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ABSTRACT. A five coupled Kaldor-Kalecki economic model with one de-
lay appeared in the literature, in which the periodic solution of the model
was verified by numerical analysis. The periodic solution is an important
characteristic of the mutual interactions of economic systems. Also, dif-
ferent investment functions may have different delays. The present paper
extends the five coupled Kaldor-Kalecki economic model with one delay to
a multiple delay system and discusses the existence of periodic oscillation
of this multiple delay model. By linearizing the investment functions at
the positive equilibrium and analyzing the instability of the positive equi-
librium together with the boundedness of the solutions, some sufficient
conditions to guarantee the existence of periodic oscillatory solutions for
this model are established. Computer simulations are given to illustrate
the validity of the theoretical results. The present result is new.
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1. Mathematical model

Recently, many researchers have studied various economic models with or
without discrete and distributed delays. For example, Grasman and Wentzel
have investigated the Kaldor-Kalecki business cycle model as follows [1]:

n { 70 =olitrw 0) - o)
(1) = 1(u(t), k(1)) - ak(t),

where y(t) is the gross product, k(t) is the capital stock at time, « is the adjust-
ment coefficient in the goods market, ¢ is the depreciation rate of the capital
stock, v represents the propensity to save, and I(y(t), k(t)) is the investment.
The existence of a limit cycle with an equilibrium point was considered for the
mode (1). Concerned delay 7 in the form of investment and saving functions
as the following:

@) {M@=?mymmm—wwx

O
< cfeng@alasu.edu, ORCID: 0000-0001-7020-3274

DOI: 10.22103/jmmr.2023.20085.1321 © the Authors
Publisher: Shahid Bahonar University of Kerman

How to cite: C. Feng, Periodic Oscillation for a Class of Delayed Economic Models, J.
Mahani Math. Res. 2023; 12(2): 513-527.

513


https://orcid.org/0000-0001-7020-3274
mailto: cfeng@alasu.edu
https://jmmrc.uk.ac.ir/article_3626.html

514 C. Feng

The dynamic behaviors such as stability, Hopf bifurcation, codimension-two
bifurcation, and chaos were established in [2-10]. For a Kaldor-Kalecki model
of the business cycle with two discrete time delays as follows:

3) { y'(t) = I (y(t), k(1)) — S(y(t), k(1)),
k() = I(y(t — 71), k(t = 72)) — qk(t),

where I(y,k) and S(y, k) are the investment function and the saving func-
tion respectively, 71 is the time delay for the investment due to the past gross
product, 7 is the time delay for capital stock in the past. By analyzing the
corresponding characteristic equations, the local stability of the positive equi-
librium was discussed. Choosing the adjustment coefficient o in the goods
market as a bifurcation parameter, the existence of Hopf bifurcation was in-
vestigated in detail [11, 12]. Due to the importance of anticipation for making
decisions and organizational transformations, the Kaldor-Kalecki model of the
business cycle was studied in view of showing its anticipatory capabilities [13].
The dynamics behaviors of Kaldor-Kalecki business cycle model with diffusion
effect and time delay under the Neumann boundary conditions were investi-
gated [14, 15]. Mircea et al., considered a Kaldor-Kalecki stochastic model of
the business cycle [16]. Caraballo and Silva investigated the stability of a delay
differential in Kaldor’s model with government policies [17].

On the other hand, when local economies are subject to various economic and
various unions, macroeconomic models cannot be treated as isolated systems.
Especially, the influence of large and dominating economies on the Gross Do-
mestic Product of local economies cannot be neglected. Therefore, Zduniak et
al., have investigated a coupled Kaldor-Kalecki model with delay [18]:

y1(t) = ar1(Fi(yi(t)) — 01y2(t) — nya(t)),
(4) Yo (t) = Fi(y(t — 7)) — 01y2(t — 7) — dya(1),
ys(t) = o (Fa(ya(t)) — 02ya(t) — 12ys(t)),
ya(t) = Fa(ya(t — 7)) — Oaya(t — 7) — dya(t) + s(y2(t) — ys(t)),
where F;(y;) are investment functions, and it is taken from the published lit-
eYi(t) . . . :
erature as =7y s s a coupling coefficient, a; and s are the adjustment

coefficients (correction factors), § € (0,1) is the depreciation rate of capital
stock, ~v1,72,01 and &y are constants, and 7 denotes the time delay. The au-
thors considered two types of investment functions that lead to the different
behavior of the system. The model with unidirectional coupling to investi-
gate the influence of a global economy on a local economy was also considered.
Zduniak and Orlowsereki also extended two coupled Kaldor-Kalecki model to
a five coupled Kaldor-Kalecki model with one delay, in which the numerical
simulation for the parameter values was provided [19]. However, different in-
vestment functions may have different time delays as in model (2). A multiple
time delay system may be more in keeping with practical situations. Therefore,
in this paper, we extend the five coupled Kaldor-Kalecki model to the following
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system with ten delays:

Y1 (t) = a1 (Fi(yi(t)) — d1y2(t) — mvi(t)),

Yo (t) = Fi(yi(t — 71)) — d1y2(t — 72) — dya(t) — sa(ye(t) —y1(2))
+s5(y7(t) —y1(2)),

y5(t) = aa(F3(ys(t)) — d2ya(t) — v2y3(t)),

ya(t) = F3(ys(t — 73)) — 2ya(t — 7a) — 6ya(t) — s1(y1(t) — ys(t))
+s9(y7(t) —ya(t)) — s11(ys(t) — y3(t)),

ys(t) = az(F5(ys(t)) — d3ys(t) — 13ys(t)),

Y (t) = F5(ys(t — 75)) — d3ys(t — 76) — dye(t) — s2(y1(t) — ys(t))
+ss(y7(t) —ys(t)) — s12(ys(t) — ys(¢)),

y%(f) = o (F7(y7(t)) — 0ays(t) — vayr (1)),

8

—s10(y1(t) — y7(t)),
Yo(t) = a5 (Fo(ys(t)) — d5y10(t) — 1599 (t)),
Y10(t) = Fo(yo(t — 79)) — d5y10(t — T10) — dy10(t) — s3(y1(t) — yo(t))
+s6(y7(t) —yo(t)),
eYi (1)

where Fi(yi(t)) = 155w
positive real numbers. Our goal is to investigate the periodic oscillatory solu-
tions of the model (5) not only by numerical simulation, but also by means of
the theoretical analysis.

1 =1,3,5,7,9, all parameter values 9, ;, d;, s; are

2. Preliminaries

It is known that bifurcation can give rise to a periodic solution. However, the
bifurcation method is hard to deal with in model (5) due to the complexity of
the bifurcating equation since there are ten time delays. In this paper, we will
use the method of mathematical analysis to discuss the existence of periodic
solutions of the model (5). First, we provide the following definition and two
lemmas.

Definition 2.1. The trivial solution of system (5) is unstable, if there exists
at least one component of the trivial solution which is unstable.

For selecting parameter values, set up a square matrix M as follows:

mi1 mi2 0 0 0 0 0 0 0 0
ma21 ma22 0 0 0 0 ma7 0 mag 0
0 0 ms3  M34 0 0 0 0 0 0
ma1 0 M43 Mas Mmys 0 mar 0 0 0
M _ 0 0 0 0 mss mse 0 0 0 0
me1 0 mesz 0 mes mes Mer 0 0 0 ’
0 0 0 0 0 0 mr7r mrs 0 0
ms1 0 0 0 0 0 msr mss Mgy 0
0 0 0 0 0 0 0 0 mog  M910
mio1 0 0 0 0 0 mior 0  mig mMmiolo
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where mi1 = 1 — 1Y, M2 = 704151,777,21 = C1 —+ S4 — S5,M22 = 7(51 —
0, Ma7 = 85,Mag = —854,M33 = Q€3 — QY2,M34 = —Qp02, My = —81,My3 =
c3 + 51 + 89 — 511,Myq = —03 — 6,My5 = —S811, M4y = S9,M55 = Q3C5 —
373, Msg = —Q305, M1 = —S2,Me3 = —S12,Mes = C5 + Sz — 53 — 512, Mg =
—03 — 0, Mg7 = S8, M7 = QuC7 — QuYa, Mgy = —0uudy, Mg = —S10, M7 = C7 +
87+ 510, Mgy = —04 — 0, Mgg = —87,Mgg = A5C9 — 55, Mo10 = —Q505,M101 =
—83,M107 = S6,M109 = Co + 83 — S6,M1010 = —05 — 0, where 0 < ¢; < 1,7 =

1,3,5,7,9. Then we have

Lemma 2.2. Assuming that M is a nonsingular matriz, then system (5) has
a unique positive equilibrium point.

Proof. An equilibrium point y* = [y},95, ..., y}]? of the system (5) is a con-
stant solution of the following algebraic equation

a1 Fy(yf) — andrys — oyt =0,
Fi(yy) — 01y5 — 6y5 — sa(ys — y7) +s5(y7 — i) =0,
o F3(y3) — aaday; — Y2y3 = 0,
Fs(y3) — 02y5 — oyy — s1(yi —y3) +s0(y7 —v3) —su(ys —v3) =0,
(6) O‘SFS(ZJS) a303ys — 13y = 0,
F5(y3) — 03y5 — 0yg — s2(yi — y5) + ss(y7 — v5) — s12(y3 — y5) =0,
asFr(y5) — cadays — auyay; = 0,
Fr(y7) — 0ays — 6y — s7(ys — ¥7) — s10(y7 —y7) =0,
asFy(ys) — asdsyTo — asysys = 0,
Fo(yg) — 5y70 — 0yio — s3(yi — ) + s6(y7 —y5) = 0.

If * = U7, 95, ..., U0l is another set of the equilibrium point of system (5),
then we have

ar[Fi(yy) — Fi(97)] — aean (v — 97) — a1di(ys — 93) =0,

Fi(yy) — Fi(g7) + (sa — s5)(y7 —97) — (01 + ) (y5 — ¥3)
+s5(y7 — ¥7) — sa(ys — 95) = 0,

axF3(y3 — F3(?§)] — Yoy3(y3 — ¥3) — cda(ys — ¥1) = 0,

—s1(y7 — 97) + F3(y3) — F3(93) + (51 — s9 + 511)(y3 — U3)
—(62 +6)(ys — ¥x) — su(ys — ¥3) + so(y7s — ¥7) =0,

a3l F5(y35) — F5(y3)] — v3(y5 — ¥5) — asds(ys — ¥6) = 0,

(7) § —s2(ui —91) — s12(y3 — G3) + F5(y5) — F5(75) + (s2 — 5 + s12)(y3
—¥3) — (93 + ) (ys — ¥g) + ss(ys —97) =0,

au[F7(y7) — F2(97)] — cuya(yz — 97) — a454(yg ys) =0,

—s10(y1 — U1) + Fr(y7) — F7(97) + (s7 + s10)(y7 — ﬂ?) — (62 +6)(y3
—8) — s7(ys — ¥5) = 0,

as[Fy(ys) — Fo(Us)] — asvs(ys — U5) — as05(yio — ¥ip) = 0,

—s3(yi — 7)) + s6(y7 — ¥7) + Fo(ys) — Fo(¥s) + (83 — s6)(vs — Us)
—(d5 +6)(y1o — Y1) = 0.

Noting that Fj(yi(t) = 1S (i = 1,3,5,7,9), then F/(yi(t) = oo

Therefore, 0 < F;(y;(t)) < 1, and F;(y;) are monotone increasing functions. By
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the mean value theorem, F;(y}) — F;(gr) = F!(n:)(yf — §F), where n; € (yf, 57).
Let ¢; = F/(n;), then 0 < ¢; < 1(i = 1,3,5,7,9). Thus, from the system (7) we
have

(8) M(y* —y") = 0.

System (8) is a matrix equation about variables (y; — 7). Since M is a nonsin-
gular matrix, based on the basic algebraic knowledge, system (8) has a unique
trivial solution, namely, y — g = 0(i = 1,2,...,10), implying that system (5)
has a unique equilibrium point y7,v5,...,¥]o- O

Lemma 2.3. Assume that all parameters are positive constants, then all solu-
tions of system (5) are bounded.

Proof. To prove the boundedness of the solutions in the system (5), we con-
struct a Lyapunov function V(t) = 2321 2y2. Noting that 0 < Fj(y;(t)) < 1,
calculating the derivative of V'(¢) through system (5) we get

9)

V' (t)l5) = Sicy iy = y1(B)[ea (F1 (11 (1) — d1ya(t) — My (1))
+y2(O)[F1(y1(t — 11)) — S1y2(t — 72) — 6y2(t) — sa(yo(t) — v1(t))
+85(y7(t) —y1 ()] + - + yo(t)[as Fo(yo (t — T9)) — d5y10(t — T10)
=599 ()] + y10 () [Fo(yo(t — 79)) — d5y10(t — T10) — Oy10(t)

—53(y1(t) — yo(t)) + s6(y7(t) — yo(?))]

< —oamyi — (01 + 0)ys — cevay3 — (02 + )y — azY3y3
—(03 + 0)yg — ayays — (04 + 0)y3 — asV5Y3
—(85 + 0)y3y — a161y1y2 — Say2Yo + (54 — 55)y1Y2
—a505Y9y10 — S3Y1Y10 + (83 — S6)Yoy10 + S6Y7Y10
+o1y1 + agys + a3ys + aayr + asyg.

Since all parameters are positive real numbers, obviously, there exists a positive
number L such that V'(t)|) < 0 when y; > L. This means that all solutions
of system (5) are bounded. O

If yi,95,...,95 is a positive equilibrium point of system (5), and make
the change of z;(t) = y;(t) — y;, then by the linearizing system (5) around
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(0,0,...,0) we have

T (t) = Ole{ (y7)w1(t) — ard1z2(t) — camw(t)),
Zh(t) = Fy(yi)m1(t — 71) — 6122(t — 72) — 622(t) — s4(we(t)
*331( ) + s5(z7(t) — 21(2)),
3(t) = 02F3(y3)$3( ) — @abaz4(t) — a2y2w3(t)),
W) = Fy(y3)as(t — m3) — doaa(t — 74) — 04 (t) — 51 (21 (1)
—x3(1)) + so(w7(t) — x3(t)) — s11(ws(t) — z3(1)),
w5(t) = 043F5(y5)$5( ) — 04353%(75) - 043V3$5(t))7
(10) 2 (t) = Fy(y2)ws(t — 75)) — d3w6(t — 76) — dw6(t) — s2(x1(t)
—5(1)) + ss(w7(t) —25(1)) — 512(953( ) —x5(t)),
z7(t) = Q§F7(y;)x7( ) — adaws(t) — uyayr(t)),
w3(t) = Fr(y7)x7(t — 77)) — dazs(t — 78) — dx8(t) — s7(x9(1)
—z7(t)) = s10(z1(t) = z7(1)),
Ty(t) = 045{?9(313)369(75) — a505710(t) — 559 (1)),
Tho(t) = Fo(ys)wo(t — 79)) — d5210(t — T10) — d210(%)
—s3(x1(t) — wo(t)) + se(x7(t) — wo(t)).

8 8

The matrix form of system (10) is the following:
(11) 2/ (t) = Ax(t) + Bx(t — 1),

where 2(t) = [z1(t), 22(t), ..., 210(1)]", 2(t—7) = [x1(t—T1), 22(t—T0), ..., 210(t—
710)]7. Both A = (a”)loxlo and B = (b;j)10x10 are 10 x 10 matrices as follows

ain a2 O 0 0 0 0 0 0 0
a1 a2 0 0 0 0 a7 0 ao9 0
0 0 as3 asza O 0 0 0 0 0
a4l 0 a4z aaqs as5 O asr 0 0 0
0 0 0 0 ass ase 0 0 0 0
A= (aij)loxw - ae1 0 a3 0 ass ass asr 0 0 0 ’
0 0 0 0 0 0 arr ars 0 0
asi 0 0 0 0 0 ast ass asgg 0
0 0 0 0 0 0 0 0 agg agio
a1 O 0 0 0 0 aiwr 0 a9 aiolo
where a1 = 041F{(yf) By 171,12 = —ai161,a21 = S4 — S5,032 = —0, 097 =
85,029 = —54, 033 = 2 F3(y3) — a2¥2,a34 = —202, 41 = —51,043 = 51 + 59 —
511,044 = —0, Q45 = —811, Q47 = Sg, A55 = CY3F5/(?/§) — 373, a56 = —Q303, A1 =
—S3,063 = —812,065 = —82 + S8 — 512,066 = —0, Qg7 = 53,077 = CV4F%(ZJ¢) -
Q474, Q78 = —0404,081 = —810,087 = S7 + 810,088 = —0,dg9 = —87,099 =

/ *
asFy(ys) — asvs, ag10 = —as05, @101 = —S3, Q107 = S6, 0109 = S3 — 56,1010 =
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—9.
o 0 0 0 0 0 0 O 0 0
b1 b2z O 0 0 0 0 0 0 0
0O 0 0 0 0O 0 0 O 0 0
0 0 bys bau 0O 0O 0 O 0 0
o 0 0 0 0 0 0 O 0 0
B = (bij)i0x10 = 0 0 0 0 bes beg 0 0O 0 0 ’
0o 0 0 0 0 0 0 O 0 0
0 0 0 0 0 0 bsr bss O 0
0O 0 0 0 0O 0 0 O 0 0
0 0 0 0 0 0 0 0 b biowo

where byy = F{(yf), b2 = —01,baz = F3(y3),baa = —02,b65 = F5(y3),bee =
—03,bgr = Fy(y3), bgs = —da,b109 = Fy(y3), broio = —0s.

It is known that if the trivial solution of the linearized system (10) (or (11)) is
unstable, then the positive equilibrium point of the original system (5) is un-
stable. Therefore, for proving the instability of the unique positive equilibrium
point of system (5) we only need to prove the instability of the trivial solution
of system (10) (or (11)).

3. Existence of oscillatory solutions

Based on the definition and the above two lemmas, we have the following
main result.

Theorem 3.1. Assume that the conditions of Lemmas 1 and 2 hold. Let
a1, Qo, ... a1 represent the eigenvalues of matrix A, and By, B2, ..., B0 the
eigenvalues of matrix B. If there exists one eigenvalue, say o which is a pos-
itive real number, or ayi is a compler number that has a positive real part,
then the trivial solution of system (10) (or (11)) is unstable, implying that the
unique equilibrium point yi,ys, ..., Yio of system (5) is unstable, and system
(5) generates a limit cycle, namely, a periodic solution.

Proof. Since the eigenvalues of matrix A are ay, as, ..., @19, and the eigenvalues
of matrix B are f1,[2,..., 510, system (11) has the following characteristic
equation:

10

(12) [N = ai = Bie™>™) =0.

i=1
Noting that there exist five-row entries of matrix B which are zeros, so there
is a characteristic value, say 81 = 0. then we have
(13) A—oqg —fBre M =X—a; =0.

This means that there exists an eigenvalue that is a positive number or is a
complex number that has a positive real part, implying that the trivial solu-
tion of system (10) (or (11)) is unstable. This suggests that the unique positive
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equilibrium point of system (5) is unstable. The instability of the unique pos-
itive equilibrium point with the boundedness of the solution will force system
(5) to generate a limit cycle, namely, a periodic solution [22, 23]. g

Now let it = maxi<j<10(aj; + 3,2, ; laij]), and b = maxi<; j<10 [bij| [20],
then we have

Theorem 3.2. Assume that the conditions of Lemmas 1 and 2 hold. If the
following condition holds:

(14) pw+b>0.

Then the trivial solution of system (10) (or (11)) is unstable, implying that
the unique positive equilibrium point of system (5) is unstable, and system (5)
generates a limit cycle, namely, a periodic solution.

Proof. System (10) (or (11)) can be rewritten as

21Ol < gy |2 (8)] + |aro]z2(t)],
dlz2(1)]

i < azlza(t)] + |az[|z1 (0] + [asr||z7(8)] 4 |aze|[zo (1)]
+b21||z1(t — 71)| + [b2z|z2(t — 72)],
s O < agslaa(t)] + [asallza(®)],
a0l < agafaa ()] + [aan||za (8)] + laas||zs (O] + laas| | (0)]
+laar|[w7(t)] + [basl|za(t — 73)| + [baal|za(t — T4)l,
ozl < ags|as (8)] + |ass| |z (1)),
(15) Arell < agglwg(t)] + lasa|lw1 (£)] + |agsl|zs ()] + ags|[5(1)]
+aer|[x7(t)| + |bes |25 (t — 75)| + [bes| |76 (t — 76)],
Aot Ol < gz g (8)] + |azs| s (8)],
e < agslas ()] + lasa||z1 (8)] + lase |7 (8)] + lasollzo (8)]
+bs7|[z7(t — 77)| + |bss||zs(t — 78],
Are (il < g || (t) + |agol|z10(t)],
W < aro10lT10(t)| + laror||z1 ()| + |aror |27 ()] + |a109][z9(t)]
+|b109|ze (t — T9)| + |b1r010|Z10(t — T10)]|-

Let u(t) = 200, |2i(8)|,u(t — 7) = 3212, |2i(t — 7)|. Then we get

du(t
(16) Zi ) < pu(t) + bu(t — 7).
Consider the scalar delay differential equation

do(t
(17) ﬁ)zumw+ma—ﬂ.

By the property of the delay differential equation [21] we have
(18) u(t) < o(t).
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We must prove that the trivial solution of system (17) is unstable. The char-
acteristic equation associated with the system (17) is the following:

(19) A=+ be 7.

Equation (19) is a transcendental equation, it is hard to find all solutions of this
equation. However, we claim that there exists a positive characteristic value
or a positive real part of complex characteristic value under the restrictive
condition (14). Indeed, we define a function h(\) = A — u — be™>7, then
h(\) is a continuous function of A. When A = 0 we have h(0) = —p — b =
—(u +b) < 0. Obviously, there exists a suitably large A, say A1 > 0 such that
h(A1) = A1 — g —be~ 7 > 0. Based on the Intermediate Value Theorem, there
exists a value of \, say Ao € (0, A1) such that h(A\g) = A\g — p — be~ 27 = 0. In
other words, equation (19) has a positive eigenvalue, implying that the trivial
solution of system (17) (also system (16)) is unstable, this means that the
unique positive equilibrium point of system (5) is unstable. The instability of
the unique positive equilibrium point of system (5) with the boundedness of
the solution will force system (5) to generate a limit cycle, namely, a periodic
solution. The proof is completed. O

4. Numerical results

These simulations are performed based on system (5). Firstly we select § =
0.055, the other parameter values as table 1 for figure 1 and figure 2. The char-
acteristic values of matrix M are 0.7354, —1.2370, —0.2545+1.12224, —0.1542+
0.72714, —0.1307 &+ 0.6972¢, —0.0593 &+ 0.1672¢. Therefore, M is a nonsingular
matrix. The characteristic values of matrix A are 0.8355,—1.1837, 0.0168 +
0.0158¢, —0.1593 £ 1.11544, —0.0909 £ 0.7178:, —0.0570 £ 0.68657. Since 0.8355
is a positive characteristic value of matrix A, the conditions of Theorem 1
are satisfied. We see that there are periodic oscillatory solutions of system
(5) (see Fig. 1 and Fig. 2). Then we only set § = 0.0085, a7 = 1.98, a0 =
1.25,a3 = 2.12,a4 = 1.30,a5 = 2.16, the other parameters are the same
as in Fig. 1. When time delays are selected as 74 = 0.52, 79 = 0.55,73 =
0.58, 74 = 0.56, 75 = 0.50, 76 = 0.44, 77 = 0.42, 75 = 0.43, 79 = 0.46, 799 = 0.48,
and 71 = 0.96,72 = 0.95,73 = 0.98, 74, = 0.94,75 = 0.90,7 = 0.92,77 =
0.88, 75 = 0.86,79 = 0.85,7¢9 = 0.84, respectively, there are periodic oscil-
latory solutions of system (5) (see Fig. 3 and Fig. 4). However, we see
that the oscillatory frequency and amplitude both are changed comparison
with figure 1 and figure 2. Finally, we select § = 0.015, the other parameter
values are as table 2, we see that pu + b = 6.95 + 0.2396 > 0. The condi-
tions of Theorem 2 are satisfied. There are periodic oscillatory solutions of
system (5) (see Fig. 5 and Fig. 6). Recalling in [19], the parameters are
o = 01,01 = 4,00 = 2,03 = 3,4 = 3.5,a5 = 3.8,y = 6 = 02,81 = s4 =
S§g = 0.1, S92 = 83 = S5 = 0.05, S5 = 87 = S10 = S12 = 0.2,86 = 0.3,811 = 0.25,
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TABLE 1. Parameter values of figure 1 and figure 2

oy an as Oy as 1 P 3 04 J5
1.25 1.18 2.16 2.14 2.15 0.15 0.12 0.16 0.18 0.16
71 Y2 3 Y4 Vs S1 52 53 S4 S5
0.18 0.15 0.18 0.15 0.17 2.34 2.26 2.24 2.25 2.27
56 S7 58 59 510 S11 512
2.32 2.28 2.22 2.25 2.29 2.24 2.25
Y1 Y5 Y3 Yi Y5 Y5 yr Y3 Y5 Yio
0.2848 3.2646 3.4633 0.3319 4.4374 0.3266 3.2637 0.2850 2.9337 0.2847
C1 C3 Cs C7 C9
0.2450 0.0295 0.0116 0.0355 0.0480
T1 72 73 T4 75 T6 T7 78 79 710
1.30 1.25 1.32 1.36 1.22 1.25 1.38 1.28 1.24 1.26
71 72 73 T4 75 T6 T7 78 79 710
1.92 1.85 1.88 1.86 1.90 1.84 1.82 1.94 1.96 1.87
TABLE 2. Parameter values of figure 5 and figure 6
fa%] fa %) as Qy Qs 01 92 03 04 d5
3.65 3.45 2.92 1.95 3.76 0.065 0.064 0.055 0.068 0.054
71 V2 V3 V4 5 S1 52 S3 S4 S5
0.28 0.25 0.24 0.22 0.26 3.25 3.86 3.78 3.75 3.95
56 S7 58 S9 510 S11 512
3.15 4.94 3.92 3.45 3.75 3.35 3.65
Y1 Ys Y3 Yi Ys Y6 Y7 Y8 Yo Yio
0.4129 7.4794 0.4760 7.7780 0.4803 9.1370 0.4201 7.5158 0.4213 9.1527
C1 C3 Cs Cyr Cg
0.2396 0.2364 0.2361 0.2393 0.2391
Ty T2 T3 T4 T5 T6 T7 T8 T9 T10
0.85 0.82 0.88 0.84 0.80 0.78 0.86 0.76 0.75 0.74
Ty T2 T3 T4 T5 T6 T7 T8 T9 T10
1.45 1.42 1.43 1.44 1.38 1.36 1.35 1.40 1.32 1.34

only one delay 7 was fixed at 7 = 3. Obviously, the present work is an exten-
sion of the result in [19] not only in time delays, but also in the adjustment
and coupling coefficients.

5. Conclusion

In this paper, we have discussed the existence of periodic solutions for a
financial model with time delays. The original work in [19] has been extended



Periodic Oscillation for a Class of Delayed Economic Models — JMMR Vol. 12, No. 2 (2023) 523

Fig. 1 Periodic oscillation of the solutions, delays: 1.30, 1.25,
1.32, 1.36, 1.22, 1.25, 1.38, 1.28, 1.24, 1.26.
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Fig. 2 Periodic oscillation of the solutions, delays: 1.92, 1.85,
1.88, 1.86, 1.90, 1.84, 1.82, 1.94, 1.96, 1.87.
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theoretically. The existence of a limit circle which is easy to check, as compared
to the general bifurcation method. Some simulations are provided to indicate
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Fig. 3 Periodic oscillation of the solutions, delays: 0.52, 0.55,
0.58, 0.56, 0.50, 0.44, 0.42, 0.43, 0.46, 0.48.
T T -

T

10 /N N BN PN PR N R o~
PEENE N e N\ ~\, N

TA N NN A S TS S

of \\ W Q/ \// \/ \\J/ \\/ G NN

_5 1 1 1 1 1

0 20 40 60 80 100 120

(a) Solid line: yl(t), dashed line: y2(t), dotted line: y3(t), dashdotted line: y4(t),

(o] 20 40 60 80 100 120
(b) Solid line: yi(t), dashed line: y6(t), dotted line: y7(t).

(o] 20 40 60 80 100 120
(¢) Solid line: yS(t), dashed line: yg(t), dotted line: ylo(t)‘

Fig. 4 periodic oscillation of the solutions, delays: 0.96, 0.95,
0.98, 0.94, 0.90, 0.92, 0.88, 0.86, 0.85, 0.84.
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the result of the criterion. Time delays affect the oscillatory frequency and
amplitude when there exists a limit cycle of the system. The simulations also
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Fig. 5 Periodic oscillation of the solutions, delays: 0.85, 0.82,
0.88, 0.84, 0.80, 0.78, 0.86, 0.76, 0.75, 0.74.
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Fig. 6 Periodic oscillation of the solutions, delays: 1.45, 1.42,
1.43, 1.44, 1.38, 1.36, 1.35, 1.40, 1.32, 1.34.
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indicate that our theorems are only sufficient conditions. The present method
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can be used to deal with any n coupled Kaldor-Kalecki economic models. This
is our research work for the future.
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