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ABSTRACT. In this paper, we prove the existance of subspace-diskcyclic
Co-semigroups on any infinite-dimensional separable Banach space. We
state that diskcyclic Cp-semigroups are subspace-diskcyclic. Also, we es-
tablish some criteria for subspace-diskcyclic Cp-semigroups. Most of these
criteria are based on non-empty relatively open sets and some of them
are based on dense sets.
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1. Introduction

Let X be an infinite-dimensional separable Banach space. Let T be a bounded
linear operator on X or briefly an operator on X. We denote the set of all
bounded linear operators on X by B(X). The orbit of x € X under T is
defined as
orb(T,x) = {x, Tz, T?z,...}.

According to orbits properties, there are different categories of operators. For
example if orb(T, ) is dense in X for some 2z € X, then T is called hypercyclic
and if for some z € X, Corb(T,xz) = {\T"x : A € C,n € Ny} is dense in X,
then T is called supercyclic [11].

We can construct hypercyclic operators only on infinite-dimensional Banach
spaces [10]. Supercyclic operators can appear on Banach spaces with dim X €
{1,2,00} [11]. These types of operators were extensively investigated. For more
results, one can see [8] and [10].

A concept between hypercyclicity and supercyclicity is diskcyclicity. This
concept was first introduced by Zeana in [15]. An operator T' € B(X) is called
diskcyclic if

Dord(T,z) = {N\T"z : A € D,n € Ny}
is dense in X [3]. The set D denotes the closed unit disk, that is, D = {a €
C : o] < 1}. In this case, z is called a diskeyclic vector for T. There are some
equivalent criteria for diskcyclicity of an operator [5]. A good review on this
topic can be seen in [3].
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In [2] Bamerni and Kilicman defined the concept of subspace-diskcyclic op-
erators. Let M be a closed non-trivial subspace of X. An operator T € B(X)
is said to be subspace-diskcyclic with respect to M or M-diskcyclic if there is
an x € X such that Dord(T, z) N M is dense in M. In fact, they considered the
density of Dorb(T, z) in a subspace instead of the whole space. They showed
in [2] that there are subspace-diskcyclic operators that are not diskcyclic. They
also gave some sufficient conditions for an operator to be subspace-diskcyclic.

Co-semigroups are exciting structures too. A family (7};)¢>0 of operators on
a Banach space X is called a Cy-semigroup, if Ty = I and for all s,¢ > 0 and
for all x € X,

Tits =TT, and limg, Tsx = Tix.

Hypercyclicity for Cy-semigroups of operators introduced by Desh, Schappacher
and Webb in [9]. A Cp-semigroup (7})¢>0 on a Banach space X is called a
hypercyclic Cy-semigroup if for some z € X,

orb((Ty)i>0,2) = {Thx :t > 0} = X.

Hypercyclicity in Cp-semigroups can be considered as the discrete case in-
stead of the continuous case. Hypercyclic Cp-semigroups exist only on infinite-
dimensional spaces [11]. In fact, any infinite-dimensional separable Banach
spaces support hypercyclic Cp-semigroups [6, Theorem 3.1]. One can also
see [7].

The concept of subspace-hypercyclicity for Cp-semigroups is defined in [14].
Assume (T3):>0 is a Cp-semigroup on a Banach space X. Presume M is a
closed non-trivial subspace of X. If for some z € X

orb((Ty)e>0,x) N M = M,

then we say (T})¢>0 is an M-hypercyclic Cp-semigroup and z is called an
M-hypercyclic vector for it. One can also see some criteria for subspace-
hypercyclicity of Cp-semigroups in [13].

Like to the concept of subspace-hypercyclicity for Cy-semigroups, the con-
cept of subspace-diskcyclicity for Cy-semigroups has also attracted the atten-
tion of mathematicians. The authors in final section of [14], defined subspace-
diskcyclic Cp-semigroups as follows.

Definition 1.1. Let (T})¢>0 be a Cy-semigroup on X. Then (T});>¢ is subspace-
diskcyclic Cy-semigroup with respect to M or an M-diskcyclic Cy-semigroup if
there is x € X such that

Dorb((T;)i>0,x) N M = {XTz; A € D, t > 0} = M.

By definition, it is not hard to see that a subspace-hypercyclic Cy-semigroup
is subspace-diskcyclic. Also, any diskcyclic Cy-semigroup is subspace-diskcyclic
since it is sufficient to consider M := X [14]. The authors also showed that
there are subspace-diskcyclic Cp-semigroup that are not diskeyclic [14, Example
3]. They also proved the following lemma.
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Lemma 1.2. ( [14]) Assume (T)i>0 is a Co-semigroup on X and assume
M is a closed non-trivial subspace of X. If one of the following conditions is
satisfied, then (Ty)t>o0 is M -diskcyclic:
(i) For any non-empty relatively open sets U,V C M, there are s > 0 and
A € C with |A| <1 such that XT,(U) NV is non-empty.
(ii) For any non-empty relatively open sets U,V C M, there are s > 0
and X\ € C with |A\| > 1 such that NXT;Y(U) NV is non-empty and
relatively-open.

(iii) For any non-empty relatively open sets U,V C M, there are s > 0 and
A € C with |A| > 1 such that \T; Y (U)NV # ¢ and Ts(M) C M.

The authors in [1] investigated subspace-diskcyclicity for a sequence of op-
erators. They stated some sufficient conditions that under which, a sequence
of operators can be subspace-diskcyclic.

Now, this question arises that if diskcyclicity of a Cy-semigroup implies its
subspace-diskcyclicity? Also, we want to know if finite-dimensional or infinite-
dimensional Banach spaces support this type of Cy-semigroups or not. More-
over, we interested in discovering new criteria for subspace-diskcyclicity.

In this article, we study the subspace-diskcyclic Cp-semigroups and their
properties in more detail. In this article X denotes an infinite-dimensional
Banach space and M indicates a closed non-trivial subspace of X.

In Section 2, we prove that if a Cy-semigroup contains a subspace-diskcyclic
operator, then the Cy-semigroup is subspace-diskcyclic. Also, we state that
diskcyclic Cp-semigroups are subspace-diskcyclic. Moreover, a subspace-diskcyclic
Cy-semigroups exists on any infinite-dimensional separable Banach space.

In Section 3, we establish some criteria for subspace-diskcyclic Cp-semigroups.
Most of them are based on non-empty relatively open sets and some of them
are based on dense sets.

2. Existence of subspace-diskcyclic Cy-semigroups

We start this section by showing the fact that by subspace-diskcyclicity of
an operator of a Cy-semigroup we can conclude subspace-diskcyclicity of the
Cy-semigroup.

Proposition 2.1. Suppose (T})i>0 is a Co-semigroup on X. If (T})i>0 contains
a subspace-diskcyclic operator, then (T});>o is subspace-diskcyclic.

Proof. Let s > 0 exist such that T is M-diskcyclic. Let = be an M-diskcyclic
vector for Ts. So,

Dorb(Ts,xz) N M = M.
That means

(AT"z:AeD,neNg}NM
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is dense in M. But T} = T}, and
{ANTspz: A eD,n e Ny} C{A\T;z: A eD,t>0}.

Hence, (T}):>0 is an M-diskeyclic Cp-semigroup.
O

Example 2.2. Consider (I3)i>0 is a Co-semigroup on C that is defined with
Tix = 3tx for any t > 0. Ift = 1, then Thx = 3x. We claim that Ty is
diskcyclic on C and 1 is a diskcyclic vector for it. For this, note that

(1) Dorb(Ty,1) = {A3" : A€ D,n € Np}.

Let z = a+1ib € C be arbitrary. There is m € N such that vVa? + b%> < 3™. We
can write z = 3™ (55 +z3i) Then z € Dorb(T1,1) since we can write it of the
form 3™, where |a] < 1. Therefore, 1 is a diskcyclic vector for Ty.

Similarly, 1@ {0} is a subspace-diskcyclic vector for Ty & I on C & C with
respect to M := C & {0}. Hence, (T; & I);>0 is an M-diskcyclic Cy-semigroup
by Proposition 2.1.

Example 2.2 shows that we can construct subspace-diskcyclic Cy-semigroups
on finite-dimensional Banach spaces.

An operator with a dense range that commutes with operators of Cy-semigroups
can lead us to a sufficient condition as follows.

Proposition 2.3. Suppose (T;)i>0 and (St)e>o0 are Co-semigroups on X. Con-
sider there is ® € B(X) such that ®(X) = M. If (St)i>0 is M-diskcyclic and
Tio® =®0S; for anyt > 0, then (T})i>o0 is M -diskcyclic.

Proof. Let U C M be a non-empty relatively open set. Let x be an M-diskcyclic
vector for (S;);>0. Hence, there is @ € D and ¢y > 0 such that aS;,z € ®~1(U).
So, a®(S;,x) € U.

Therefore, aT;,(Px) € U. So, for any non-empty open set U in relative
topology, there is tg > 0 and « € D such that a7y, (Pz) € U. That means ®z
is an M-diskeyclic vector for (T})¢>o.

O

To prove the next theorem, we need to recall a theorem from [4] as follows.

Theorem 2.4. Let A C X be a dense subset in X. Then there is a closed
non-trivial subspace M of X such that AN M is dense in M.

As we mentioned in the introduction, there are subspace-diskcyclic Cy-
semigroups that are not diskcyclic. But in the following theorem, we prove
that any diskcyclic Cy-semigroup is subspace-diskcyclic.

Theorem 2.5. Let (Ti)i>0 be a diskcyclic Co-semigroup on X. Then (Ti)i>o0
1s subspace-diskcyclic with respect to a closed non-trivial subspace N of X.
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Proof. Since (T}):>0 is diskeyclic, there is € X such that Dorb((1})>0,x) =
X. By Theorem 2.4, there is a closed non-trivial subspace N of X such that
Dorb((T;)i>0,2) "N = N. So (T});>0 is an N-diskcyclic Cp-semigroup.

O

As it mentioned in the introduction, the authors in [14, Example 3] con-
structed an example of a subspace-diskcyclic Cy-semigroup that is not diskcyclic.
So, the converse of Theorem 2.5 is not true.

By [12, Proposition 1.4], on any infinite-dimensional Banach space we can
find a diskcyclic Cy-semigroup. So we can state the following corollary.

Corollary 2.6. Subspace-diskcyclic Cy-semigroups can be constructed on any
Banach space with infinite-dimension.

We can also conclude another useful corollary as follows.

Corollary 2.7. Let (Ti)i>0 be a diskcyclic Co-semigroup on X. If T, is a
diskcyclic operator for some s > 0, then (T;)i>0 is subspace-diskeyclic.

Proof. Suppose there is s > 0 such that T is diskcyclic. So there is z € X such
that Dorb(Ts,z) = X. By Theorem 2.4, there is a closed non-trivial subspace
N of X such that Dorb(Ts,z) "N = N. Hence, Ty is N-diskcyclic and by
Proposition 2.1, (T});>0 is N-diskeyclic. O

3. Some sufficient conditions for subspace-diskcyclicity of Cy-
semigroups

By dense sets and special sequences we can state sufficient conditions for
subspace-diskcyclicity as follows.

Theorem 3.1. Let (T};)i>0 be a Cy-semigroup on X. Suppose Y and Z are
dense subsets of M. Assume (t,)° is an increasing sequence of positive real
numbers such that:
(i) Foranyz€ Z, Ty z — 0,
(i) For anyy €Y, there is (u,) € M and B, € C with |3y < 1 such that
up, = 0 and Ty, Byun — v,
(iii) For anyn € N, T, (M) C M.
Then (T})i>o is M-diskcyclic.

Proof. Let U,V C M be non-empty relatively open sets. The subsets Z and Y
are dense in M by hypothesis. So there are z € VN Z and y € UNY. Hence,
by condition(z),

(2) Tth — 0,
and by condition(i%), there is (u,,) € M and 8, € C with |8,| < 1 such that
(3) up, >0 and Ty, Byun = y.
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Consider z,, := z + u,. Hence, z,, — z. Also, when n — oo,

(4) Ttn/Byxn = Ttn 63/2 + Ttnﬁyun = /ByTtn,Z + Ttnﬁyun — Y.
So for IV large enough, zy € V and T3, Byzn € U. Therefore

(5) B T (U)NV # 6.

If we consider A := ;! then it is concluded from (5) that

(6) NN U)NV # 6.

This completes the proof.

By using dense subsets, we can state the following theorem.

Theorem 3.2. Let (T});>0 be a Co-semigroup on X. Suppose there is an
increasing sequence (t,) C R and a sequence (ay,) C C with |ay| < 1 for any
n € N. LetY be a dense subset of M. Consider for ally € Y, thereis X, C M
such that X, = M and there is Sy, : X, — M such that:

(i) For any z € X, S,z — 0,

(ii) For any z € Xy, a1y, St, 2 — 2,

(iii) For any z € Xy, oIy, 2 — 0,

(iv) For anyn e N, Ty (M) C M.
Then (T})i>o is M-diskcyclic.

Proof. Let U,V C M be non-empty relatively open sets. Suppose y € U N X,,.
Relevant to y, there exists a dense subset X, of M.
By density of Xy, there is z € V N X,,. Consider z,, := S;,y. Hence,

(7) Tn =0, z4z, =2, a1y S,y—y, and a1, z—0.
Therefore,

(8) a1y, (2 4+ xp) = .

Hence, for sufficiently large N, z+zx € ay' T, (U)NV. It follows that (T})i>0

is M-diskcyclic.
O

Theorem 3.3. Let (T})i>0 be a Cy-semigroup on X. Suppose Y is a dense
subset of M with this property that for any x,y € Y, there are (x,) C M,
an increasing sequence (t,) C RT and (a,,) C C with |ay,| < 1 for alln € N
such that Ty, (M) C M, z, = x and o, Ty, xn, — y. Then (T})i>0 is subspace-
diskcyclic with respect to M .

Proof. Let U,V C M be non-empty relatively open sets. By density of Y, there
arex € VN M and y € UN M. By hypothesis, (z,) C M and (a,) C C exist
with |ay,| < 1 for any n such that

Tn =  and o1, Tn — Y.
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Hence, there is ng such that z,, € V and a,,Tt, 2n, € U. Therefore, z,, €
ap T, (U)NV.
O

Neighborhoods of zero are good instruments beside open sets to state some
sufficient conditions as follows.

Theorem 3.4. Assume (T})i>0 is a Cy-semigroup on X. If for any non-empty
relatively open sets U,V C M and any neighborhood W of zero in M, there is
a € C with |a| <1 and there is t > 0 with Ty(M) C M such that

aT,(V)NW # ¢ and oTy(W)NU # ¢.
Then (T})i>o0 is M-diskcyclic.

Proof. Let U,V C M be non-empty relatively open sets. There are relatively
open sets Uy, Vi € M and a neighborhood W of zero in M such that

(9) U1+W1§U and V1+W1§V
By hypothesis, there is a € C with |a| < 1 and there is ¢ > 0 such that
(10) OéTt(Vl) N W1 75 ¢ and OéTt(Wl) n U1 7é (b

There is v; € Vi such that aTiv, € Wi. Also, there is w; € Wj such that
aTywy € Uy. Therefore,

vi+w EVi+W,CV  and  aTi(vy +wy) = aTv; + aTiwy € Wi +U; CU.
So, (T})¢>0 is M-diskeyclic.
O

By a partial change in conditions of Theorem 3.4, we gain the following
theorem.

Theorem 3.5. Assume (T})i>0 is a Cy-semigroup on X. If for any non-empty
relatively open sets U,V C M and any neighborhood W of zero in M, there is
a € C with || < 1 and there are t > 0 and p > 0 with Ty(M) C M and
T,(M) C M such that

oaI,(V)NW #¢  and aTiy,(W)NU # ¢.
Then (T})i>o is M-diskcyclic.

Proof. Let U,V C M be non-empty relatively open sets and let W be a neigh-
borhood of zero in M. Consider W’ := W NT, ' (W). Then W’ is a neigh-
borhood of zero. Hence, by hypothesis, there is o € C with |a] < 1 such
that

(11) oaL(V)N(WNT, ' (W) #¢  and oLy py(WNT, (W) NU # ¢.
So
(12) o, (V)NW # ¢ and  oTyp(T, (W) NU # ¢.
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Therefore,
(13) od;(VYNW £ ¢ and oLy (W)NU # ¢.

Now, by Theorem 3.4, (T})>0 is M-diskcyclic.
O

Corollary 3.6. Assume (T})i>0 is a Co-semigroup on X . If for any non-empty
relatively open sets U,V C M and any neighborhood W of zero in M, there is
a € C with || <1 and there is t > 0 with Ty(M) C M and Ty (M) C M such
that

a;(V)NW #£ ¢ and aTa(W)NU # é.
then (Ti)i>o is M-diskcyclic.

Proof. 1t is sufficient to consider p := 1 in Theorem 3.5.

4. Conclousion

Investigating properties such as subspace-hypercyclicity, subspace-supercyclicity
and subspace-diskcyclicity for Cy-semigroups have attracted the attention and
interest of mathematicians.

In this article, we took a closer look at the subspace-diskcyclic Cp-semigroups.
We proved that all diskcyclic Cy-semigroups are subspace-diskcyclic but the
converse is not true. We showed that subspace-diskcyclic Cp-semigroups exist
on both infinite-dimensional and finite-dimensional Banach spaces. Also, we
proved that while a Cy-semigroup contains a subspace-diskcyclic operator, then
it is subspace-diskcyclic.

By the idea of the criteria that are stated in [3] and [12], we stated some
criteria for subspace-diskcyclicity for Cp-semigroups that were based on non-
empty relatively open sets, and some of them are based on dense sets. In the
stated criteria in this paper for M-diskcyclicity we have the condition T3 (M) C
M for some ¢t > 0. This question arises can we state some criteria for subspace-
diskcyclicity without this condition?

5. Data Availability Statement
Not applicable.

6. Acknowledgement

I would like to thank the editor and the referees for their helpful comments
and remarks.

7. Conflict of interest

The author declares no conflict of interest.



(1]
2]

(3]

(4]
(5]

(6]

(10]

(11]
(12]

(13]
(14]

(15]

On the existence of subspace-diskcyclic Cp-semigroups ... — JMMR Vol. 12, No. 2 (2023) 593

References

M.R. Azimi, Subspace-diskcyclic sequences of linear operators, Sahand Communications
in Mathematical Analysis vol.8, no.1 (2017) 97-106.

N. Bamerni, A. Kilicman, On Subspace-diskcyclicity, Arab Journal of Mathematical
Sciences vol.23, no.2 (2017) 133-140.

N. Bamerni, A. Kilicman, and M. S. Md. Noorani, A review of some works in the theory
of diskcyclic operators, Bulletin of the Malaysian Mathematical Sciences Society vol.39,
no.2 (2016) 723-739.

N. Bamerni, V. Kadets, and A. Kilicman, Hypercyclic operators are subspace hypercyclic,
Journal of Mathematical Analysis and Applications vol.435, no.2 (2016) 1812-1815.

N. Bamerni, A. Kilicman, Operators with diskcyclic vectors subspaces, Journal of Taibah
University for Science vol.9, no.3 (2015) 414-419.

L. Bernal-Gonzalez and K.G. Grosse-Erdmann, Ezistence and Nonexistence of Hyper-
cyclic Semigroups, Proceedings of the American Mathematical Society vol.135 (2007)
755-766.

J. A. Conejero, V. Muller, A. Peris, Hypercyclic behaviour of operators in a hypercyclic
Co-semigroup, Journal of functional analysis vol.244 (2007) 342-348.

J. A. Conejero, A. Peris, Linear transitivity, Topology and Its Applications vol.153
(2005) T67-773.

‘W. Desh, W. Schappacher, and G.F. Webb, Hypercyclic and chaotic semigroups of linear
operators, Ergodic Theory and Dynamical Systems vol.17 (1997) 793-819.

C. T. J. Dodson, A review of some recent work on hypercyclicity, Balkan Journal of
Geometry and Its Applications vol.19, no.1 (2014) 22-41.

K.G. Grosse-Erdmann and A. Peris Manguillot, Linear chaos, Springer, London, 2011.
M. Moosapoor, Diskcyclic Co-semigroups and diskcyclicity criteria, Nonlinear Func-
tional Analysis and Applications vol.27, no.1 (2022) 111-119.

M. Moosapoor, Some criteria for subspace-hypercyclicity of Co-semigroups, Australian
journal of mathematical analysis and applications vol.18, no.1 (2021) Art. 12, 8 pp.

A. Tajmouati, A. El Bakkali, and A. Toukmati, On some properties of M -hypercyclic
Co-semigroup, Italian journal of pure and applied mathematics vol.35 (2015) 351-360.

Z. J. Zeana, Cyclic phenomena of operators on Hilbert space, Thesis, University of
Baghdad, 2002.

MANSOOREH MOOSAPOOR

ORCID NUMBER: 0000-0003-4194-6495
DEPARTMENT OF MATHEMATICS
FARHANGIAN UNIVERSITY

TEHRAN, IRAN

Email address: m.mosapour@cfu.ac.ir; mosapor110@gmail.com



	1. Introduction
	2. Existence of subspace-diskcyclic C0-semigroups
	3. Some sufficient conditions for subspace-diskcyclicity of C0-semigroups
	4. Conclousion
	5. Data Availability Statement
	6. Acknowledgement
	7. Conflict of interest
	References

