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ABSTRACT. In this study, a generalization of the Pell sequence called bi-
periodic Pell sequence is carried out to matrix theory. Therefore, we call
this matrix sequence the bi-periodic Pell matrix sequence whose entries
are bi-periodic Pell numbers. Then the generating function, Binet for-
mula and some basic properties and sum formulas are examined.
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1. Introduction

In the literature, especially in mathematics and physics, there are a lot
of integer sequences, which are used in almost every kind modern science.
Fundamental importance of special integer sequences is encountered in the
fields of combinatorics and number theory. The use of such special sequences
has increased significantly in quantum mechanics, quantum physics, etc. One of
the popular integer sequences is the Pell sequence. The authors investigated the
Catalan transform of the k—Pell, k—Pell-Lucas and modified k—Pell sequence
in [5]. The authors found new recurrences on Pell numbers, Pell-Lucas numbers,
Jacobsthal numbers, and Jacobsthal-Lucas numbers in [8]. The Pell sequence
denoted by {p,} -, is defined recursively by p, = 2p,_1 + p,—» with initial
conditions py =0, p; = 1 for n > 2 in [2,14,15]. The first some elements
of the sequence are 1,2,5,12,29, 70,169, 408, 985, 2378. The Pell numbers were
named after the English mathematician John Pell.

Matrix sequences obtained by the elements of special integer sequences are
also come attraction to the researchers. As an example of the usage of the ma-
trix approach, we can exemplify to obtain the Simpson formula for the special
integer sequences, namely, which may, of course, be established by means of
the Binet form. There are many generalizations of the special sequences. For
example, in [6], the authors studied some properties of k—generalized Fibonacci
numbers. Bi-periodic number and matrix sequences can be given examples for
generalized sequences.
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Edson and Yayenie defined firstly a new generalization of the Fibonacci se-
quence called the bi-periodic Fibonacci sequence in [4,7]. Then, Bilgici defined
bi-periodic Lucas sequence in [3]. Similarly, Uygun and Karatas found some
properties of the bi-periodic Pell and Pell Lucas sequences [10,11]. Uygun and
Owusu defined bi-periodic Jacobsthal and Jacobsthal Lucas sequences in [9,13].

In [1], Coskun and Taskara carried out bi-periodic sequences to matrix theory
and defined the bi-periodic Fibonacci matrix sequence for any two non-zero real
numbers a and b

aF,_1(a,b) + F,_2(a,b), if nis even
Fr (a,b) = { bF, (<a,b) +Fy ((a,b), ifnisodd "%

with the initial conditions given as

Fo(a7b):<(1) ?),Fl(a,b)=<ll’ S)

Uygun and Owusu, in [12] defined the matrix representation of the bi-
periodic Jacobsthal sequence as J,, (a,b) recursively by for any two non-zero
real numbers a and b

| adn—1(a,b)+2J,-2(a,b), if n is even
Jn (0,0) = { b1 (a,b) + 2Jn_2 (a,b), ifnisodd =%

with the initial conditions given as

Jo(a,b):((l) (1)) Jl(a,b)z(ll’ 203 )

Definition 1.1. For any two non-zero real numbers a and b, the bi-periodic
Pell sequence in [11] denoted by {P,}, is defined recursively by

2aP,_ 1+ P,_o, if n is even >0

(1) POZO, Pl:l, Pn:{ 2an71+Pn727 if n is odd B

The recurrence equation of the bi-periodic Pell sequence is given as

22— 2abz —ab=0

and the roots of this equation are

(2) a=ab+ Va?b? + ab, B =ab—+/a?b?+ ab.

« and f are defined by (2) satisfied the following properties

2a+1)(28+1) = 1,
a+ 8 = 2ab, aff = —ab
B 042 _ ﬁQ
(2a+1) = e (2ﬁ+1)—%7
—2a+1)5 = «q, —(28+1)a=4.

In this paper, we introduce the matrix representation of a new two-parameters
generalization of Pell numbers. We shall call the bi-periodic Pell matrix se-
quence. We then proceed to obtain the nth general term of this new matrix
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sequence. By studying the distinct properties of this new matrix sequence, the
well-known Cassini formula is obtained. The generating function together with
the Binet formula are given. Some new properties, as well as some summation
formulas for this new generalized matrix sequence are also investigated.

2. Bi-periodic Pell Matrix Sequence

Definition 2.1. For any two non-zero real numbers a and b, bi-periodic Pell
o0

matrix sequence denoted by {Pn (a, b)} is defined recursively by

n=0

2aP, (a,b) + P, 5 ifniseven

Pulab)={ 2% ;
(3) (@, D) { 2bP,_1 (a,b) + P,_o if nis odd

with starting values

- 10 - 20 L
PO(a7b)<0 1>7P1(a7b)(1 0>
The bi-periodic Pell matrix sequence {15"} 7Osatisﬁes the following prop-
erties "
(4) Py, = (4dab+2)Py,_o — Poya,
Pyy1 = (4ab+2)Poy_1 — Pay_s.

Theorem 2.2. The entries of the nth element of the bi-periodic Pell matrix
sequence are the elements of the bi-periodic Pell number sequence as

by &(n) b
~ = P, 2P
5 P, (a,b) = (a) n+1 g’ ,
( ) (a ) < P, (S)E(n) o >

where |n] is the floor function of n, (n) =n —2|%| is the parity function.

Proof. We obtain the proof by means of mathematical induction. For n = 0,1
the assertion is satisfied. Let the equation is true for n = k, where k € Z*

b\ E(k) b
. )" p bp
Py (a,b) = ( N )
Py (L) Py
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For n = k 4+ 1, we have

P _ 20P; (a,b) + Pr_1 if k is even
M7 2P (a,b) + Pe_y  if K is odd
= (20)®©20) ¢ p, + Py
b\ E(k) b
- 2a§(k>b1§<k)< (&) Pra 5%,5’“ )
Py (2" Py
k—1
+ ( (%)g( )Pk %Pk_l )
k—1
Pi— (2)5 ' Py
b b
“Pryo 2P > .
a , k is even
_ ( Pt bngH v
Piyo 2P .
( Perr Py , k is odd
Thus, we get the result. (]

Theorem 2.3. The determinant of the elements of the bi-periodic Pell matrix

sequence 1s
N b &(n)
det P, = (-1)" | = .
hy = (-1 (1)

(Cassini Property) By the determinant of the bi-periodic Pell matriz se-
quence, we get the Cassini property for the bi-periodic Pell number sequence

" 2%(n) &)
b2 b b\
() Frrboy = P = <_)
a a a

o= p P, — aé(n)bl—é(N)pz =a(-1)".

or

Theorem 2.4. The following properties are satisfied by the bi-periodic Pell
matriz sequence

b f(”) ~ o
(6) () Po = BBy,

' (2> [%] 5.

Proof. First, we choose n as an even integer:

p _ gpn+2 g n+1 _ Pn+1 an 2b
i P tP, P, Po 1

a

py

[enisNISY
N——
I

!
3

?
—

Then, we choose n as an odd integer:

b~ b( Puia 2Py bPpn  bp, 2b
J=op P, - P, bp 1
a a n+1 n n ain—1

N——
I
!
S
!
—

[en)=RIS]
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For the second part of the proof, if n is an even integer, we get

b\E o /b\ETR L o b\ETL o -
<> P, = <) P, 1P = <> P, oP?=...= Pl
a a a

if n is an odd integer, we have

T T N =1 N .
(b> P, = (b> P, P = <b) P, 2P} =...=Pp.
a a a
The results display us the accuracy of the theorem. O

Theorem 2.5. The following properties are also satisfied by the bi-periodic
Pell matriz sequence

i Pmpn = (S)E(mn) Pm+n;
i, o= (bEEO B
i, Py = ()L pp
iv. pn_rﬁ,n_w _ (%)f(nfr) ]52n _ (g)(*l)nf(ﬂ pﬁ

Proof. For the proof i., by Theorem 2.4, we get

S - a5+ 3] 50, oy [BIFLEI-Lm] S
b= (3) A= (3) Frnn:
By the property [ 2| = %("), we have
NERERET o g
() Poin = (3) Ftn

SO O

For the proof ii., by Theorem 2.4, we obtain

P (g)mL%J prn — (%>mL%J (2) | =] 5o (Z) EIHO 5

For the proof iii., we get

= (@)1 e < (@)U g

(g)ml’*?lJ (2)L 5] P P — <%)L%Jf(n) Prp
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For the proof iv., we have

o b S () by S
PnfrPn+r - (a) P2n - (a) P2n

b 5(71-"-7“) a §(n) _ b (_1)"5(7.) ~
e et P2 — e P2
(a) (b) " (a) "
En+r) £((n+r)) L2 ]e(2) -
— é B, = é (g> 2 Py
a a b

Theorem 2.6. (Generating function) Let us suppose that P; are coefficients
of a power series with center at the origin and P () is the sum of this series.
Such an analytic function P(x) s generating function for this sequence. The
generating function 13(36) for the bi-periodic Pell matriz sequence is in the
following

O

) ©  Py+Pa+a? (Qa}:ﬁ — (4ab+1) po) N (pro - 151)
P = Pzt = .
() Z i 1— (4dab+ 2) 22 + a*

Proof. The generating function P (z) for the bi-periodic Pell matrix sequence
is displayed as

oo (oo} oo
P (JC) = Z PZ.TZ = Z 1527;26% + Z P2i+1$2i+1
=0 =0 =0

For the even terms of the series
po (IL’) = po + ]52;32 —+ Zpgixzi.
i=2

We multiply Py () by (4ab + 2) 22 and 2*, respectively,

PQZ',Q.’E%.

M8

(4ab + 2) 2® Py (z) = — (4ab + 2) Pyx? — (4ab + 2)

K2

o0 oo
$4P0 (l‘) = Z P2i$21+4 = Z P2i74$21.
=0 =2

By these equalities, we obtain the following function of the matrix for even
powers of the series

[1— (dab+2) 2 + 21 Py (z) = Py+ Pyz® — (4ab+2) 2P,

Il
N

+ Z(Pm — (4ab+2) Py;_o + Po_g)z?*
i=2
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IBO —|— .132 (20,?1 — (4ab—|— 1) IBO)
P =
b (@) 1 — (4ab+2) 22 + 2*

Similarly, for odd powers of the series, we get

ﬁ’l (IE) = p1$+p31‘3 +Zp21‘+11’2i+1,
i=2
~ ~ i ~ .
—(4ab+2)2°Py () = — (4ab+2)2*P; — (4ab +2) Z Py_12® 1,
i=2
a* Py (z) = Z P15 = Z Py _gz®t1.
i=0 i=2

By these equalities, we obtain
[1— (4ab+2) 2%+ 2P, () = Piz+ Psa® — (dab+2) 2P,

o0
+ Z(p%-i-l — (4ab + 2) Payi_1 + Py;_3)a* ™!
i=2

Plx + ZC3 (2()?@ — Pl)

1— (4ab+2)z? + 24~

By combining the results, we complete the proof:

P(x) = Py(z)+Fi(2)

]50 + ]52.732 — (4ab + 2)P0x2 + ]51.73 + [:)3333 — (46Lb + 2)?1333
1 — (4ab + 2)a2 + x4 '

Py (x) =

Simplifying this equation using (3) is demonstrated by
]50+]51x+ [2@]51 —(4&b+1)ﬁ0:| $2+ |:2bP0—P1:| .133

P
(@) 1— (4ab + 2)a2 + 24

O

Theorem 2.7. (Binet Formula) Binet formula gives us opportunity to ob-
tain any element of the sequence easily. The Binet formula for the bi-periodic
Pell matriz sequence is

- ~\1-&(n) , . \&n) OLQI.%J+1 _ ﬂQI.%J+1
Pn = P, Pl .
( 0) ( ) (ab)L7J (a - B)

(ab) L?J (a _ 5)
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Proof. From the generating function for the bi-periodic Pell matrix sequence,
we have
~ po—f—pl.’lj‘—i-l‘Q(2&?1—(4&[)—&-1)?0)+$3<2bP0—P1)
P(z) =
(z) (22— 2a+1)) (22 - (264 1))
Az + B L Cx+ D
—(2a+1) 22-(28+1)
By the above equality, we find the coefficients as
A+C = 2Py — P,

—A(26+1)-CQ2a+1) = P,
A = (20[4—1)()150—04151
a—_
o BP, — (26 +1)bP,
a—p3
B+D = 20,.?)1—(4017‘*'1)?0
—-B(28+1)—D(2a+1) = B
a(2a+1)(]51—2bpo)—a]50
B =
a—@
D - a(28+1) (=P + 2bPy) + 8Py
= ~p ,

We know that by Maclauren series expansion

A(L'-f—B ZACn12n+1 ZBCnIQn

If we apply this expansion to the fraction %, we obtain

Axr+ B B
2 — (2a+1)
-1 [ (2a+41)bPy — aP >\ a (200 +1) (P, — 2bFy) — o
Z( a+1) On+1a 1x2n+1+za( a+1) (P nﬂo) Py on)
a—p (2a+1) P (2a+1)
and similarly if we apply this expansion to the fraction %, we obtain
Cx+D
@2 —(26+1)
-1 P — (28 +1)bP, L a(28+1) (=P, +2bPy) + 8P,
Zﬁ 1 — ﬁ n+)1 0 2n+1+z (B )( 1 n+10) ﬁ 0 2n )

Firstly, we examine the series with even powers



Matrix Representation of Bi-Periodic Pell Sequence — JMMR Vol. 12, No. 2 (2023) 573

28 +1)"*! {a (20 +1) (P, — 2bP) — a]50}
—~ | 4 (2a+1)""! (a (28 +1) (=P + 2bPy) + 5130)

_ 1 i [ (26 + 1)" a(Pl - 2bIDO) (Qﬁ + 1)” ﬁPON :| xZn
+ 20+ 1)"a(—P; + 20F) — (2a + 1)" aP,

.1‘2”

o [ B D
e DY B i SO

L +(ab)" a( P1 + 2bP0> (ab)" P

1,271

2n+1 62n+1

1
1 X Ta2n ﬂ2n B B a - ~
- i (aPi = 200B) + S Py | 2",
a—Biz_;[ (ab) (aP — 20bPy) + (ab) 0}“”
Then, we examine the series with odd powers

L [ —a@8+ 1) P +bPy (28+1)" ] 2n+1
Of) Z { +B(2a+1)" Py = bPy (20 +1)" =

_ D 62” 2n+1
=y ; @ P, —bP, "

1 oo a2n+1 ~ 5 a2n —
Py bPy - g2n
Tac B ; (ab)" ! * % (ab) v
1 oo 5 a2n+1 _ 62n+1 N a2n _ BQn
_ bP 2n+1.
a52<1 @y ()" )””

By combining the above two sums and Theorem 2.6, we get the desired result.

ZPz = — 5 Z ( a’rtt )52n+1 + bPO(ab)52 > 22+l

[e%e} /82n 2n+1 52n+1 ~
z:: ( <CLP1 — 2abP0> a(ab)PO>

O

Theorem 2.8. (Summation Formula) For any positive integer n, and
ab # 0, the sum of the first n terms of the bi-periodic Pell matriz sequence
is computed as

N S o\ 1—¢m)
(aPnerPn,l) (apn,1+bpn

X o Ny . e
_ (2aP1 + 4abP, — bP0> (P1 _ bPO)

n—1
kZ:OPk B 2ab
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Proof. If n is even, it is obtained that by Binet formula

ne1 n§2 71;2
P o= > Pu+ Y Pun
k=0

B
Il
o
3
Il
v O

n—2

2 ]50 a2k+1 g2kt 2 aP — 2ab150 a2k _ 32k

T @) a-8 t 2 @)  a-p

e

[}

3

TP a2kl g2kt 2 bPy a2k — g2k

+,§) (ab)k a—f * =0 (ab)k a—0

By the sum of geometric series, it is computed that

n-1 B ]50 Q™! _ o (ab)% - Bl ﬁ(ab)%
kZ:OPk C (ah)E (a—B) (a? — ab) (8% — ab) ]
aP, — 2abP, [an — (ab)? B - (ab)®
(@) (a—p) | (@>—ab) (B> —ab)
N P, [ant1l — o (ab)% 3 pgrtl — g (ab)%
(@) ' (a—pB) | (a®—ab) (82 — ab)
. bP, o~ (ab)?  p" — (ab)?
(@) ' (a—p) | (@®—ab)  (B2—ab) |

After some algebraic operations, the following result is evaluated

= 4(ab)3£0(a - ﬂ) [—a2b2(an—1 . Bn_l) + ab(an-‘rl _ B7l+1)]
n aPy — 2abPy [ —a?b? (a2 — qn72) © ablan — 87) ]
4(ab)¥*? (a - B) —(ab)? (o — B?)
+4(ab)g_€21(a 5 [*aQbQ(anfl _ anl) + ab(an+1 . /BnJrl):I
R =)
4(ab) % (- B) —(ab)? (a2 - B?) i

By the definition of the Pell matrix sequence, it is obtained that

”z‘:l 5 2aP,_1 + 2bP, — 4aP; + 8abPy — 2bP,
P k 4ab '
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Similarly if n is odd, we obtain

n—1 n—3
n—1 2 2
P o= > P+ Y Py
k=0 k=0 k=0

n—-1 n—1 -

_ 22: PO a2k+1 _ 62k+1 ZZ: aPl _ QQbPO a2k _ /82]6
— () a-p —  (ab)* a—p
n—3

n—3 -
a2lc+1 _ 52!@4—1 2 bP() a2l~c _ B2k

Py
+Z(ab)k a—f +k:0(ab)k a—f

By using the sum of geometric series, it is computed that

P a2 —a(ah)* B2 — B(ab)’F

T ) (87— ab)

aPi—2abBy [ant1 = (@) T gt (ap)"F
(ab)% (a—=p) L (a? — ab) (B2 — ab)
o B [ana@) T g
(ab)% (a—=p) L (a? — ab) (B2 — ab)
L N et 0 e i
(@) T (a—p) [ (27— ab) (72— ab)

After some algebraic operations, the following result is evaluated

— anO [_a2b2(an _ ﬁn) + ab(oz"+2 _ /8n+2)]
4(ab) > (a—p)
aP;, — 2abP, —a?b? (o™t — g1 +ab(antt — gt
4(ab)*F (a - ) —(ab) " (a” - §?)
+ nle [_a2b2(an72 _ Bn72) + ab(an _ Bn)]
4(ab) > (a—p)

N bpo 7(121)2(0/7‘73 _ 57%73) + ab(a”fl _ ﬂnfl)
4(ab)" % (o — ) —(ab) 7 (a® - B?)

By the definition of the Pell matrix sequence, it is obtained that

— - Pyi1— Py + Py — Py_g — 2P, — 2bPy
> b =
4ab
k=0
_ 2aP, +2bP,_1 — 2P, — 2bP,
- 4ab ’

By the above two results, we get the desired result.

| ES—

|

575

] |



576 S. Uygun, E. Akinci

Example 2.9. For n = 100, the sum of the first 100 terms of the bi-periodic
Pell matriz sequence is

ip apgg + bplo() — (2ap1 + 4abﬁ0 — bpo)
k =

2ab ’

k=0

For n = 101, the sum of the first 101 terms of the bi-periodic Pell matriz
sequence 1s

1203]5 _aPyo1 + bPygo — (P — bPo)
2ab

Theorem 2.10. For any positive integer n, and ab # 0, the sum of the square
of the first n terms of the bi-periodic Pell matriz sequence is computed as

T oo @7 ) P+ () Po = (0 Pruca = () P
=" 16ab(ab + 1)
_ (1 + 2ab)(aPy, — 2abPy)
8(ab+1)

Proof. If n is even, it is obtained that by using Binet formula

n—2 n—2 n—2 n—2
n—1 2 2 2 b <
52 52 52 5 5
EPk = E P2k+§ P2k+1:§ P4k+g§ P12
k=0 k=0 k=0 k=0 k=0
n—2 n—2

B 22: PO okl _ I@4k+1 N Taﬁ)l _ 2&()150 otk 64k
(ab)®*  a-p (ab)?* a—p

k=0 k=0

4k+3 B4k+3 aPl _ 2abP0 Oz4k+2 ﬁ4k+2
- z — v z -

Oé* 2k+1 Oé*ﬂ

By using the sum of geometric series, it is computed that

n—1 7
oo A a*t —a(ab)"  F - B (ab)"
kZ:OPk - (ab)" 2 (o — B) [ ot — a2 ph— 22 ]
n aP, —2abPy [a® — (ab)" 3 B2 — (ab)"™
(ab)n—Q (Oé _ B) Oé4 _ a2b2 64 _ a2b2

b a2nt3 _ o3 (ab)n 62n+3 _ 63 (ab)n
+5 (ab)n—l (a — B) [ ot — a2 - B4 — a2b? }

b a2nt2 _ o2 (ab)" 52n+2 _ ﬂ2 (ab)n

a (ab)nfl (o — B) { ot — q2b2 - B4 — q22 } :
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After some algebraic operations, the following result is evaluated

_a4b4(a2n—3 _ ﬁ2n—3> + a2b2(a2n+1 _ B2n+1)
=; Py —(ab)"™** (a = B) + (ab)"" (® = B%)

16 (ab)"*? (a — B) ab+1

_&4b4(a2n—4 _ ﬁ2n—4) 4 a2b2(a2n _ ﬂ2n)
aPy — 2abD — (ab)" (a* — B*)
16 (ab)"** (= B) ab+1

_a4b4<a2n—1 _ 52n—1) + a2b2(a2n+3 _ 52n+3) B
40 Py +(ab)"*? (a = B) — (ab)"*? (a® — B%)
a 16 (ab)" ™ (o — B) ab+1

—a4b4(a2"_2 _ an—z) + a2b2(a2”+2 _ 62n+2) 7
b aP, —2abP, +2(ab)" " (a® — 2)

a 16 (ab)"" (a — B) ab+ 1

By the definition of the Pell matrix sequence, it is obtained that

nipo _ % ~2n+2 + an — ]52”_4 — 3?2,“_2
e 16ab(ab + 1)

Py(1— by afi=2eblb (_qp —1 — b)

4(ab+1)
Similarly if n is odd, we obtain
n—1 n—3 n—1 n—3
n—1 2 2 2 b 2
52 52 52 > 5
ZPk = ZP% + ZP2I€+1 = ZP‘*k + gZPMM
k=0 k=0 k=0 k=0 k=0
h Py afktl _ gakt %apl — 2abPy 'tk — gtk
= D a—p > 2% a—3
i—o (ab) i (ab)

3

n—3 n—-3 _ ~
+922: PO Oz4k+3 _ 64k+3 é 2 aPl _ 2abP0 a4k+2 _ ﬂ4k+2
akzo (ab)2k+1 o — B a — (ab)2k¢+1 o — /3

k=0
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By using the sum of geometric series, it’s computed that

n—1
SR -

k=0

P, a3 _ o (ab)™ Tt g2tS B (ab)" !
(ab)”fl (o — B) ot — q2b2 - B — a2p?

aPy —2abPy | a2 — (ab)"! e (ab)" !
(ab)n—l (Oé . /8) a4 _ a2b2 /34 _ a2b2
+9 ]50 a2ntl _ o3 (ab)"_l g2+l _ g3 (ab)"_l
a (ab)n_Q (o — B) at — a2p2 B — a2bh?

9 a]51 — 2ab]50
a(ab)""* (o= B)

at — a2b? BE — a2b?

a2 — o2 (ab)n—l ﬂQn o 62 (ab)7L—1]

After some algebraic operations, the following result is evaluated

_a4b4(a2n—1 _ ﬂQn—l) + a2b2(a2n+3 _ ﬁ2n+3)
By —(ab)"" (a = B) + (ab)"* (a® - 5%)

16 (ab)" ™ (a - B) ab+1

_a4b4(a2n—2 _ ﬁZn—Q) 4 aQbQ(a2"+2 _ 62n+2)
aPy — 2abP, — (ab)"*" (" - 8)
16 (ab)" ™ (e — B) ab+1

7a4b4(a2n73 o 52n73) + a2b2(a2"+1 . 52n+1)
b Py +(ab)" % (a = B) — (ab)"* (a® - %)

T4 16 (@) (o ) ab+1

_a4b4(a2n74 _ 527174) + a262(a2” _ 5211)
b aP —2abB ~2(ab)"* (a? - ?)
a 16 (ab)""* (a — B) ab+ 1

By similar procedure for the case n is even, we get the result. If we compare
two results, we complete the proof. O

Example 2.11. For n = 101, the sum of the square of the first 101 terms of
the bi-periodic Pell matrixz sequence is

100

ZPQ B 215204 + 215202 - 215198 — Pyo (14 2ab)(aPy — 2abPy)
2 —
k=0

16ab(ab + 1) a 8(ab+1)
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For n =100, the sum of the square of the first 100 terms of the bi-periodic Pell
matrixz sequence is

16ab(ab + 1) 8(ab+1)

592152 B b Pooz + Pago — Prog — 2Pros (1 + 2ab)(aPy — 2abPy)
2 —

Theorem 2.12. For any positive integer n, we have

~ Po_1  Php

ok T 2t —22(dab+2) + 1 - - - - -
ab -zt —22(dab+2) + 22(2aPy — 4abPy — By) + z(2bPy — Py)

P> P, . 5
+ 255 - P+t Py + PP

Proof. If n is even, we get

— ,2~

Py, 15 P
Zﬁ - ZT p2k+1
k=0 k=0 k=0
n—2 ~ n=-2 ~
B 22: Py o2kt g2kl 22: aP, — 2abPy o2k — g2k
P (aba?)" a—p o (aba?)" a—p
+n52 B, k1 _ g+l = bBy a2k — g2k
kzox(abe)k a—p kzox(abe)k a—p

By using the sum of geometric series, it is computed that

Tfpk B j2 a™tl _ ¢ (abxz)% gl _ g (abe)%
— & (a—p) a? — abx? B2 — abx?
aPy — 2abP, [am — (abxz)% B - (abxz)%
a2 (ab)2 (o — B) | a* — abx? B2 — abx?
N P [an+l — (aba:2)g B grtl — (abe)%
zn=1 (ab) ! (o — B) a? — aba? B2 — abx?
bP, [an — (aba:Q)% 3 g — (abac?)%
a1 (ab) 2 (o= B) | o —abz? B% —abx? |’
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By some algebraic operations, we have

a2b2(an—1n_ Bn—l) _ abe(an-&-i _ 6n+1)
P, + (abx2)7+1 (a—B) — (abz?)? (a— B)
a2 (ab) 2 (a — BB) xt —x2(4ab +2) + 1

a2b2(an72 _ ﬂn72) _ abe(an _ Bn)
aP; — 2abP, + (abz?)? (a? — B?)
22 (ab) 2 (a — B) xzt —22(4dab+2) +1

a2b2(an—1n_ Bn—l) _ abe(an+i _ Bn—i—l)
N P + (abaz:z)T|r1 (a—B) — (abx2)§ (o — B)
a1 (ab) 2 (a — B) xzt —22(4dab+2) +1

+a2b2(an—2 _ 5n—2) _ abx2(a” _ ﬂn)
bP, + (abz?)? (a® — 8?)
a1 (ab)? T (a — B) xt — x2(4ab+2) + 1

By the definition of the Pell matrix sequence, it is obtained that

nlp 1 —ﬁé + = m:z 2 42t Py+ 3P
;E T z2(4ab+2) + 1

x? (2@]51 — 4abPy — 150) + x(2b150 — ]51)

Similarly, if n is odd, we obtain

P, P, P
>k = infi inl’iii

2 ]50 o2k+1 _ ﬁQk—&-l "T_lapl _ 2@[)]50 a2k — /8216
(aba?)" a—p o (aba?)" a—p

—3 n—3

2 P1 O[2k+1 _ 52k+1 2 bPO a2k _ 521@

oL (aba?)F a—p 0T (aba?2)f a—B

i

[e=]
3 =
1l
= O

k=

o

3

+
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By using the sum of geometric series, it is computed that

- - nt1 ntl
nz—:lpk P, a2 _ o (abe) 2 5n+2 -8 (abe) 2
Pt xk (abe)nT_l (o — B) o? — abz? B2 — abx?

- - nt1 ntl
aP, — 2abP, o™t — (abx?) ® B Bt — (abx?) ®
(abe)"T_l (a—B) a? — abx? (% — aba?
n 2 a” —a (abe) =N 8" = (abxz) =N
z (abxz)"T_3 (a—B) a? — abx? B2 — abx?
- - n—1 n=1
bPO an—l _ (abe) 2 ﬂn—l _ (abe) 2
z (abe)"T_a (a— B) o? — abx? B2 — abx?

After some algebraic operations, the following result is evaluated
a2b2(a" _ 671) _ abx2(an+2 _ Bn+2) -
- n+3 nt1
P, + (abz?) ¥ (= B) — (abx?) * abla— B)
271 (ab) = (a — B) ot — 22(4ab+2) + 1

r a2b2(an71 _ anl) _ abx2(an+1 _ BnJrl) -
N - n41

aP; — 2abP, + (abz®) = (a? — B?)

21 (ab) = (= B) x4 —22(4ab+2) + 1

r a2b2(anf2 _ ﬁn72) _ abx2(an _ ﬁn)

. P + (abe)nT+1 (a—p) — (abe)nTi1 ab(a — B)
Zn—2 (ab)”T+1 ((a— B) xzt —2%(dab+2)+1
: a2b2(an—3 _ ﬁn—S) _ abe(an—l _ Bn—l)
bP, + (abe)% (a® — %)
272 (ab) e ((a— B) xt — 22(4ab+2) + 1

By the definition of the Pell matrix sequence, it is obtained that
B,_ Py, b, P, p p
5 1 ot — g 2 B 4 R+ 2%h

ozt —22(4ab+2)+1

+l‘2(2ap1 — 4ab150 — 150) + I(szo — pl)

We find the same results either n is an even or odd number. O
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Example 2.13. For n = 101, the result of Theorem 2.12 is obtained by

%15;@ 1 Foy — Do g Doy — D 0t Py 40Py
28 T 24— 22(dab+ 2) + 1 - - - -
oot ot a(dab+2) + +22(2aP;, — 4abPy — By) + x(2bPy — Py)

3. Conclusion

There are many generalizations for the special integer sequences in the liter-
ature. Generalized sequences give us the opportunity for finding the properties
of many sequences in the same time. In this study, we carried out generalized
Pell sequences to matrix theory. We call this sequence bi periodic Pell matrix
sequence. We investigate the properties of this sequence.
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