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ABSTRACT. Krasner F("™)_hyperrings were introduced and investigated
by Farshi and Davvaz. In this paper, our purpose is to define and char-
acterize three particular classes of F-hyperideals in a Krasner F(m:m).
hyperring, namely prime F-hyperideals, maximal F-hyperideals and pri-
mary F-hyperideals, which extend similar concepts of ring context. Fur-
thermore, we examine the relations between these structures. Then a
number of major conclusions are given to explain the general framework
of these structures.
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1. Introduction

As it is well known, the notion of a fuzzy set was introduced by Zadeh
in 1965 [45]. After the pioneering work of Zadeh, the fuzzy sets have been
used in the reconsideration of classical mathematics. A number of articles
have applied fuzzy concepts to algebraic structures. Rosenfeld introduced and
studied fuzzy sets in the context of group theory and formulated the notion of
a fuzzy subgroup of a group [41]. The notions of fuzzy subrings and ideals were
defined by Liu [33]. A considerable amount of work has been done on fuzzy
ideals. In particular, many papers were written on prime fuzzy ideals. There
are many applications of fuzzy algebra, such as in coding theory and automata
theory [15].

Hyperstructure theory was born in 1934 when Marty [35], a French math-
ematician, defined the concept of a hypergroup as a generalization of groups.
Many papers and books concerning hyperstructure theory have appeared in
literature. For instance, you can see the papers [9,15,19,39,43]. The simplest
algebraic hyperstructures which possess the properties of closure and asso-
ciativity are called semihypergroups. n-ary semigroups and n-ary groups are
algebras with one n-ary operation which is associative and invertible in a gener-
alized sense. The idea of investigations of n-ary algebras goes back to Kasner’s
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lecture [26] at the 53rd annual meeting of the American Association of the Ad-
vancement of Science in 1904. In 1928, Dorente wrote the first paper concerning
the theory of n-ary groups [22]. Later on, Crombez and Timm [7, 8] defined
the notion of the (m,n)-rings and their quotient structures. The n-ary hyper-
structures have been studied in [29-31,34,40]. In [20], Davvaz and Vougiouklis
introduced a generalization of the notion of a hypergroup in the sense of Marty
and a generalization of an n-ary group, which is called n-ary hypergroup. Mir-
vakili and Davvaz [37] defined (m,n)-hyperrings and obtained several results
in this respect. One important class of hyperrings was introduced by Krasner,
where the addition is a hyperoperation, while the multiplication is an ordinary
binary operation, which is called Krasner hyperring. In [36], a generalization of
the Krasner hyperrings, which is a subclass of (m,n)-hyperrings, was defined
by Mirvakili and Davvaz. It is called Krasner (m,n)-hyperring. A Krasner
(m, n)-hyperring is an algebraic hyperstructure (R, f,g), or simply R, which
satisfies the following axioms: (1) (R, f) is a canonical m-ary hypergroup; (2)
(R, g) is a n-ary semigroup; (3) the n-ary operation g is distributive with re-
spect to the m-ary hyperoperation f , i.e., for every aifl,a?_ﬂ,xi" € R, and
1<i<n, gla™" faP)alyy) = flg(ai™ 2 af ), glay @, afyy)); (4)
0 is a zero element (absorbing element) of the n-ary operation g, i.e., for every
x4 € R we have g(0,2%) = g(22,0,2%) = ... = g(z%,0) = 0.

Ameri and Norouzi in [3] introduced some important hyperideals such as Ja-
cobson radical, n-ary prime and primary hyperideals, nil radical, and n-ary
multiplicative subsets of Krasner (m,n)-hyperrings. For more study on Kras-
ner (m,n)-hyperring refer to [4-6,25,36, 38,40, 44].

The connections between hyperstructures and fuzzy sets have been studied
by a variety of authors. Fuzzy hyperstructures can be classified into three
groups. A first group of works studies crisp hyperoperations introduced through
fuzzy sets [10,11,13,14]. A second group is about the fuzzy hyperalgebras
[1,2,16-18]. A third group of works also concerns fuzzy hyperstructures [12,
27,28,42].

The concept of F-polygroups was introduced by Zahedi and Hasankhani
in [47,48]. The fuzzy hyperring notion was defined and studied in [32]. In
this regards, Motameni and et al. continued the study of the notion of fuzzy
hyperideals of a fuzzy hyperring. They defined and characterized prime fuzzy
hyperideals and maximal fuzzy hyperideals and studied the hyperideal transfer
through a fuzzy hyperring homomorphism. Zhan and et al. in [49] concentrated
on the quasi-coincidence of a fuzzy interval value with an interval valued fuzzy
set. Davvaz in [39] introduced the notion of a fuzzy hyperideal of a Krasner
(m,n)-hyperring and extended the fuzzy results to Krasner (m,n)-hyperring.
Let G be an arbitrary set and L = [0, 1] be the unit interval. Let L (resp. LY)
be the set of all fuzzy subsets of G. An F-hyperoperation on G is a function o
from G x G into LE. If u,y € LY and = € G, then wop = Uaesupp(u) xop and

1107 = Uaesupp(u) besupp(r) @ © b such that supp(p) = {a € G |u(a) # 0}. The
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couple (G, o) is called an F-polygroup if the following conditions are satisfied:
(1) (aob)oc =ao(boc) for all a,b,c € G, (2) there exists e € G with
a € supp(aoeNeoa), forall a € G, (3) for each a € G, there exists a unique
element a~! € G with e € supp(aca=tNa~toa), (4) c € supp(a ob) implies
that a € supp(cob™!) implies that b € supp(a—! oc), for all a,b,c € G. Indeed,
a fuzzy hyperoperation assigns to each pair of elements of G a non-zero fuzzy
subset of G, while a hyperoperation assigns to each pair of elements of G a
non-empty subset of G.

The concepts of Krasner F("")_hyperrings and F-hyperideals were defined
in [24] by Farshi and Davvaz. In this paper, we continue the study of F-
hyperideals of a Krasner F("™)_hyperring, initiated in [24]. We define and
analyze three particular types of F-hyperideals in a Krasner F(™™)_hyperring,
namely prime F-hyperideals, maximal F-hyperideals and primary F-hyperideals.
We investigate the connections between them. Moreover, we introduce the con-
cepts of F-radical, quotient Krasner F(™™)-hyperring and Jacobson radical.
The overall framework of these structures is then explained. It is shown (The-
orem 4.7) that if Q is an primary F-hyperideal of a Krasner F(mm)_hyperring

(R, f,g), then \/5F is a prime F-hyperideal of fA.

2. Preliminaries

In this section we recall some basic terms and definitions from [24] which we
need to develop our paper.

A fuzzy subset of G is a function y : G — L such that L is the unit interval
[0,1] € R. The set of all fuzzy subsets of G is denoted by LY . Let u,v € L¢
and {p | @ € A} € LE. We define the fuzzy subsets U~y and J, ¢y pa as
follows:

(nUy)(a) = maz{p(a),v(a)}
and

(U ra)@) = \/ {1tala)}

ac acA

for all @ € G. The set, {a € G | u(a) # 0} is called the support of p and is
denoted by supp(p). When H C G and t € L, we define H, € LS as follows:

t ifa€eH,
m@_{Oimgﬂ

In particular, if H is a singleton, say {«}, then {2}, is referred to as fuzzy point
and, sometimes, denoted by x;. The characteristic function of set H is denoted
by xz. Let L¢ = LY — {0}. For a positive integer n, an F"-hyperoperation
on G is a mapping f from G™ to L¢. This means that for any ay,--- ,a, € G,
flai, - ,ay,) is a non- zero fuzzy subset of G. 1If for all aq, -+ ,a, € G,
supp(f(ay,--- ,ay,)) is singleton, then f is called an F"-operation.
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Notice that the sequence a;, a;41, ..., a; will be denoted by ag. For j <1, ag
is the empty symbol. Using this notation,
f(al, ceey 0@7 bi+1, ceey bj7 Citly ey Cn)
will be written as f(al, bg+1, C?+1)~ The expression will be written in the form
f(aﬁ,b(j_i),c?+1), when b41 =...=b;=0.
For u} € LY, we define f(u}) as follows:

fn = U fla)

a; Esupp(pi)

17/% ai 1) denotes f(X{a1}>--> Xfai1}s s Xfaza}s -+ > X{an})s

K
(
(a1 H, aj,,) denotes f(X{al}v o Xfaio1 b XHs X{assa}s s X{an} )y
( a’ﬂ :u‘erl) denotes f(/u‘l 7X{a}7,u:ril+1)7

(4) f(ui™ " H, ufyy) denotes f(uy™", xa, 1iyq)-
If for every l<i<j<n and all a2~ ! € G

Flai™h flaft=h), a2t = flaf™" (a7 a0,

then the F™ hyperoperatlon (F ”—operatlon) f 1s called associative. G with
the associative F™-hyperoperation (F"-operation) is called F™-semihypergroup
(F™-semigroup).

Definition 2.1. Let (G, f) be a F™-semihypergroup. Suppose that G is
equipped with a unitary operation ~! : G — G. The couple (G, f) is called a
canonical F'"-hypergroup, if

(1) G has an F-identity element, i.e., there exists an element e € G such
that for every a € G, supp(f(a,e 1)) = {a},

(2) a € supp(f(ay*)) implies a; € supp(flai?,.. .,ai_fl,a,a;rll, coant)),
for all a7*,a € G and 1 <17 < n,

(3) for all at* and for all o € S,,, f(a]") = f(a ”8’;))

Definition 2.2. A Krasner F(™™)-hyperring is an algebraic hyperstructure
(R, f,g), or simply R, which satisfies the following axioms:

(i) (R, f) is a canonical F™-hypergroup,

(ii) (M, g) is an F"-semigroup,

(iii) for every z{~', 27, a7 € Rand 1 <i < n,

g(‘riil’ f(G'?ln)"T?Jrl) = f(g(‘riilvalvx?qtl)’ s vg(miila Ams x?+1))7

(iv) for every af € R, supp(g(e, ay)) = {e} where e is the F-identity element
of (3% f).

R is called commutative Krasner F("™)-hyperring if g(a}) = g(xgg’f))), for
all af € R and for every o € S,,. In the sequel, we assume that all Krasner
F(mn)_hyperrings are commutative. We say that 9 is with scalar F-identity

if there exists an element e’ such that supp(g(a, e’(nfl))) = {a} for all a € R.
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Definition 2.3. Let (R, f,g) be a Krasner F(™™_hyperring. A non-empty
subset S of MR is support closed under f and g whenever for all ai’,b} € S,
supp(f(ai™)) € S and supp(g(b})) C S. S is called a Krasner F-subhyperring
of (R, f,g) if (S, f,g) is itself a Krasner F(™™)_hyperring. A Krasner F-
subhyperring J of (R, f, g) is said to be an F-hyperideal if supp(g(a‘™*, 7, al,,)) €
Jfor all af € Rand 1 <i < n.

Definition 2.4. Let (M1, f1,91) and (Ra, f2, g2) be two Krasner (m, n)-hyperrings.
A mapping h : B —> Ry is called a homomorphism if for all 27" € Ry and
Yy € Ry we have

(1) h(em,) = em, such that ex, and en, are F-identity elements of R; and
Ro, respectively,

(2) h(supp(f1 (xla ) xm))) = Supp(fZ(h(xl)a st h(xm)))

(3) h(supp(g1(y1, - yn))) = supp(g2(h(y1); -, h(yn)))-

3. Prime F-hyperideals and maximal F-hyperideals

We start this section by introducing the concept of prime F-hyperideals of
a Krasner F(™™)_hyperring (R, f, g).

Definition 3.1. An F-hyperideal 9§ of a Krasner F("™)-hyperring (R, f, g) is
called a prime F-hyperideal if for all u} € L%, supp(g(u})) C B implies that
supp(p;) € P for some 1 < i < n.

Our first theorem characterizes the prime F-hyperideals of a Krasner F(7-m)-
hyperring (R, f, g).

Theorem 3.2. Let P be an F-hyperideal of a Krasner F("™™) -hyperring (R, f, g).
Then B is a prime F-hyperideal if and only if for all a} € R, supp(g(al)) C P
implies that a; € P for some 1 < i < n.

Proof. = Let P be a prime F-hyperideal of R. Let for a] € R, supp(g(a})) C
B. Then supp(g(X{ai}>---sX{an})) S B. Since P is a prime F- hyperldeal of
R, we have supp(x{q,3)) C*P for some 1 <4 < n. This implies that {a;} ‘B
and so a; € B, as needed.

<—=Let supp(g(p})) C P for some pf € LP. Let for all 1 < i < n, supp(u;) €
PB. Then for each 1 < i < n, there exists an element a; € supp(u;) such that
a; ¢ B. By Proposition 3.2 in [24], supp(g(at)) C supp(g(u})). Therefore we
have supp(g(ay)) C PB. By the hypothesis, there exists 1 < i < n such that
a; € B and thlb is a contradiction. Thus B is a prime F-hyperideal of R. [

Example 3.3. Let (Z,+,-) be the ring of integers and t1,t2 € (0,1]. We define
an F™-operation f and an F™ — operation g on Z as follows:

flar, - ,am)=(a1+ - +am)y, foralay, - ,am€Z

glat, - ,an) = (a1.-++ .an)t, forallay, -+ ,a, € Z.
It is easy to verify that (Z, f, g) is a Krasner F(™™ -hyperring. All F-hyperideals
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pZ, where p is a prime natural number are prime F'-hyperideals of Krasner

F(mm)_hyperrmg (Z, f,9)-

Example 3.4. Consider the Krasner F(™™ -hyperring (G, f,g), given in Ea-
ample 3.3 in [24]. Let a € G. Then {e,a} is a hyperideal of G but it is not a
prime F-hyperideal of G.

Let J be a normal F-hyperideal of a Krasner F(™™)_hyperring R, f,9)-
The set [R : 7] = {J*[z] | « € R} is a Krasner (m,n)-hyperring with m-
hyperoperation f|;- and n-operation g7 as follows:

A ={r'e]}, Vo € supp(f(a1")

g (I o)) = {1 [supp(g (7))}
Thus [R : 3*); is a Krasner F(™™)-hyperring (for more details refer to [24]).
Now, we determine when the F-hyperideal [J: J*]; of [R : J%]; is prime.

Theorem 3.5. Let J be a normal F-hyperideal of a Krasner F™™ _hyperring
(R, f,9) and let J be an F-hyperideal of (R, f,g). If J is a prime F-hyperideal
of R, then [J : J*]; is a prime F-hyperideal of [R : T*|;.

Proof. By Theorem 5.10 in [ 4], [J : 3*]; is an F-hyperideal of [R : 7*];. Let
for I*70) € (R 3, gy (7)) € [3: 97 Then I'[supp(g(a1)] € [3:: 3.
This implies that supp(g(x )) g J. Since J is a prime F-hyperideal of R, then
there exists 1 < ¢ < n such that x; € J. This means that I*[z;] € [J : T*];.

O

Thus [J : 3*]; is a prime F-hyperideal of [ : 3%],.

The following result investigates the stability of prime F-hyperideals prop-
erty under a transfer.

Theorem 3.6. Let (R, f1,91) and (Ra, f2, g2) be two Krasner FUmn) _hyperrings
and h : Ry — Ry be a homomorphism. If B is a prime F-hyperideal of Ra,
then h=1(*B) is a prime F-hyperideal of Ro.

Proof. Suppose that (R1, f1, 1) and (Ra, f2, g2) are two Krasner F("™)-hyperrings

and h : Ry — R, is a homomorphism. Let supp(gi1(a})) € h=1(P) for some
ay € My. Then we obtain h(supp(g1(al))) € B which implies supp(gz2(h(a1),- -
B. Since P is a prime F-hyperideal of Rs, there exists some 1 < i < n such
that h(a;) € PB. Therefore a; € h~*(B), as needed. O

Let (1, f1,91) and (Ra, fo, g2) be two Krasner F(™™)-hyperrings and 9, x
Ry = {(a,b) | a € R1,b € Ra}. Then, by Proposition 5.6 in [24], (R x
Ro, fo,gs) is a Krasner F(™")_hyperring, where

fe((az,b1), -, (@m, bm))(a, b) = min{ f1(a7*)(a), f2(b7")(b)}

g®<(a1, bl)’ S (a'nv bn))(a’ b) = min{gl(a?)(a),gg(b?)(b)}
Now, we establish the following result.

s hlan)) €
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Theorem 3.7. Let (Ry, f1,g1) and (Ra, fa, g2) be two Krasner F("™™) -hyperrings.
If B1 is a prime F-hyperideal of Ry, then Py X Ry is a prime F-hyperideal of
9%1 X fﬁg.

Proof. Let supp(gg((a1,b1), -, (an,bn))) C P1 xRy for (a1,b1), -, (an,by) €
R X Ry. Therefore we have
supp(g®((a1, bl)7 T (an7 bn)))

= {(0,8) | go(ar,br),  , (an,bu))(a,b) # O}

= {(a,8) | min{gr(a})(@), g2(67)(b)} # O}

C P1 x Ra.
This implies that supp(gi(a})) C P1. Since P; is a prime F-hyperideal of
N1, we get a; € Py for some 1 < i < n. Thus we have (a;,b;) € P1 X Ro.
Consequently, 1 x R, is a prime F-hyperideal of R x Rs. O

Let J be a F-hyperideal of a Krasner F(™™)_hyperring (R, f, g). Then the
set

R/3 = {supp(f(ay", J,af1y)) | o' afyy € R}
endowed with F™- hyperoperation f which for all a}??,... am € R

f(supp(n)"(algZ b .37, al(z_H))) - supp(f(ay, m(z Y 7, anml?zlﬂ))))

= supp(f (supp(f(al}V)), ., supp(f(a;’z? )3 supp(f(al ), - supp(F(afm))

and with F"-operation g which for all a{?*, ..., a7 € R

g(supp(f(ary' ™", 3,at ),y supp(Fans ™, 3 a2, 1))

= supp(f (supp(g(ajl)),. ., supp<g<a?§; 3})) 3, supp(g(al( i 1)), - - - supp(g(afy))

construct a Krasner F(™™-hyperring, and (9/3J, f,g) is called the quotient
Krasner F("™™)_hyperring of R by J.

Theorem 3.8. LetJ be an F-hyperideal of a Krasner F™™ -hyperring (R, f, g).
Then the natural map m : R — R/J, by 7(a) = supp(f(a,Td,e™ ) is an

epimorphism.

Proof. Let J be an F-hyperideal of a Krasner F("™)-hyperring (R, f,9). Itis

clear that 7 is a projection map. We have to show that « is a homomorphism.

m(er) = supp(f(er,T, e(m 2))) = J = epy3, by Lemma 3.14 in [24]. For all
al* € R,

(Supp(f( m) ) = supp(f(Supp<f<a’1”>)’j) {6}(m 2))
= supp(f(supp(f(a™)), T, (supp(f(e™))(m=2)))
= supp(f (supp(f(a1,3,e"=2)), ..., supp(f(am, T, "))

= supp(f(ﬂ'(al), ce 77T(am )
Furthermore, for all b7 € & we have
m(supp(g(b1)) = supp(f(supp(g(b7)), 3, {e}"=2)
= supp(f(supp(9(4%), 3, (supp(g(e™)) "))
— supp(g(supp(F(b1, 3, ™)), ... supp(f (b, 3, ™))
= supp(g(m(b1),...,m(by)).
Hence, 7 is a homomorphism. (|
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Definition 3.9. A Krasner F("™ ™) hyperring (R, f, g) is called a hyperintegral
F-domain, if for all af € R, supp(g(al)) = {e} implies that a; = e for some
1<i<n.

Example 3.10. Let (H,+,-) be a Krasner hyperintegral domain. We define
an F™-hyperoperation f and an F™-operation g on H as follows:

fli, - xm) = (@14 +2m)oas forallzy, -z, € H

g(x1, -+ yxn) = (1. .Tn)ors forall xy,--- ,x, € H.
It is easy to verify that (H, f,g) is a hyperintegral F'-domain.

The next theorem characterizes prime F-hyperideals in the sense of quotient
Krasner F("™)_hyperrings .

Theorem 3.11. Let P be an F-hyperideal of a Krasner F™™ _hyperring
(R, f,9). Then P is prime if and only if R/B is a hyperintegral F-domain.

Proof. => Let ‘B be a F-hyperideal of R and for all aif?, ..., "7,

supp(f(ar\ ™Y B alft ), supp(Flapy ™ P, alr ) € R/P
such that

g(supp(F(ai\ ™, 3,000, supp(F(ans ™, 3 a7, ) = F = {eay/a}-
Then we get

supp(f(supp(g(ail)), -, supp(g(ali=1))), 3, supp(g(ayii1)), - - - supp(g(afim))) =

RY
and so y )

supp(f(supp(g(ai})), - ., supp(g(at (i), e, supp(g(al 1)), .. supp(galm)))
xB.
This means thlz%‘p b 1)

g(supp(f(anl € a%?}+1)))7 ) SUPP(f(aZ? ) €5 an(z+1)))) cPp
which imples

9(x

1(i—1)

et Naump( @ e, ) S P

supp(f(ajy 4y (i41) n(i+1)
Since P is a prime F-hyperideal of JR, we obtain supp(xsupp(f( QD) 7(7+1)))
P for some 1 < j < n. Therefore supp(f(a; J(Z b e,aJ(H_l))) C B. Then we

get supp(f(a; J(Z D,‘B, J(z+1))) =, by Lemma 3.14 (1) in [24]. Consequently,
R/Pis a hyperlntegral F-domain.
<= Let /P be a hyperintegral F-domain. Suppose that supp(g(a})) C P
for all af € R. Then we have supp(f(supp(g(a})),B,e™ 2))) =P by Lemma
3.14 (1) in [24]. Therefore
supp(f (supp(g(at)), B, (supp(g(e™))"~2))) = R.
Then by the definition of the quotient Krasner F (™™ _hyperring we have
g(supp(f(a'lvm7 e(m_Q))v R Supp(f(ana mv e(m—2)))) = 513 = {69{/3}~
Since :®/%P is a hyperintegral F-domain, then we get supp(f(a;, B, e™=2)) =
P for some 1 < i < n which implies a; € B. consequently, B is a prime
F-hyperideal of fR. O
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Theorem 3.12. Let (R, f,g) be a Krasner F("™™ _hyperring with the scalar
identity ¢'. Then for all © € R, the set {a € supp(g(n:r,e’("_z))) | 7 € R} is
an F-hyperideal of R. We say that the F-hyperideal is the hyperideal generated
by x and it is denoted by < x >p.

Proof. We first show < = >p is support closed under f and g. Let a7* €<
x >p. Then for each 1 < i < m there exists r; € R such that a; €
supp(g(r;, x, e’(nfz))). By Proposition 3.2 in [24], we get
(n—2) (n—2)
supp(f(at")) = supp(f(g(r1, @, "), g(rm,z, € 7))
/(n=2)

= supp(g(f(r1,...,rm), x,€ ) -

= Uerupp(j( ..... Tm)) supp(g(r €, e ))
Since r € supp(f(ri,..., )) C R, then supp(f(al’)) C< x >p. Let b} €<
x >p. Thenforeach1 < S n there exists r; € 9 such that b; € supp(g(r;, z, €’ s
Therefore we have

))-

n (n—2) (n—2)
supp(g(b7)) = supp(g(g(r,z, " )7---(,g(27)"n7x,6’ )
:Supp(g(g(’rlw' g )7$,€/ ))
= supp(g (r T, ¢l ))
such that r € supp(g(ry,...,7r,)) C R. Hence supp(g(b})) C< x >p. It is easy

to see that (< & >p, f,g) is a F- subhyperrmg of R. Now we show that for all
reRand 1 <i<n,supp(g(ri-t, <z >,r1+1)) C<z>p. Let r? € R. Then

Supp(g( i < x >F7r;ﬂ+1)) - supp(g( 1 3X<I>F7Tzn+1))
1
= Uaesupp(x<i> )supp( (ri 5 a,mq))
= Uae<z>p supp(g(ri~ 'a, i)
J(n—2)
S Urem supp(g(ri 1’9(7" z, e ), 7))
(n—2)
= U e supp(g(g(ri 'y mrfiy) e )
(n—2)
- UTE% Ur/esupp(g(r"7 ) supp(g(r’, xz, e ))
C<zx >p.
Thus F-subhyperring < z >p= {a € supp(g(r, x, e )) | r € R} of R is an
F-hyperideal of fA. g

Definition 3.13. An F-hyperideal 9 of a Krasner F(™™)-hyperring is called
maximal if for every F-hyperideal 91 of R, I C DT C R implies that N = M
or 9N =R.

The intersection of all maximal F-hyperideals of R is called Jacobson radical
of AR and it is denoted by J(R). If R does not have any maximal F-hyperideal,
we let J(R) = R.

Example 3.14. Let us consider the Krasner F(™2) _hypering (G, f,9), given
in Example 3.4 in [24]. Then {e} is a mazimal F-hyperideal of G.

The following theorem ensures that there is always a sufficient supply of the
maximal F-hyperideals.
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Theorem 3.15. Every Krasner F("2) _hypering R with scalar F-identity €',
has at least one maximal F-hyperideal.

Proof. The proof is the same as the proof in the classical context of maximal
ideals of rings. O

We say that an element z € SR is F-invertible if there exists y € SR such
that supp(g(z,y, e’(n_Q))) = {e’}. Also, the subset U of R is F-invertible if and
only if every element of U is F-invertible. The Jacobson radical of a Krasner
F(mn)_hyperring R can be characterized as follows:

Theorem 3.16. Let J be an F-hyperideal of a Krasner F™™ _hyperring with
the scalar F-identity ¢'. Then every element of supp(f(e’,T,e(™=2)) is F-
invertible if and only if 3 C J(R).

Proof. = Suppose that every element of supp(f(e’,J,e("=2)) is F-invertible.
Let 3 ¢ J(R). Then there exists a maximal F-hyperideal 9 of R such that
J¢ M. Let z € T but ¢ M. By Lemma 3.12 in [24], supp(f(M, < z >F
,e™=2))) is an F-hyperideal of RR. Since 9 C supp(f(M, < = >p,em=2)))
and M is a maximal F-hyperideal of R, we have supp(f(IM, < & >p,e(m=2))) =
R and so ¢ € supp(f(M, < = >p,em2)). This means that there ex-
ist m € supp(xom) = M and a € supp(x<z>p) =< x >F such that ¢ €
supp(f(m, a,e™=2))). Since (R, f) is a canonical F™-hypergroup, then m €
supp(f (¢, —a,el™=2))). Since supp(f(e', —a, ™)) C supp(f(e/, —g(r,z,¢’),el™2)))
for some r € M, we have m € supp(f(e/,g(r,z,€'),e™2))) which implies
m € supp(f(e/,T,e(m=2)). This m is F-invertible, a contradiction.
<= Suppose that J C J(R). Assume that a € supp(f(e/,T,e(™2))) is not
F-invertible. Then there exists 2 € J such that a € supp(f(e/,z,e(™=2)). We
have a € M for some maximal F-hyperideal 9, because a is not F-invertible.
From a € supp(f(e’,z,e™=2)), it follows that e’ € supp(f(a,—z,e™=2))) C
M, a contradiction. Thus every element of supp(f(e’,J, e(™~2))) is F-invertible.
O

In view of Theorem 3.16, we have the following result.

Corollary 3.17. Let I be a mazimal F-hyperideal of a Krasner F(™m)-
hyperring with the scalar F-identity €. If every element of supp(f(e’, M, e(m=2)))
is F-invertible, then 9 is the only mazimal hyperideal of *R.

(m,n)_

Theorem 3.18. Suppose that T is a non-empty subset of a Krasner F
hyperring (R, f, g) that is support closed under g and J is an F-hyperideal of R
such that INT = & . Then there exists an F-hyperideal ¥ which is maximal
in the set of all hyperideals of R disjoint from T containing J. Furthermore
any such F-hyperideal is prime.

Proof. Let ¥ be the set of all hyperideals of R disjoint from 7' containing J.
Since J € X, then ¥ # @. Thus ¥ is a partially ordered set with respect to set
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inclusion relation. Then there is an F-hyperideal 8 which is maximal in X, by
Zorn’s lemma. Our task now is to show that 9B is a prime F-hyperideal of fR.
Let supp(g(a})) C B for some af € PR such that for all 1 <i < n, a; ¢ P. Then
for each 1 < i < n, P C supp(f(PW, < a; >,e(™2))). By maximality of B, we
conclude that supp(f(, < a; >,e™ ")) NT # @. Hence there exist p} € P
and z; €< a; > such that supp(f(p;, z;,e™ ) NT # @ for each 1 < i < n.
Since T is support closed under g, then there exists 7; € supp(f(pi, z;, ™))
for each 1 < i < n such that supp(g(r?)) N T # @. Therefore

supp(g(r)) S supp(g(f(p1, x1,e™ ), .., f(pn, 20, ™ 72)))) )
= supp(f(g(p?), 9Py wn), -+ L g(p1, %), -+ g(ah), elm=2"))

c B
This means that B N T # @ which is contradiction with ¢ € 3. Thus, by
Theorem 3.2, P is a prime F-hyperideal of A. 0

Definition 3.19. Let J be an F-hyperideal of a Krasner F(™™)_hyperring

(R, f, g) with scalar F-identity e’. The intersection of all prime F-hyperideals

of MR containing J is called F-radical of J, being denoted by ﬁF. If PR does
F

not have any prime F-hyperideal containing J, we define vJ = 9.

Example 3.20. In the Krasner F""™) -hyperring defined in Example 3.3, F-
radical of F-hyperideal 47 is 27.

F
The following theorem gives an alternative definition of vJ .

Theorem 3.21. J be an F-hyperideal of a Krasner F"™™ -hyperring (R, f, 9)
with scalar F-identity €'. Then

Nl :{ a€R| { supp(g(a®), e ")) € 3, s<mn }}

SUPP(Q(I)(G(S))) c7J s>n,s=1ln—1)+1

Proof. Let a € \ﬁF and let 3 be a prime F-hyperideal of R with J C 3. Thus
there exists s € N with supp(g(a’®, e’(nis))) C Jfor s < n, or supp(ga(a'®)) C
Jfor s = I(n—1)+ 1. In the first case, we have supp(g(a(s),e’mfs))) -
P and so supp(g(a, g(at=D, e’ "), " 7P)) C P. Since P is a prime
F-hyperideal of R, we get a € P or supp(g(a(s’l),e’(nfsﬂ))) C ‘B.From

supp(g(al®>=D,e’"""")) C P, it follows that supp(g(a, g(at®=?, e’ ), ")
/(n75+2)))

C
B which implies a € B or supp(g(a*=2), e C B. By continuing this
process, we obtain a € 8. Hence we have a € P for all T C P and so
a € Nycp™- This means \ﬁF C MycqpP- In the second case, we get
supp(g(g(...g(g(a™),a 1), ...),a™ D)) C P. By using a similar argu-
ment , we get \/jF - HJQB B. Now, suppose that a € ﬂjgp‘ﬁ but a ¢ \ﬁF
Hence we conclude that for every s € N, supp(g(a(s),e’(nfs))) ¢ 3. Let
T = {,a} U{r € supp(gla®,e’" ")) | 2 < t}. Clearly, T is a subset of
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R that is support closed under g and TNJ = @. By Theorem 3.18, there
exists a prime F-hyperideal 3 with J C B and T N*P = &. This means

a ¢ B. This is contradiction as a € ﬂjcm B. Thus a € \fffF Consequently,
/‘VF B
VI =Ny B O

4. Primary F-hyperideals

In this section, we aim to present the definition of primary F-hyperideals in
a Krasner F(™™) hyperring (R, f,g) and give some basic properties of them.

Definition 4.1. An F-hyperideal Q of a Krasner F(™™)_hyperring (R, f, g)
(with scalar F-identity €’) is called a primary F-hyperideal if for all u} € L,

supp(g(ut)) C 9 implies that supp(p;) C Q or supp(g(u’fl,x{e/},ugbrl)) C
\/ﬁF for some 1 < i < n.

Theorem 4.2. Let Q be an F-hyperideal of a Krasner F™2) -hyperring (R, £, g)
(with scalar F-identity €'). Then Q is primary if and only if for all a3 € R,

supp(g(a?)) C Q implies that a1 € Q or ag € va’.

Proof. = Let Q be a primary F-hyperideal of R. Suppose that supp(g(a?)) C
Q for some af € R. Since supp(g(a?)) = supp(g(X{a}> X{as})), then we have
supp(9(X{ar}> X{as})) € Q. Since Q is a primary F-hyperideal of R, we get
F F
supp(X{a,y) € Q or supp(X{a,1) € V' . This means a; € Q or as € VQ .
= Let supp(g(u?)) C Q for some p3 € LT such that neither supp(y;) C Q nor
F F
supp(pz) € v/Q . Suppose that z; € supp(p;) —Q and x5 € supp(ps) —VQ .
Clearly, supp(g(z?)) C supp(g(13)) C Q. By the hypothesis, we get x1 € Q or
F .
zo € V/Q , a contradiction. O

Corollary 4.3. Let Q be an F-hyperideal of a Krasner F(™™ -hyperring (R, f, g)
(with scalar F-identity €'). Then Q is primary if and only if for all ab € R,
supp(g(at)) C Q implies that a; € Q or supp(g(ai™ ', €' al,)) C va© for
some 1 <13 <n.

Example 4.4. Suppose that R = [0,1] and t € (0,1]. Then (R, f,g) is a
Krasner F33) _hyperring, where f and g defined by

_ Xmaz{a,b} Zf a 7é b
a,b) = :
f(a,b) { X[0,a] ifa="b
and
g(a,b,¢c) = (a.b.c);
for all a,b,c € R. The F-hyperideal I = [0,0.5] is a primary F-hyperideal of
R.

The following is a direct consequence and can be proved easily and so the
proof is omited.
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Theorem 4.5. If P is a prime F-hyperideal of R, then P is a primary F-
hyperideal of R.

The next example shows that the inverse of Theorem 4.5 is not true, in
general.

Example 4.6. In Ezample 4.4, the primary F-hyperideal I of R is not prime
as the fact that supp(g(0.8,0.7,.0.6)) C I but 0.8,0.7,0.6 ¢ I.

In next theorem, we establish a relationship between prime F-hyperideals
and primary F-hyperideals of a Krasner F ("™ -hyperring (R, f,9).

Theorem 4.7. Let Q be an F-hyperideal of a Krasner F"™) -hyperring (R, f,9)

(with scalar F-identity €' ). If Q is primary, then \/ﬁF is a prime F-hyperideal
of fR.

Proof Let supp(g(z})) C \/> for some z7 € M such that i ' a7, ¢

\F Our task now is to show that a; € \/5F Let z € supp(g(z¥). From

supp(g(x)) C \F it follows that there exists s € N such that if s < n, then

supp(g(x (5)76/(" S)>) C 9. Therefore we have supp(g(g(:z:?)(s),6/(%3))) cQ,

J O na(s) )

because supp(g(e,¢/")) = supplg(g(p) e ).

Thus supp(g(x; (s ),g(:zc’1 Le xﬁ_l)(s),e’(w ))) C 9 and so

supp(g(g((” = b)),g(g(xﬁ e ap )@, e ), e ")) C Q. Since Qs a

primary F-hyperideal of R, we get supp(g(g(zi*, e’,:c?+1)(5), e’(n_s))) CQor
sy jn—s F i 0 \(s) sn—s

supp(g(xg‘)7e/( ))) C VQ . Suppose that supp(g(g(zi", e, 27 ;) ), e’ ))) C

9. Then we get supp(g(g(a'”, e’ ™), g(ai l,e’z,xfﬂ)(s) Ty €
which means SUPP(Q(»T%S), ")) € Qor supp(g(g(al e, 2 ), e b))) c

F . 7:_ s n—s
VQ . Since z; ¢ \F then supp(g(g(xs 1,6 , z+1)( ) e ))) C \F . By

contmumg this process, since 77!, 27, | ¢ \/55 we have supp(g(z; (2) ’<n7$))) -

\/> . By using the definition of F-radical of 9, we conclude that a; € \/ﬁF.
If s=1(n—1)+ 1, then by using a similar argument , one can easily complete
the proof. O

, €

The next example shows that the inverse of Theorem 4.7 is not true, in
general.

Example 4.8. Let R = Zs[z,y,2] and I = (zy — 2?). Then H = R/I is
a Krasner (2,2)-hyperring with ordinary addition and ordinary multiplication.
Note that (H, f,g) is a Krasner F>?) _hyperring, where

f(avﬁ) = X(a+8) fOT’ all Q, 5 €H
9(a, B) = X(a-p) for all a, 8 € H.
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Then K = (z,Z) is a prime F-hyperideal of H where T,z denote the images
of x, z, respectively, in H. K? is not a primary F-hyperideal of H, while its
F-radical is a prime F-hyperideal of H.

5. Conclusion

In this paper, our purpose is to extend the study initiated in [24] about Kras-
ner F("")_hyperrings by Farshi and Davvaz. We defined prime F-hyperideals,
maximal F-hyperideals and primary F-hyperideals of a Krasner F ("™ -hyperring
R. We obtain many specific results explaining the structures. Moreover, their
connection with other concepts such as the quotient structure, Jacobson radical
and F-radical was investigated. The stability of prime F-hyperideals property
was examined under a transfer. An alternative definition of F-radical of an
F-hyperideal was given.

The future work can be on defining the concept of §-primary F-hyperideals
unifing the notions of the prime and primary F-hyperideal in a frame.
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