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Abstract. In this paper, we introduce a newly defined subclass
SΣ(ϑ, γ, η;φ) of bi-univalent functions by using the Tremblay differential
operator satisfying subordinate conditions in the unit disk. Moreover,
we use the Faber polynomial expansion to derive bounds for the Fekete-
Szegö problem and first two Taylor-Maclaurin coefficients |a2| and |a3|
for functions of this class.
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1. Introduction
Let T denote the class of analytic functions in the unit disk ∆ = {z ∈ C :

|z| < 1} of the form

f(z) = z + a2z
2 + a3z

3 + · · · = z +

∞∑
k=2

akz
k,(1)

and let S be the subclass of T consisting of univalent functions in ∆. The
Koebe-One Quarter Theorem ensures that every function f ∈ S has an inverse
f−1, which

f−1(f(z)) = z, (z ∈ ∆) and f(f−1(w)) = w,
(
|w| < r0(f); r0(f) ≥

1

4

)
with the power series:
(2) g(w) = f−1(w) = w− a2w

2 + (2a22 − a3)w
3 − (5a32 − 5a2a3 + a4)w

4 + · · · .
A function f ∈ T is said to be bi-univalent in ∆ if both f and f−1 are

univalent in ∆. The class of bi-univalent functions are denoted by Σ. For a brief
of notable investigations of function in Σ, see the pioneering works of Srivastava
et al., [25] (see also [8] and [17]). In a considerable number of consequences of
the aforementioned work by Srivastava et al., [25] several different subclasses
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of Σ, were introduced and studied homogeneously by many authors (see, for
example, [22], [24]).

Previously, Brannan and Taha [9] introduced certain subclasses of bi-univalent
functions in Σ, namely bi-starlike functions of order α indicated by S∗

Σ(α) and
bi-convex functions of order α indicated by KΣ(α) corresponding to the classes
of starlike and convex functions denoted by S∗(α) and K(α), respectively. For
each of the classes, S∗

Σ(α) and KΣ(α), non-sharp estimates on the first two
Taylor-Maclaurin coefficients |a2| and |a3| were found in [9]. However, one of
the remarkable problem in Geometric Function Theory is determination of the
bounds of the general coefficients |an|, which is still an open problem.

Definition 1.1. (see [26]) For two analytic functions f and g in ∆, we say
that the function f is subordinate to g in ∆, written

f(z) ≺ g(z) (z ∈ ∆)

if there exists a Schwarz function w(z) which is analytic in ∆ with
w(0) = 0 and w(z) < 1 (w ∈ ∆)

such that
f(z) = g(w(z)) (z ∈ ∆).

In particular, if g is univalent in ∆, then
f ≺ g ⇐⇒

{
f(0) = g(0) and f(∆) ⊆ g(∆)

}
.

Lemma 1.2. (see [5]) Let

φ = 1 +

∞∑
n=1

φnz
n

be an analytic function with positive real part in the unit disk ∆, satisfying
φ(0) = 1, φ′(0) > 0 and symmetric with respect to the real axis. By the
Caratheodory’s lemma (see e.g., [12]), we have |φn| ≤ 2.

Lemma 1.3. (see [12]) Let u(z) be analytic in the unit disk ∆ with
u(0) = 0 and |u(z)| < 1

and suppose that

u(z) =

∞∑
n=1

cnz
n (z ∈ U).

Then
|cn| ≤ 1 (n ∈ N).

Lemma 1.4. (see [14]) Let

φ(z) =

∞∑
n=1

φnz
n ∈ T
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be a Schwarz function, so that |φ(z)| < 1 for |z| < 1. If α ≥ 0, then
|φ2 + αφ2

1| ≤ 1 + (α− 1)|φ1|2.

Definition 1.5. (see [23]) For a function f , the fractional derivative of order
γ is defined by

Dγ
z f(z) =

1

Γ(γ)

∫ z

0

f(ζ)

(z − ζ)1−γ
dζ (γ > 0),

where f(z) is an analytic function in a simply-connected region of the complex
z-plane containing the origin and the multiplicity of (z − ζ)γ−1 is removed by
requiring, log(z − ζ) to be real when z − ζ > 0.

Definition 1.6. (see [23]) For a function f , the fractional derivative of order
γ is defined by

Dγ
z f(z) =

1

Γ(1− γ)

d

dz

∫ z

0

f(ζ)

(z − ζ)γ
dζ (0 ≤ γ < 1),

where the function f(z) is constrained, and the multiplicity of (z − ζ)−γ is
removed, as in Definition 1.5.

Definition 1.7. (see [23]) Under the hypotheses of Definition 1.6, the fractional
derivative of order (n+ γ) is defined by

Dn+γ
z f(z) =

dn

dzn
{Dγ

z f(z)} (0 ≤ γ < 1; n ∈ N0 = N ∪ {0}).

As consequences of Definitions 1.5-1.7, we note that

D−γ
z zn =

Γ(n+ 1)

Γ(n+ γ + 1)
zn+γ (γ > 0; n ∈ N)

and
Dγ

z z
n =

Γ(n+ 1)

Γ(n− γ + 1)
zn−γ (0 ≤ γ < 1; n ∈ N).

Definition 1.8. (see [23]) The Tremblay fractional derivative operator Oη,γ
z

of a function f ∈ T is defined, for all z ∈ ∆, by

Oη,γ
z f(z) =

Γ(γ)

Γ(η)
z1−γDη−γ

z zη−1f(z) (0 < γ ≤ 1; 0 < η ≤ 1; η > γ; 0 < η−γ < 1).

It is clear from Definition 1.8 that, for η = γ = 1, we have O1,1
z f(z) = f(z)

and we can easily see that

(3) Oη,γ
z f(z) =

η

γ
z +

∞∑
n=2

Γ(γ)Γ(n+ η)

Γ(η)Γ(n+ γ)
anz

n.

The role of Faber polynomials that introduced by Faber, [13], in Geometric
Function Theory is significant. Several authors used Faber polynomial expan-
sions to find coefficient bounds for bi-univalent functions, see [7,10,14,15,21,23].
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By using the Faber polynomial expansion of f ∈ T of the form (1), it’s inverse
map g = f−1 is expressed as, [3],

g(w) = f−1(w) = w +

∞∑
n=2

1

n
K−n

n−1(a2, a3, ..., an)w
n,

where

K−n
n−1 =

(−n)!

(−2n+ 1)!(n− 1)!
an−1
2 +

(−n)!

[2(−n+ 1)]!(n− 3)!
an−3
2 a3

+
(−n)!

(−2n+ 3)!(n− 4)!
an−4
2 a4 +

(−n)!

[2(−n+ 2)]!(n− 5)!
an−5
2

[
a5 + (−n+ 2)a23

]
+

(−n)!

(−2n+ 5)!(n− 6)!
an−6
2

[
a6 + (−2n+ 5)a3a4

]
+

∑
j≥7

an−j
2 Vj ,

such that Vj with 7 ≤ j ≤ n is a homogeneous polynomial in the variables
a2, a3, ..., an, [4], and expressions such as (for example) (n)! are symbolically
interpreted as follows:

−(n)! ≡ Γ(1− n) := (−n)(−n− 1)(−n− 2) · · · (n ∈ N0).

In particular, the first three terms of K−n
n−1 are given by

1

2
K−2

1 = −a2,

1

3
K−3

2 = 2a22 − a3,

1

4
k−4
3 = −(5a32 − 5a2a3 + a4).

In general, for any p ∈ Z = {0,±1,±2,±3, ...}, an expansion of Kp
n is as, [3,26],

Kp
n = pan+1 +

p(p− 1)

2
E2

n +
p!

(p− 3)!3!
E3

n−1 + · · ·+ p!

(p− n)!(n)!
En

n ,

where Ep
n = Ep

n(a2, a3, ...) and, [1],

Em
n (a2, a3, · · · , an+1) =

∞∑
n=2

m!(a2)
η1 · · · (an+1)

ηn

η1! · · · ηn!
for m ≤ n,

which a1 = 1, and the sum is taken over all non-negative integers η1, ..., ηn
satisfying

η1 + η2 + · · ·+ ηn = m,

η1 + 2η2 + · · ·+ nηn = n.

Evidently, En
n(a2, ..., an+1) = an2 , [2, 26].
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Definition 1.9. (see [11]) A function f ∈ Σ is said to be in the class φΣ(ϑ, δ, φ), 0 ≤
ϑ ≤ 1, δ ∈ C \ {0} if the following subordinations hold:

1 +
1

δ

(
zf ′(z) + ϑz2f ′′(z)

ϑzf ′(z) + (1− ϑ)f(z)
− 1

)
≺ φ(z)

and 1 +
1

δ

(
wg′(w) + ϑw2g′′(w)

ϑwg′(w) + (1− ϑ)g(w)
− 1

)
≺ φ(w), (g(w) := f−1(w)).

A function in the class φΣ(ϑ, δ, φ) is called both bi-ϑ-convex function and bi-
ϑ-starlike function of complex order δ of Ma-Minda type, as we know φΣ(1, δ, φ)
unifies the Starlike class of order δ, and also φΣ(0, δ, φ) unifies Convex class of
order δ. (This class was introduced in [11])

2. Results
In this section, we introduce a new subclass of bi-univalent functions sat-

isfying subordinate conditions and defined by Tremblay differential operator.
Also we obtain the coefficient estimates for |a2| and |a3| and the Fekete-Szegö
problem for functions of the new class.

Definition 2.1. For 0 ≤ ϑ ≤ 1, 0 < γ ≤ 1 , 0 < η ≤ 1, η > γ and 0 < η−γ <
1, a function f ∈ Σ is said to be in the subclass SΣ(ϑ, γ, η;φ) if the following
subordination conditions hold true:

1 +
1

δ

(
z
(
Oη,γ

z f(z)
)′
+ ϑz2

(
Oη,γ

z f(z)
)′′

ϑz
(
Oη,γ

z f(z)
)′
+ (1− ϑ)Oη,γ

z f(z)
− 1

)
≺ φ(z)

and

1 +
1

δ

(
w
(
Oη,γ

z g(w)
)′
+ ϑw2

(
Oη,γ

z g(w)
)′′

ϑw
(
Oη,γ

z g(w)
)′
+ (1− ϑ)Oη,γ

z g(w)
− 1

)
≺ φ(w), (g(w) = f−1(w)).

Theorem 2.2. For 0 ≤ ϑ ≤ 1, 0 < γ ≤ 1, 0 < η ≤ 1, η > γ and 0 < η− γ < 1,
let the function f ∈ SΣ(ϑ, γ, η;φ) be given by (1) Also let

φ2 = αφ1 (0 < α ≤ 1).

Then the following coefficient inequalities hold true:

|a2| ≤ min

{
2δ(1 + γ)

(1 + η)(1 + ϑ)
,√

2δ(γ + 2)(γ + 1)2

2(1 + 2ϑ)(η + 2)(η + 1)(γ + 1)− (η + 1)2(1 + ϑ)2(γ + 2)

}

=

√
2δ(γ + 2)(γ + 1)2

2(1 + 2ϑ)(η + 2)(η + 1)(γ + 1)− (η + 1)2(1 + ϑ)2(γ + 2)
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and

|a3| ≤ min

{
4δ2(γ + 1)2

(1 + ϑ)2(η + 1)2
+

δ(γ + 2)(γ + 1)

2(1 + 2ϑ)(η + 2)(η + 1)

,
2δ(γ + 2)(γ + 1)2

2(1 + 2ϑ)(η + 2)(η + 1)(γ + 1)− (η + 1)2(1 + ϑ)2(γ + 2)

+
δ(γ + 2)(γ + 1)

2(1 + 2ϑ)(η + 2)(η + 1)

}
=

4δ2(γ + 1)2

(1 + ϑ)2(η + 1)2
+

δ(γ + 2)(γ + 1)

2(1 + 2ϑ)(η + 2)(η + 1)

Proof. Let f ∈ SΣ(ϑ, γ, η;φ) given by (1). From (3) we have

1 +
1

δ

(
z
(
Oη,γ

z f(z)
)′
+ ϑz2

(
Oη,γ

z f(z)
)′′

ϑz
(
Oη,γ

z f(z)
)′
+ (1− ϑ)Oη,γ

z f(z)
− 1

)
= 1 +

γΓ(γ)Γ(2 + η)(1 + ϑ)

δηΓ(η)Γ(2 + γ)
a2z +

(
2γ(1 + 2ϑ)Γ(γ)Γ(3 + η)

δηΓ(η)Γ(3 + γ)
a3

− γ2(1 + ϑ)2Γ(γ)2Γ(2 + η)2

δη2Γ(η)2Γ(2 + γ)2
a22

)
z2 + · · ·

and for it’s inverse map, g = f−1, by (2) we have

1 +
1

δ

(
w
(
Oη,γ

z g(w)
)′
+ ϑw2

(
Oη,γ

z g(w)
)′′

ϑw
(
Oη,γ

z g(w)
)′
+ (1− ϑ)Oη,γ

z g(w)
− 1

)
= 1− γΓ(γ)Γ(2 + η)(1 + ϑ)

δηΓ(η)Γ(2 + γ)
a2z

+

(
2γ(1 + 2ϑ)Γ(γ)Γ(3 + η)

δηΓ(η)Γ(3 + γ)
(2a22 − a3)−

γ2(1 + ϑ)2Γ(γ)2Γ(2 + η)2

δη2Γ(η)Γ(2 + γ2)
a22

)
z2

+ · · · .

On the other hand, by Lemma 1.3 for f ∈ SΣ(ϑ, γ, η;φ) and φ ∈ P there are
two Schwarz functinos

u(z) =

∞∑
n=1

cnz
n

and

v(w) =

∞∑
n=1

dnw
n

such that

(4) 1 +
1

δ

(
z
(
Oη,γ

z f(z)
)′
+ ϑz2

(
Oη,γ

z f(z)
)′′

ϑz
(
Oη,γ

z f(z)
)′
+ (1− ϑ)Oη,γ

z f(z)
− 1

)
= φ(u(z))

and

(5) 1 +
1

δ

(
w
(
Oη,γ

z g(w)
)′
+ ϑw2

(
Oη,γ

z g(w)
)′′

ϑw
(
Oη,γ

z g(w)
)′
+ (1− ϑ)Oη,γ

z g(w)
− 1

)
= φ(v(w))



A Subclass of bi-univalent functions by Tremblay ... – JMMR Vol. 12, No. 2 (2023) 437

where

(6) φ(u(z)) = 1 +

∞∑
n=1

n∑
k=1

φkE
k
n(c1, c2, ..., cn)z

n

and

(7) φ(v(w)) = 1 +

∞∑
n=1

n∑
k=1

φkE
k
n(d1, d2, ..., dn)w

n.

By compairing (4) and (6) we can find that

(8) γΓ(γ)Γ(2 + η)(1 + ϑ)

δηΓ(η)Γ(2 + γ)
a2 = φ1c1,

(9)(
2γ(1 + 2ϑ)Γ(γ)Γ(3 + η)

δηΓ(η)Γ(3 + γ)
a3 −

γ2(1 + ϑ)2Γ(γ)2Γ(2 + η)2

δη2Γ(η)2Γ(2 + γ)2
a22

)
= φ1c2 + αφ1c

2
1,

and similarly from (5) and (7) we obtain

(10) − γΓ(γ)Γ(2 + η)(1 + ϑ)

δηΓ(η)Γ(2 + γ)
a2 = φ1d1,

(
2γ(1 + 2ϑ)Γ(γ)Γ(3 + η)

δηΓ(η)Γ(3 + γ)
(2a22 − a3)−

γ2(1 + ϑ)2Γ(γ)2Γ(2 + η)2

δη2Γ(η)2Γ(2 + γ)2
a22

)

(11) = φ1d2 + αφ1d
2
1.

From (8) or (10) we obtain

(12) |a2| =
∣∣∣∣ φ1c1δ(1 + γ)

(1 + η)(1 + ϑ)

∣∣∣∣ = ∣∣∣∣ φ1d1δ(1 + γ)

(1 + η)(1 + ϑ)

∣∣∣∣ ≤ 2δ(1 + γ)

(1 + η)(1 + ϑ)
.

Adding (9) and (2) implies

(
4(1 + 2ϑ)(η + 2)(η + 1)

δ(γ + 2)(γ + 1)
− 2(η + 1)2(1 + ϑ)2

δ(γ + 1)2

)
a22 = φ1(c2 + d2)

+αφ1(c
2
1 + d21),(13)

which, upon taking the moduli of both sides, yields

(
4(1 + 2ϑ)(η + 2)(η + 1)

δ(γ + 2)(γ + 1)
− 2(η + 1)2(1 + ϑ)2

δ(γ + 1)2

)
|a2|2 = φ1

[
|c2 + αc21|

+ |d2 + αd21|
]
.(14)
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Thus, by using Lemma 1.4, we obtain

(
4(1 + 2ϑ)(η + 2)(η + 1)

δ(γ + 2)(γ + 1)
− 2(η + 1)2(1 + ϑ)2

δ(γ + 1)2

)
|a2|2 = φ1

[
1 + (α− 1)|c1|2

+ 1 + (α− 1)|d1|2
]

≤ 2φ1.(15)

Therefore,

(16) |a2| ≤

√
2δ(γ + 2)(γ + 1)2

2(1 + 2ϑ)(η + 2)(η + 1)(γ + 1)− (η + 1)2(1 + ϑ)2(γ + 2)
.

Next, by substract (2) from (9), we get

(17) 4(1 + 2ϑ)(η + 2)(η + 1)

δ(γ + 2)(γ + 1)
(a3 − a22) = φ1(c2 − d2) + φ2(c

2
1 − d21)

or

|a3| =|a2|2 +
|φ1(c2 − d2)|δ(γ + 2)(γ + 1)

(1 + 2ϑ)(η + 2)(η + 1)
(18)

≤ |a2|2 +
δ(γ + 2)(γ + 1)

2(1 + 2ϑ)(η + 2)(η + 1)
.

Upon substituting the value of |a2| from (12) and (16) into (18), it follows that

|a3| ≤
4δ2(γ + 1)2

(1 + ϑ)2(η + 1)2
+

δ(γ + 2)(γ + 1)

2(1 + 2ϑ)(η + 2)(η + 1)

and

|a3| ≤
2δ(γ + 2)(γ + 1)2

2(1 + 2ϑ)(η + 2)(η + 1)(γ + 1)− (η + 1)2(1 + ϑ)2(γ + 2)

+
δ(γ + 2)(γ + 1)

2(1 + 2ϑ)(η + 2)(η + 1)
.

□

Theorem 2.3. For 0 ≤ ϑ ≤ 1, 0 < γ ≤ 1, 0 < η ≤ 1, η > γ and 0 < η− γ < 1,
let the function f ∈ SΣ(ϑ, γ, η;φ) be given by (1). Also let

φ2 = αφ1 (0 < α ≤ 1),

we have
|a3 − 2a22| ≤

2δ(1 + δ)(γ + 1)(γ + 2)

(1 + 2ϑ)(η + 2)(η + 1)

and also,

|a3 − a22| ≤
δ(γ + 2)(γ + 1)

2(1 + 2ϑ)(η + 2)(η + 1)
.
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Proof. If we rewrite (2) as(
2γ(1 + 2ϑ)Γ(γ)Γ(3 + η)

δηΓ(η)Γ(3 + γ)
(a3 − 2a22) +

γ2(1 + ϑ)2Γ(γ)Γ(2 + η)

δη2Γ(η)2Γ(2 + γ)2
a22

)
= −(φ1d2 + φ2d

2
1)

and therefore
|a3 − 2a22| ≤

2δ(1 + δ)(γ + 1)(γ + 2)

(1 + 2ϑ)(η + 2)(η + 1)
.

Solving (17) for (a3 − a22), we obtain

|a3−a22| =
|φ1(c2 − d2) + φ2(c

2
1 − d21)|δ(γ + 2)(γ + 1)

4(1 + 2ϑ)(η + 2)(η + 1)
≤ δ(γ + 2)(γ + 1)

2(1 + 2ϑ)(η + 2)(η + 1)
.

□
Corollary 2.4. By letting η = γ = δ = 1 in Theorem 2.2, we obtain estimates
for |a2| given in [11] and [6].

Corollary 2.5. By taking η = γ = δ = 1 in Theorem 2.2, we get an improv-
ment of the estimates for |a3 − a22| given in [19] and [18].

3. Conclusion
The operator defined was motivated by various work studied earlier by the

researchers. This operator can be generalized further and many other geo-
metric properties can be obtained. Also by using other polynomials such as
Chebyshev, Hohlo, Gegenbauer, Lucas polynomials many other results can be
find. [16,20,27]
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