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ABSTRACT. Let (C, D) be a nonempty pair of disjoint subsets of a metric
space. Main purpose of this paper is to present a range of a convergence
sequence to u € C'U D such that d(T'u, fu) = dist(C, D), for mappings
T,f:CUD — CUD. In fact, we give a generalization of best proximity
point results for cyclic contractive mappings. To this end, we consider an
example is presented to support the main result.
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1. Introduction

Let X be a metric space and C' and D nonempty subsets of X. Put
Co = {ueC:d(u,v)=d(C,D) for somev € D},
D, = {ueD:d(u,v)=d(C,D) for somev e C}.

If there is a pair (9o,¢,) € C x D for which d(d,,¢,) = d(C, D) ,that d(C, D)
is distance of C' and D, then the pair (9,,¢,) is said to a best proximity pair
for (C, D). Best proximity pair evolves as a expansion of the concept of best
approximation.

We can find the best proximity points of (C, D), by considering a map T :
CUD — CUD. We say that the point v € C' U D is a best proximity point
of the pair (C,D), if d(u,Tu) = d(C,D) and we denote the set of all best
proximity points of (C, D) by Pr(C, D), that is

Pr(C,D)={ue CUD :d(u,Tu) =d(C,D)}.

Best proximity point also evolves as a expansion of the concept of fixed point
of mappings, because if C' N D # ) every best proximity point is a fixed point
of T.

Eldred et al. [3] and Sankar Raj et al. [10] gave a best proximity point the-
orem for relatively nonexpansive mappings. . A best proximity point theorem
for contraction has been obtained by Basha [6]. Best proximity point theorems

0]
< haddadi@abru.ac.ir, ORCID: 0000-0002-8141-1471
DOI: 10.22103/jmmr.2023.20124.1326 @ the Authors

Publisher: Shahid Bahonar University of Kerman
How to cite: M.R. Haddadi, New generalization of the best proxzimity point problem, J.
Mahani Math. Res. 2023; 12(2): 471-479.

471


https://orcid.org/0000-0002-8141-1471
mailto: haddadi@abru.ac.ir
https://jmmrc.uk.ac.ir/article_3610.html

472 M.R. Haddadi

for various variants of contractions have been explored in [4, 5]

There have been a large number of publications that contribute to the sub-
ject common fixed point theorems (see [1,2]). Common best proximity points,
have become one of the most studied topics in the field of common fixed point
theory. These notions generalize common fixed points and allow us to deal
with nonself-mappings. There are many more results on common best proxim-
ity points in the literature that for instance we can see [7-9].

In the following we give some theorems that we need they in main results.
We recall that the mapping T : C U D — C U D is relatively nonexpansive if
d(T9,Ts) < d(9,¢) for any (J,¢) € C x D.

Definition 1.1. A Banach space X is said to be uniformly convex if for any
g, 0 < & < 2, the inequalities ||z| < 1,|ly|] < 1 and || — y|| > € imply there
exists a § = d(g) > 0 such that w <1-4.

Before stating the first existence result of best proximity points (pairs), we
recall that the mapping 7 : C U D — C U D is relatively nonexpansive if
Tz — Tyl < ||z -yl for any (x,y) € C x D.

Theorem 1.2. [3] Let (C, D) be a nonempty, bounded, closed and convex pair
of disjoint subsets of a uniformly convexr Banach space X. If T : CUD — CUD
s a cyclic relatively nonexpansive mapping, then T has a best proximity point.

Theorem 1.3. [3] Let (C, D) be a nonempty, bounded, closed and convez pair
of disjoint subsets of a uniformly convexr Banach space X. If T : CUD — CUD
1s a relatively nonexpansive mapping and

T(C)cC, T(D)CD,
then T has a best proximity point.

Definition 1.4. [4] Let X be a complete metric space and C' and D subsets
of X. Amap 7 :CUD — CUD is a cyclic contraction map if it satisfies:

(i) T(C)c D, T(C)C D
(i) d(Tx, Ty) < kd(z,y) + (1 — k)dist(C, D) for all z € C and y € D.

Theorem 1.5. [/] Let (C,D) be a nonempty closed convexr pair of disjoint
subsets of a uniformly convexr Banach space X. If T : CUD — CUD is a
cyclic contraction mapping and either C' or D is boundedly compact, then T
has a unique best proximity point. Further, if 7o € C and 1,41 = T 7y, then
{Tan} converges to the best proximity point.

The best proximity point problem is an unconstrained optimization prob-
lem, which is an interesting generalization of the fixed point problem and has
many applications in engineering problems. Main purpose of this paper gives
a new generalization of the best proximity point problem for cyclic contractive
mappings. We present a range of a convergence sequence to u € C'U D such
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that d(Tu, fu) = dist(C, D), for mappings T, f : CUD — C U D. In fact, we
give a generalization of best proximity point results. It is notable that if the
mapping f be onto, then we find the best proximity point.

2. Generalization of the common best proximity point

We start our main results by a generalization of the common best proximity
point theorem.

Theorem 2.1. Let C' and D be closed disjoint subsets of complete metric space
X where C is compact. Suppose the mappings S, T, f: CUD — CUD that f
18 continuous satisfy:

d(Su, Tv) < a[d(fu, Tv) + d(fv, Su)] + vd(fu, fv) + pd(C, D),
for allu e C and v € D, where o, 7y, are positive real numbers with
20+ v+ p =1

If S(CHUT(C) C f(D), S(D)UT(D) C f(C), f(C)C A, f(D) C D, then there
exist a point uw € CUD such that d(fu, Su) = d(C, D) and d(fu,Tu) = d(C, D).

Proof. Let Y9 be an arbitrary point in C'. Choose a point ¥, in D such that
f91 = SvYy. Similarly, choose a point 92 in C such that such fioy = TV;.
Continue this process until selected 9,, in X such that ¥, € C V¥a,41 € D we
obtain J9,41 in D such that

fO2%41 = SV2,
fO242 = TOok41, (k=0).
Then,

d(fO2x+1, fO2r42) = d(SV2k, TV2k41)
< ad(fOo%, TOok+1) + ad(fI2r41, SVak)
+yd(fOak, fO2r41) + pud(C, D)
< la+9]d(far, fI2r41) + ad(fPort1, fO2r42) + pd(C, D).

This implies:
(1 — ald(fY2u41, fO2m+2) < [a+Y]d(fO2k, fO2041) + ud(C, D).
Thus,

o+ 7y
l—«

:|d(f?92k7f192k+1) + (1 - ?—FW

d(fO2k+1, fO2r42) < [ )d(C, D).
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Now, by induction, we obtain:

a—+y
11—«

o+ 7y
11—«

d(fO2n41, [P2r42) < [ ]d(fﬁzk, SOaps1) + (1 — )d(C, D)

_ a+72d a+y.,
<1 (f192k—1,f192k)+(1*(1_a))d(ch)
(6%

k+1
<o [T atgoa o 1= (522

k+1
D
) y(0,p)

for each £ > 0. Let A = {m}, 0 < A < 1. Hence d(fdax+1, fO2%42) —
d(C, D) and so
d(fﬁ2k+1,T192k+1) — d(C7D)7d(f7.92k, S’L92k) — d(C’, D)

Because {¥2,} C C and C' is compact, so ¥a,, — u, therefore fda,, — fu.
Moreover, we have

d(C7 D) < d(fu7 f7927lk+1) < d(fua fﬁ27lk) + d(.fﬁ?ﬂk ) fﬁan-i-l)
Then, d(fu, Su) = d(C, D) and similarly d(fu,Tu) = d(C, D). O

In the following we give a new form of Theorem 2.1 where compactness of
C' is omitted.

Theorem 2.2. Let C' and D be closed disjoint subsets of complete metric space
X . Suppose the mappings S, T, f : CUD — CUD that f is continuous satisfy:

d(Su,Tv) < ald(fu, Tv) + d(fv, Su)] + vd(fu, fv) + pd(C, D),
for allu e C andv € D, also
d(Tu, Ty) < Ad(fu, fv), d(Su,Sy) < Ad(fu, fv),
for all u,v € C or u,v € D, where a, 3,7, A\, are positive real numbers with
2a+y+p=1, A<l
IfS(CHUT(C) C f(D), S(D)UT (D) C f(C), f(C) CC, f(D) C D, then there
exist a point u € CUD such that d( fu, Su) = d(C, D) and d(fu,Tu) = d(C, D).

Proof. Let ¥y be an arbitrary point in C'. Choose a point ¥; in D such that
fU1 = SvYg. Similarly, choose a point ¥3 in C such that such fo, = T¥,.
Continuing this process till having chosen ¢, in X such that 95, € C ¥2,11 € D
we obtain 99,11 in D such that

[O2k41 = Sz,

[O2r42 = T241, (k=0).
By a similar proof of the Theorem 2.1:

d(fY2m41, [P2r42) — d(C, D)
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and so
d(fY2%+1, TO2k+1) — d(C, D), d(fI2r, S¥2r) — d(C, D).
Now, we show that lim,, o d(f¥2,, f¥2n+2) = 0. Note
d(fY2n, fYont2) d(TY9n-1,T0241)

M(f2n—1, [O2n41)
Ad(S'192nfla SﬁQnJrl)

N d(fO2n—2, f2,)

IA

< AP(fdo, [92)

Hence limy, o0 d(fP2n, f¥2n4+2) = 0 and so {fa,} is a Cauchy sequence in
D. Because {f¥a,} is Cauchy, X is complete and D is closed, lim, o0 f¥2, =
fz € f(C). Now

d(C, D) < d(fz,S02,) = d(fz, fo2n—1) < d(fz, fU20) + d(fD2n, fU20n-1).
Thus we have d(fz, S¥2,) converges to d(C, D). and so d(fz,Sz) = d(C, D).
Similarly d(fz,Tz) = d(C, D). O

In the following we give a corollary of Theorem 2.2 that it has omitted
compactness of C' with respect to Theorem 1.5.

Corollary 2.3. Let C and D be closed disjoint subsets of complete metric space
X . Suppose the mappings T, f : CUD — CUD that T(C) C f(D) C D,
T(D) C f(C)CC and

d(Tu, Tv) < ~d(fu, fv) + pd(C, D),
for allu e C and v € D, also
d(Tu, Tv) < Ad(fu, fy),
for all u,v € C oru,v € D, where v, u are positive real numbers with
Yy+pu=1, 0<A<1.

If f is continuous , then there exist a point u € C' U D such that d(fu,Tu) =
d(C, D). Moreover, if f be onto, then T' has a best prozimity point.

Corollary 2.4. Let C and D be closed disjoint subsets of complete metric space
X . Suppose the mappings T, f : CUD — CUD that T(C) C f(D) C D,
T(D) C f(C) CC and

d(Tz, Ty) < vd(fz, fy) + pd(C, D),
for allz € C and y € D, where vy, , u are positive real numbers with v+ p = 1.
If f is continuous and C is compact, then there exist a point u € C'U D such

that d(fu,Tu) = d(C, D). Moreover, if f is onto, then T has a best proximity
point.
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Let C and D be nonempty subsets of a normed linear space X. We shall say
that a pair (C, D) satisfies a property if both C' and D satisfy that property.
For example, (C, D) is convex if and only if both C' and D are convex. Let
f:CUD — CUD that f(D) C D, f(C) C C. Now, we will define (CZ, D).

Cl:={zxeC:|z— fy| =dist(C,D), forsome y¢& D},

D! :={ye D:|fx—y| =dist(C,D), forsome z € C}.
Notice that, by Theorem 1.3, suppose (C, D) is a nonempty, bounded, closed
and convex pair in a uniformly convex Banach space X, if f is a relatively
nonexpansive then (C({ , D ) is nonempty, closed and convex pair in X.

Theorem 2.5. Let X be a normed space, C and D be nonempty subsets of
X and co € CI Suppose the mappings T, f : CUD — C U D that T(C) C
f(D) € D, T(D) C f(C) € C and

|Tu —Tv| < || fu— fv]| we C, veD,
If C is a compact set, then there exist u € CUD with || fu—Tul|| = dist(C, D).

Proof. Suppose ¢, € C{. Then there is d, € D such that lleo — fdo|| =
dist(C, D). For arbitrary ¥, € C, put

Lfdo+(1—- )Tz zeC
(1) To(x) =
Lee+(1-4HTz zeD
1 . 1
1T (2) = Tu(y)ll < dist(C, D) + (1 = —)[[Tz = Tyll,
and so ) .
1T (2) = Tu(y)ll < ~dist(C, D) + (1 = —)lx .
Hence by Corollary 2.4 for every n € N there is ¥,, € C such that
[T () — f ()|l = dist(C, D).

Since C' is compact, there is subsequence {9, } and v € C such that 9, — u.
Therefore we have

[T — full

khm ”Tﬂnk - fﬁnk ”

—00

lim || T, 0y, — [0, || = dist(C, D).
k—o0

O

In the following we give a generalization of Theorem 1.2. Hence we first
define the proximal normal structure.

Definition 2.6. [3] A convex pair (K7, K3) in a Banach space is said to have
proximal normal structure if for any closed, bounded, convex proximal pair
(Hl,Hg) g (Kl,KQ) for which diSt(Hl,HQ) = dZSt(Kl,KQ) and §(H1,H2) >
dist(Hy, Hy), there exists (z1,x2) € Hy X Hy such that 6(x1, He) < §(Hi, Ho)
and 6($Q,H1) < 6(H1,H2).
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Theorem 2.7. Let (C,D) be a nonempty, bounded, closed and convex pair
of disjoint subsets of a uniformly convex Banach space X and let (C, D) has
prozimal normal structure. Suppose the mappings T,f : CUD — CUD
that T is relatively nonexpansive, f is continuous and T(C) C f(D) C D,
T(D) C f(C)CC. If Tfu= fTu for allu € CU D, then there exist a point
u € CUD such that d(fu,Tu) = d(C, D).

Proof. Since X is a uniformly convex Banach space, f is continuous and (Cg , D! )
are closed and convex, hence c! , DI are weakly compact and convex. Also,
we have dist(C{, D) = dist(C, D) from the definition of C! and DI. Let
u € C'UD. Then there exists z € D such that |u — fz|| = dist(C, D). Thus

[Tu— fTz]| = |Tu — Tfz| < |lu— fz| = dist(C, D).
This implies Tu € Dcf, and so T(Cc{) - DZ. Similarly, T(Dg) - Cc{. Also
|Tu — To|| < |lu—v|, Yue Cl,ve DI

Hence (C’g D! ) also has proximal normal structure. Now, by same proof of
the Theorem 1.2 there is u € C such that ||fu — Tu| = dist(C, D).
O

In the following, we will present an example that shows that the point re-
sulting from the generalization of the best approximate point is not necessarily
the best approximate point.

Example 2.8. Consider X = R? with the usual norm, C = [1,2] x [1,2],
D =[-2,—-1] x [-2,—1] and z, € C. Define mappings T, f: CUD — CUD
by

(_%_%7_%_%) (gc,y)GC

(2) T(z,y) =
(-5+3-5+3) (@yeD

Obviously, T(C) C f(D) C D, T(D) C f(C) C C. Initially, we show that

||T(337y) - T(u7w)H < Hf('rvy) - f(uvw)||7
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for (z,y) € C and (u,w) € D. We have

IT(.9) - T w)| = ||<—f—§—[—§+§L—%—§—[—%+§D||
< |w3y é|2
< \/ L [
< e - fwl,

and in f(z*,y*) = («*,y*) = (1,1) such that
IT (2", y*) = F(a*,y") = I(1,1) = (=1, =1)|| = 22 = dist(C, D).

3. Conclusion

The best proximity point problem is an unconstrained optimization problem,
which is an interesting generalization of the fixed point problem. In this paper
gives a new generalization of the best proximity point problem. We conculude
that if f be continuous and T(C) C f(D) € D, T(D) C f(C) C C and
Tfu= fTu for all w € C U D, then there exist a point uy € C'U D such that
d(fup,Tug) = d(C, D). It is notable that if the mapping f be onto, then we
find the best proximity point. Also, we present an example that shows that
the point resulting from the generalization of the best proximity point is not
necessarily the best proximity point.

4. Conflict of interest

The author declare no conflict of interest. Authors identify and declare any
personal circumstances or interest that may be perceived as inappropriately
influencing the representation or interpretation of reported research results.

References

[1] H. Aydi, On common fized point theorems for (1, ¢)-generalized f-weakly contractive
mappings, Miskolc Mathematical Notes, vol., 14 no.1 (2013), 19-30.

[2] H. Aydi, M. Abbas and C. Vetro, Common Fized points for multi-valued generalized
contractions on partial metric spaces, RACSAM - Revista de la Real Academia de
Ciencias Exactas, Fsicas y Naturales. Serie A. Matematicas, vol. 108 (2014), 483-501.

[3] A. A.Eldred, W. A. Kirk, P. Veeramani, Proziminal normal structure and relatively
nonezxpansive mappings, Studia Math., vol.171, no.3 (2005)283-293

[4] A. A. Eldred and P. Veeramani, Ezistence and convergence of best prozimity points, J.
Math. Anal. Appl., vol. 323(2006), 1001-1006

[5] H. Kumar Nashine, P. Kumam and C. Vetro, Best prozimity point theorems for rational
prozimal contractions, Fixed Point Theory and Applications, 2013: vol.95, (2013) 341—
352

[6] S. Sadiq Basha, Eztensions of Banachs contraction principle, Numer. Funct. Anal. Op-
tim., vol. 31(2010)569-576.



New generalization of the best proximity point problem — JMMR Vol. 12, No. 2 (2023) 479

[7] S. Sadiq Basha, N. Shahzad, and R. Jeyaraj, Common best proxzimity points: global
optimization of multi-objective functions, Applied Mathematics Letters, vol. 24 no. 6
(2011) 883—886

[8] P. Kumam and C. Mongkolekeha, Common best proximity points for prozimity com-
muting mapping with Geraghty’s functions, Carpathian Journal of Mathematics, vol.
31, no. 3 (2015) 359—364

[9] L. Chen, Common best proximity points theorems, Journal of Management Research
and Analysis, vol. 39, no. (2019) 289—294

[10] Raj V. Sankar ,P. Veeramani, Best prozimity pair theorems for relatively nonexpansive
mappings, Appl. Gen. Topol., vol. 10, 1 (2009)21-28

MOHAMMAD REZA HADDADI
ORCID NUMBER: 0000-0002-8141-1471
DEPARTMENT OF MATHEMATICS
AYATOLLAH BOROUJERDI UNIVERSITY
BOROUJERD, IRAN

Email address: haddadi@abru.ac.ir



	1. Introduction
	2. Generalization of the common best proximity point
	3. Conclusion
	4. Conflict of interest
	References

