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ABSTRACT. In recent years, many researches have been done on the tgs-
convex functions and their applications. In this article, we present some
properties of the tgs-convex functions by interesting examples. Then we
investigate the non-positive property of the tgs-convex functions. Also,
we derive types of the Jensen’s inequality for the tgs-convex functions
and obtain several inequalities with respect to the Jensen’s inequality.
Finally, we give some applications of these inequalities.
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1. Introduction and Preliminaries

Recently, many researchs and surveis have been published on mathematical
inequalities and their applications in ergodic theory (see [11,12,14,20-22])and
convex analysis (see [1,3-8,13,15-19,23,24]). In the last few decades, mathe-
matical inequalities and their generalization for convex functions have attracted
wide attention. Convex analysis has an important role in the development of
inequalities theory. Applying the convexity property of functions, researchers
have extracted many inequality theories. In fact, the convexity property of
functions is base of some inequalities such as the arithmetic mean, harmonic
mean inequality also in inequality with respect to entropies including Shannon’s
inequality, Ky Fan’s inequality and etc. In applied literature of mathematical
inequalities, the Jensen inequality is a well-known, paramount, and extensively
used inequality. This inequality is as follows: Let f : I — R be a convex
function. Then the inequality

FO piw) < pif(x)
=1 =1

holds for every convex combination Y., p;z; of points z; € I. Recently,
generalizations and improvements of Jensen’s inequality have been considered
by many researchers. It has been generalized to some functions including, s-
convex, m-convex, etc. The concept of the tgs-convex functions was introduced
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by the authors in [25]. They have obtained some results on these functions.
Here we examine this definition and conclude the only non-negative tgs-convex
function is zero. In fact, we prove that any tgs-convex function is non-positive.
Hence, we assume that f is an arbitrary function that means that f is not
necessarily non-negative. In this paper, we try to find Jensen’s inequality for
tgs-convex functions. Also, we obtain some inequalities with respect to Jensen’s
inequality with some applications.

Definition 1.1. Let I C R be an interval. A function f : I — R is said to
be convex if the inequality

fOz 4+ (1 =Ny) <Af(z)+ (1= XN f(y)
holds for every z,y € I and every A € [0,1].

The following definition for non-negative functions can be found in ( [9], [16],
23], [24] [25)).

Definition 1.2. Let f : I C R — R be a function. The function f is called a
tgs-convex function on I if the inequality

[tz + (1 =t)y) <t =) (f(z) + fy))

holds for all z,y € I and ¢ € (0,1).
Notice that in this definition, the non-negativity costraint on f is removed.

Definition 1.3. Let x1,...,2, € I be n points, and let py,...,p, € [0,1] be n
coefficients such that Z?Zl p; = 1. The summmation EZ;I p;x; is called the
convex combination of points z; (with coefficients p;).

2. Results and proofs
First, we prove that tgs-convex functions cannot be positive.

Proposition 2.1. Let f: I CR — R be a tgs-convex function. Then f < 0.

Proof. Suppose that t =y € [ and t = % Since f is a tgs-convex, we have
1 1 1
— o)< 2
fGe+ 59) < 7 (/@)
that is, f(z) <0 for every z. |

Remark 2.2. Let f: I CR — R be a non-negative tgs-convex function. Then,

f=0.
Lemma 2.1 introduces an example of tgs-convex functions.

Lemma 2.3. Fora > 1, let f : [a,b] = R be a function defined by f(z) =
—logx. Then f is a tgs-convex function.
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Proof. Let x,y € [a,b] and 0 < t < 1 be arbitrary. Since a > 1, we have
z,y > 1. Hence, z'(1=1) < 2t and 3*—* < ¢'~*. Thus

(1) (2y) 17D = A= t1=0) < gty t1=t) < gty 1t
On the other hand, by Young’s inequality, we have
oyt <tx + (1 —t)y.
Then by Equation (2.1), we obtain
(zy) D < tx + (1 —t)y.

Hence,
log((xy)" ™" < log(t + (1 — t)y),
we get
t(1 —t)(logz +logy) <log(tz + (1 —t)y),
and also,

—log(tz + (1 —t)y) < t(1 —t)(—loga — logy).
O

In the following, we consider the relationship between convex functions and
tgs-convex functions in view of Definition 1.2.

Theorem 2.4. Let f: I CR — R be a negative convex function. Then f is a
tgs-convex function.

Proof. Let t € [0,1] and z,y € I. Then t(1 —¢t) <t, t(1 —¢) <1 —t. Since

f <0, wegettf(r)<t(l—1t)f(z)and (1 —1)f(y) <t(1l—1t)f(y). Hence
fltz+ (1 =t)y) <tf(z)+ (1 —1)f(y)

<t —t)f(z) +t(1 —1)f(y)

t1 =) (f(z) + f(y)).

Example 2.5. The function f(x) = —/x on [0,+00) is tgs-conver.
Example 2.6. The function f(z) = —Inz on [1,4+00) is tgs-convez.

In the following, we present a function f such that f is a tgs-convex which
it is not convex.

Example 2.7. Let f:[0,4] — R be a function defined by

-1 if0<z<2
f(x){ 2 f2<a<4

Then f is tgs-convex. In fact, let x,y € [0,4] and t € [0,1]. We have
fltr+ (1= t)y) < -1 < —4t(1 = 1) <t(1 = 8)(f(2) + f(v))-
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Note that t(1 —t) < % for each t € [0,1]. The function f is not convez because
forx=0,y=2,t= % we have
FQ0)+ f(2
fy 2 LO2IE)

Theorem 2.8. Let f : I — R be a tgs-convex function and r be a root of f
such that r € int(I). Then f is identically 0.

Proof. Let z,y € I be arbitrary such that < r < y. There exists t € (0,1)
such that r = tx 4+ (1 — t)y. Hence

0=f(r)=fltz+ (1 —-t)y) <t(1—t)(f(z) + f(y)) 0.
Thus, f(z) = f(y) =0 (since f < 0) which implies that f is zero on I. O

Remark 2.9. The condition r € int(I) in Theorem 2.8 is essential, see the
following example,

Example 2.10. Let f:[0,1] — R be a function defined by

_J 0 ife=0
f(:”)_{ -1 fo<z<1
Then f is tgs-convex which it is not identically 0. In fact, let x,y € [0,1] and
t €10,1]. We have

fltz+ (1 —t)y) = -1 < —5 <t(1 =) (f(z) + f(y))-
Note that t(1 —t) < 1 for each t € [0,1].

Remark 2.11. Let f : I — R be a function, b > 0 and —2b < f(x) < —b. Then
f is a tgs-convex function.

Proof. Let z,y € I and t € [0,1]. Then we have
[tz + (1 —t)y) < —=b < —4bt(1 —t) < (1 —t)(f(z) + f(y)).

In the following, we present some results on Jensen’s inequality.

Theorem 2.12. Let f : [a,b] — R be a tgs-convex function and t; € [0,1] such
that Y t; = 1. Then

FO i) <
i=1 i=1
Proof. Let t1,ts € [0,1] such that ¢t; + ¢t = 1. We have
f(tiwr + taxs) < tata(f(21) + f(22))
=titaf(x1) +titaf(z2)
<titaf(z1) (and < tytaf(x2)) since f(z) <0
=11(1—t1)f(z1) (and < ito(1 —t2) f(x2)).

ti(l — tl)f(xl)

S
NE
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So 2f(t1$1 +t21‘2) < tltg(f(l‘l)+f(l’2)) Hence f(tll‘l +t2$2) 1t1t2(f(1’1)+
f(z2)). Now, we prove that the result holds for n. Let o; = Zkzl’k# t,. We
have,

n

FO ) = flog( > ixk) +tjwy) <t (1—t)f(z;), 5=1,2,...,n
k=1 J

k=1,k#j

In fact, we prove that f(>°1, t;z;) is less than ¢;(1—t;) f(z;) foreach 1 < i < n.
By summing the above inequalities, we have

FQ_tiw) < 3t = t)f (@),
i=1 i=1
O

Since f(Y i, tiz;) is less than ¢;(1 — ¢;) f(x;) for each 1 < i < n, we can
improve the result of Theorem2.12 as follows:

Example 2.13. Assume that x1,...,z, € R. Then we have
(1) if x; > 1, then we
t;(1—t;)
S > [

(2) if x; > 1, then we have

n n _
Zfﬁzzﬂjmff;

n
(3) if n € N, then we have
n+1> 25
Proof. (1): In Theorem 2.12, put f(z) = —logz.
(2): In (1), put t; = %
(3): In (2), put z; = 1. O

Remark 2.14. Let f : I — R be a tgs-convex function n > 2 and ¢; € [0, 1] such
that >°1 ; ¢; = 1. Then we have

Zm < min {t;(1 = 1)/ ()}

We give another relation with respect to Jensen’s inequality.

Theorem 2.15. Let f : I — R be a tgs-convex function n > 2 and t; € [0, 1]
such that >, t; = 1. Then we have
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Proof.

n

FO tim) < Htif<-731) +ty [[taf (@2) + (t1 + t2) [ ] i f (za)

i=1 =2 =3

n n—2
+ (t1 +t2 + t3) Htif(l’i) 4+t (Z ti)tn—1tnf(Tn_1)
i=1

i=4

(X W)t f ().

Proof by induction. For n = 2, the result is trivially held. Assume that for
n — 1, the result holds. Specifically, we have

n—1 n—1 n—1 n—1
f(z tixy) < H tif(z1) +t1 H tif(z2) + (t1 + t2) H tif(z4)
j=1 j=1 j=2

7j=3
n—1 n—2
+ (tl + t2 + tB) H tjf(xj) + -+ (Z tj)tnflf(mnfl)a
j=4 j=1

which Z;L:_ll t; = 1. Now, we prove that the result holds for n. For this
purpose, assume that Y7 t; =1, t; € [0,1] and o = 327" " t;. We

n n—1 n—1
f(z tiz;) = f(z tixi +thzn) = fla Z %xi +tnTy)
i=1 i=1 i=1
n—1
< aty (/3 2+ flan)
i=1

I
Q
£
—
Q|&
Kﬁ
5
<
\

o
| S
=
NS
%
O
—

Qs+
&h
&
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to oty ts Yt n=2,
(o2 [ f@) + o+ Q0 )7 flanm)] + atf(a)
i=4 i=1

n—1 n—1 n—1
=< ain_g H tif(x1) + — =t H tif(w2) + %(tl +12) H tif(x4)

i=1 i=2 i=3
¢ n—1 ¢ n—2
n n
+ ottt ) H; tif (@) + -+ E(Z; ti)tn—1f(Tn-1)
n—1
+ (Z Z)tnf(xn)

—

flxy) + 1 Htf x2) t1+t2)Ht7;f(x4)

".:hﬁ'

<
=1 =2 =3
n n—2
+ (t1 +t2 + t3) Htif(xi) +- 4+ (Z ti)tn—1tnf(Tn_1)
i=4 i=1

FO S ().

Note that since 0 < o < 1 and 1 < j < n, we have é >1and f(z) <0. We
get
1 = ,
7(2 )HL m+1t f ‘TS Ztk s= m+1t f(ws)
k=1

o
k=1

Example 2.16. Let f : I — R be a tgs-convex function and z1,...,z, € R.
Then

(1) we have
nox x "= 1Nt 2 (ay
f(Z’L:Ll 1) S f( 1) + Zl:2£n ]‘) f( Z)’

(2) if z; > 1, then we

Chanip 5, Hmu i

Proof. (1): In Theorem 2.15, put ¢; = +
(2): In (1), put f(z) = —logz. O

Theorem 2.17. Let f : [a,b] — R be a tgs-convex function and t; € [0,1] such
that 31", t; = 1. Then

f(z tiw;) < Hfi(z f(z
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Proof. Proof by induction. For m = 2, the result is trivially held. Assume that
for m, the result holds Specifically, we have

f(Z tizi) < H 60O fw)

i=

which 7", ¢; = 1. Now, we prove that the result holds for m + 1. For this

m+1

purpose, assume that ), ¢, = 1, we have

m+1 m—1

E t t, ,

fCQ thwr) = E terr + (tm + tma1) mx;" + m+1.13m+1)
k= m + tm+1

-1

=

3

tmTm + tma1Tm
TI telto + ) (3 £+ £ L))
k—1 m+ m+1

\ /\

iT
LA

m—1

ot
kl_[l tk tm + tm-i-l)( f(xk) + m[f(xm) + f(xm-&-l)]

m—1 m+1

1
tr(tm + timt1)( 1 f(@g)) + PR kl_[l telf(xm) + f(Zmr1)]-

IA
>~
’l

3

k=1
Note that since f(x) < 0, we have

=
Il

m+1
(tm + timt1) Htk Htk,

m—+1 m—+1

t +tm+1 H tk H -

k=1 k=1

3. Applications
In this section, we present an application of our results.

Proposition 3.1. Let ag,aq,...,a, € R where ag # 0, and suppose that for
i=1,2,...,n,2; € R and t; € [0,1] such that > t; = 1. Then we have
(1) if x; > 1, then we

n

(H%) e < zn:tixz‘;
i=1

i=1

(2) if x; > 1, then we

ﬁxi < > e Li

i=1
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(3) if0<ap<a; <---<a, then
n a;

o [ dn < Zi:l dizt
an n

Proof. (1): Using Lemma 2.3, it is proved that the function f(z) = —logx is
tgs-convex on [1, +00]. Now, appling Theorem 2.17 for —log z, we have

- log(z tix;) < (th)(* Zlog ),
i=1 i=1 i=1

hence
log(z tizs) > (H ti)(z log z;) = log ((H ) li=a b,
i=1 =1 =1 i=1
(2): In (1), put ¢; = =.
(3): In (2), put @; = ;% O

4. Conclusion

This paper investigated the tgs-convex functions. It was proven that if we
consider the tgs-convex function as a non-negative function, it must be the zero
function. So we conclude that any tgs-convex function is non-positive. Also,
we presented three versions of Jensen inequality for tgs-convex functions.
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