalities hold true:

26(141)

ol < {2

\/ 25(y +2)(7 + 1)? }
21+ 20)(n+2)(n+ (v + 1) — (n+ D°(1+ 9)2(7 + 2)

_ 20(y +2)(y + 1)
V20420 +2)(n+ D (y+1) — (n+ D21+ 9)2(y +2)
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and
46%(y + 1) S(y+2)(v+1)
1+9)2(n+1)2 20+29)(n+2)(n+1)
25(y +2)(y+1)2
2(14+20)(n+2)(n+ (v + 1) = (n+1)2(1+9)% (v +2)
d(y+2)(v+1) }: 46%(y +1)? 0(y+2)(y+1)
2(1429)(n+2)(n+1) 1+9)2(m+1)2 20+29)(n+2)(n+1)

Proof. Let f € Su(9,7,1n;¢) given by (1). From (3) we have
1/ 2(027f(2)) +022(027 f(2))"
“5(seor s a-noria )
_ 4 ErE+ ) +9) o (27(1 +2OT(EE+n)
onl'(mI(2 +7) dnl'(mI(3 + )
A H9)T() T2+ 77)2(12) 2
SPT(n)?T(2+7)2 72

and for it’s inverse map, g = f~!, by (2) we have

las| < min{

1 ( w(Og(w)' + 9w (0P 7g(w))” 1) _ Erean+Y)

5 ﬁw((’)g’vg(w))/ + (1 —=9)0?"7g(w) onl'(mI'(2 +7)
V(1 +9)°T ()0 (2 + ) 2)22

(27(1 + 29T (Y)T'(3+n) (202 — ag) — o2
T (mI'(2++?)

nl'(m)T(3 + )

On the other hand, by Lemma 1.3 for f € Ss(9,7,m;¢) and ¢ € P there are
two Schwarz functinos

and
v(w) = Z dpw"

such that

1( 2(017f(2)) + 022017 f(2))"
4 = ; —1) =¢(u(z
@ 6<19z(c92”f(z)) + (1 =902 f(z) ) #lulz))
and

L( w(O2g(w))" +9w? (017 g(w))"
5 14— ; —1) =¢(v(w
) * o <19w((97z7”g(w)) + (1 =907 g(w) > #lo(w))
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where

(6) p(u(2)) =143 Y opEf(c1, ¢, .00 00) 2"
n=1k=1

and

(7) pw@) =1+ 3 S B (dr, da, . dy )",
n=1k=1

By compairing (4) and (6) we can find that

LI+ +9)

®) In(n)T(2+ ) az = P11,
9)
onT' (T3 + ) 3 52T (n)20(2 + )2 2| = p1c62 picq,

and similarly from (5) and (7) we obtain

A TOTE + (1L + 0)

1o IR R
(B s 1)y, FOLITOITC 07 5)
()T (3 +7) 2 SPT(n)?T(2+7)2 7
(11) = p1dy + apid;.

From (8) or (10) we obtain

(12) |z ‘ p1e15(1 4 7) }

(L+n)(1+7)
Adding (9) and (2) implies

’ ©1d16(1+7) ’ 20(1 + )
(IT+nA+9)| ~ 1+nA+9)

§(v+2)(v+1) 6(y+1)?
(13) +apy(c? + d?),

(4(1 +20)(n+2)(n+1)  2(n+1)*(1+ 19)2)@ = p1(c2 + d2)

which, upon taking the moduli of both sides, yields

A1+20)(+2)(+1) 20+ 1A +9)%\ 5 .
( S(y+2)(v+1) - S(y+1)2 >a2 —<P1[|Cz+acl|

(14) +|d2 + ad%”.
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Thus, by using Lemma 1.4, we obtain

414+20)(n+2)(n+1)  2(n+1)%(1+9)2 2 9
( S+ +1) sy +1)p >|a2 = @11+ (= Dley]
+ 1+ (—1)|di]?]
(15) < 2¢1.

Therefore,

0] < 26(y+2)(y +1)2
V220 2+ DO+ 1) -+ DAL +0)2( +2)
Next, by substract (2) from (9), we get

A1 +20)(n+2)(n+1)
o(y+2)(y+1)

(16)

(17) (as — a3) = p1(ca — da) + pa(ci — d})

or
|p1(c2 — da)|0(y +2)(v + 1)
(1+29)(n+2)(n+1)
Sy +2)(v+ 1)
(14+29)(n+2)(n+1)
Upon substituting the value of |as| from (12) and (16) into (18), it follows that

46%(y +1)2 S(y+2)(v+1)
L+9)2(n+1)2  2(1+29)(n+2)(n+1)

(18) |as| =as|* +

< |Cl2|2 + 5

las| <
(

and

as] < 20(y +2)(y + 1)°
T2 +20)(n+2)(n+ v+ 1) = (n+ 1)1+ 9)% (v +2)
(v +2)(v+1)
2(1+29)(n+2)(n+1)

O

Theorem 2.3. For0<9<1,0<v<1,0<n<L,p>yand0<n—vy<1,
let the function f € Ss(9,7v,n;¢) be given by (1). Also let

Y2 = apl (0<a<l),

we have
20(L+0)(v+ (v +2)
—2a3| <
a3 — 23] < (1+20)(n+2)(n+1)
and also,
2 1
|a3_a§|< 6(7—’_ )(’Y+ )

“20+29)(n+2)(n+1)
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Proof. If we rewrite (2) as

(27(1 +29)I'(7)L'(3 + 1)
onl'(n)I'(3 +7)

-2 ¢ ALITONC 1) )

SPT(IT(2+7)2 2
= —(p1da + pad?)

and therefore
20(1+0) (v + 1) (v +2)

1+29)(n+2)(n+1)°
Solving (17) for (a3 — a3), we obtain

p1(ca —da) + ot —d)(y+2(v+1) _  d(y+2(y+1)

las — 2a§| <

lag—a3| =

41429 (n+2)(n+1) “ 20+ 29)(n+2)(n+1)
O

Corollary 2.4. By lettingn =~y =0 =1 in Theorem 2.2, we obtain estimates
for |az| given in [11] and [6].

Corollary 2.5. By takingn =~y =0 =1 in Theorem 2.2, we get an improv-
ment of the estimates for |ag — a3| given in [19] and [18].

3. Conclusion

The operator defined was motivated by various work studied earlier by the
researchers. This operator can be generalized further and many other geo-
metric properties can be obtained. Also by using other polynomials such as
Chebyshev, Hohlo, Gegenbauer, Lucas polynomials many other results can be
find. [16,20,27]
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